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ASTRONOMICAL  INSTRUMENTS. 


CHAPTER  I. 


THE     TELESCOPE. 


1.  The  complete  theory  of  the  telescope  considered  simply  as 
an  optical  instrument  is  too  extensive  a  subject  to  be  condensed 
into  a  chapter  of  the  present  work :  it  must  be  sought  for  in  the 
larger  works  on  optics.*  I  shall,  therefore,  confine  myself  to 
such  points  as  appear  to  be  immediately  needed  by  the  observer 
for  the  intelligeift  use  of  his  instruments.  The  following  expla- 
nations, at  once  elementary  and  practical,  some  of  which  are 
not  to  be  found  in  optical  works,  are  chiefly  derived  from 
BAWirscH.f 

2.  The  simple  astronomical  telescope. — The  astronomical  telescope, 
m  its  simplest  form,  consists  of  two  bi-convex  lenses ;  the  larger, 


Fig.  1. 


B 

AB  (Fig.  1),  which  is  turned  towards  the  object,  is  called  the 

*  Se«  Hbkbchbl'i  Treatiae  on  Light;  Pbkchtbl's  Praetisehe  Dioptrik;  Biot's  Am- 
trtmomie  Phytiqtu^  Volt.  I.  and  II.;  Pottbb's  Optiet;  Coddimotom's  Optiet;  Lloyd's 
TVeattMe  on  Light  and  Vtiion;  Littbow's  Analytiiche  Dioptrik;  Pbabsom's  Practical 
Attronomy, 

f  AhriMM  der  praetUehen  Aatronomie,  von  Db.  A.  Sawxtsch,  au$  dem  Ru9MehenUbert€txt 
«#fi  Db.  W.  G.  Ocbtsb.    Hftmbiirg,  1S60. 
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10  TELESCOPE. 

objectite,  or,  more  commonly,  the  object  glass  ;  and  the  smaller,  gg', 
through  which  the  ohserver  lookg,  is  called  the  ocular,  or,  more 
commonly,  the  eye  glass  or  ei/e  piece.  The  two  Burfaces  of  hoth 
these  lenses  are  segments  of  spherical  surfaces  of  different  radii. 
The  optical  axis  of  a  leas  la  the  straight  line  which  passes  through 
the  centres  of  the  two  spherical  surfaces  which  bound  the 
lens.  The  optical  axis  of  the  telescope  is  coincident  with  that 
of  the  object  glass.  When  the  telescope  is  well  constructed,  the 
optical  axis  of  the  ocular  should  always  he  parallel  to  that  of 
the  ohjectiTC,  even  when  (as  is  usual  in  the  larger  instruments) 
the  ocular  is  movable,  this  motion  being  in  a  plane  at  right 
angles  to  the  axis  of  the  teleeeope.  Where. the  ocular  has  no 
motion,  its  axis  should  coincide  with  that  of  the  objective,  and, 
consequently,  with  that  of  the  telescope. 

8,  Let  us  now  suppose  that  our  telescope,  or  rather  its  optical 
axis,  is  directed  towards  a  star  S.  Then,  on  account  of  the  great 
distance  of  the  star,  we  can  assuine  that  all  the  rays  from  it  to 
various  points  of  the  object  glass,  as  SA,  SC,  SB,  are  parallel  to 
each  other.  The  ray  SC,  which  passes  along  the  optical  axis 
itself,  suffers  no  deviation  from  the  refractive  power  of  the  lens, 
since  it  enters  and  leaves  the  lens  at  right  angles  to  the  refracting 
surfaces ;  but  all  other  rays,  as  SA  and  SB,  «re  refracted  both 
when  entering  the  lens  and  when  leaving  it,  and,  when  the  lens 
is  small  in  proportion  to  the  radii  of  curvature  of  its  surfaces. 
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distances  from  the  lens,  and  these  distances  all  small)  are  pro- 
vided with  a  ready  means  of  adjusting  the  position  of  the  object- 
ive, by  eliding  the  part  of  the  telescope  tube  containing  it  out 
and  in :  bo  that  tlio  actual  focus  may  always  occupy  the  same 
absolute  position  in  the  optical  axis,  and,  consequently,  always 
be  at  tlie  same  distance  from  the  ocular.  The  same  result  is 
also  obtained  by  giving  tlie  portion  of  the  tube  containing  the 
ocular  a  sliding  motion. 

4.  All  the  parallel  rays  from  a  distant  radiant  point,  as  a  star 
S,  which  are  converged  to  the  focus  J^,  form  an  image  of  the 
star  in  that  focus.  Couveraely,  if  the  radiant  point  be  placed  at 
F,  all  the  divergent  rays  SA,  SB,  &c.  will  emerge  from  the  lena 
in  parallel  lines  AS,  BS,  kc.  We  shall  hereafter  have  occasion 
to  make  several  important  applications  of  tliis  property  of  a  lens ; 
here  we  shall  apply  it  at  once  to  show  how  a  distinct  view  of 
the  image  of  a  star  atJ^is  obtained.  The  eye  lens  jv/',  being 
phictid  in  the  line  CF  produced,  at  a  distance  Fc  equal  to  its  own 
principal  focal  distance,  it  follows,  from  the  property'  of  a  lena 
just  stated,  that  the  divergent  rays  I>^.  Fy'  will  emerge  in 
parallel  lines  gK  g'k',  and  will,  cousetiuently,  enter  the  eye  of  the 
observer  in  parallel  lines,  thus  giving  a  distinct  view  of  the  star; 
for  the  eye,  in  persons  who  are  neither  far-sighted  nor  near- 
sighted, is  naturally  adapted  for  distinct  vision  when  the  rays 
entering  it  arc  parallel.  Without  the  telescope  we  should  see 
Qoly  those  rays  from  the  star  which  fall  upon  the  pupil  of  the 
eye;  but  when  we  look  at  the  image  of  the  star  at  the  focus  of 
a  telesoope,  we  see  it  with  greater  distinctness,  because  we  then 
receive  into  the  eye  all  the  rays  wliich  have  entered  the  object 
glaae  and  have  been  united  at  the  focus.  In  this  consists  the 
JirM  great  advautage  iu  the  use  of  the  telescope. 

5.  Let  a  ■very  fine  thread  he  stretched  iu  the  focus  F  of  the 
telescope  at  right  angles  to  the  optical  axis.  This  thread  will 
be  visible  through  the  ocular  when  the  latter  is  so  placed  that 
its  focus  coincides  with  F:  consequently,  when  the  telescope 
is  directed  towards  a  star,  we  shall  have  distinct  lision  of 
both  the  star  and  this  thread  at  tlie  same  time.  If  two  threads 
are  placed  at  the  focus  at  right  angles  to  each  other,  their  inter 
sectioB  will  determine  a  fixed  point  in  the  field  of  view,  which 
h<f  moving  the  telescope  may  be  brought  upon  the  object  to  be 
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o1)8erved.  By  brining  this  point  eucceasively  upon  different 
celestial  objects,  their  Telative  positiona  can  be  measared  with 
the  greatest  precision ;  and  in  tbia  consists  the  second  great  ad- 
vantage in  the  nse  of  the  telescope.  Since  tbe  apparent  thick- 
ness of  these  threads  is  increased  by  the  magnifying  power  of 
the  ocular  it  is  necessary  to  use  a  very  fine  material :  the  spider's 
web  is  that  which  is  almost  universally  used. 

The  fine  of  sight  is  the  straight  line  drawn  from  the  thread 
through  the  optical  centre  of  the  objective  ;  for  this  line  repre- 
sents the  direction  of  a  distant  point  (as  a  star),  when  the  tele- 
scope is  so  directed  that  an  image  of  the  point  is  formed  at  the  , 
thread.  This  line  is  also  called  the  Une  of  coUimaUon;  bnt  we 
shall  hereafter,  for  the  sake  of  brevity,  call  it  the  sight-tine. 

6.  The  spider  lines,  or  threads,  are  usually  stretched  across  a 
ring,  or  diaphragm,  which  is  placed  in  a  tube  which  slides  in  the 
principal  tube  of  the  telescope.  The  ocular  also  slides  without 
affecting  the  threads:  so  that  by  means  of  these  two  motions  we 
can  bring  the  threads  exactly  into  the  common  focus  of  the  ob- 
jective and  ocular.  It  is  to  be  observed  that  the  motion  of 
the  ocular  is  necessary  merely  for  adaptation  to  the  eyes  of 
different  observers.  The  threads,  being  once  accurately  placed 
in  the  focus  of  the  objective,  must  not  be  disturbed;  but  the 
ocular  may  be  drawn  out  or  pushed  in  by  each  observer  until 
he  obtains  a  distinct  view  of  the  threads.     To  ascertain  whether 
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distance  from  the  lens  is  equal  to  the  focal  length  of  the  lens.  There 
exists  then  at  the  point  d  a  distinct  image  of  the  point  -D.     In  a 


Fig.  2. 


similar  manner  an  image  of  every  point  of  the  object  is  found  at 
the  same  distance  behind  the  object  glass :  so  that  there  will  exist 
at  the  focus  of  the  lens  a  complete,  though  very  small,  image  of  the 
object.  This  image  will  be  inverted ;  for,  while  the  image  of  the 
upper  point  D  is  formed  at  rf,  that  of  the  lowest  point  L  is  formed 
at  ly  the  axes  of  the  systems  of  rays  from  the  several  points  of  the 
object  crossing  at  the  middle  point  C  of  the  lens.  If  the  focus  of 
the  ocular  is  coincident  with  that  of  the  objective,  and,  con* 
sequently,  also  with  the  image  dl,  the  rays  which  diverge  from 
a  point  d  of  the  image  and  fall  upon  the  ocular  gg'  will  emerge 
fiom  the  latter  in  lines  parallel  to  each  other  and  to  the  line 
dck  which  is  drawn  from  d  through  the  centre  of  the  ocular; 
and,  the  same  being  true  of  rays  from  every  point  of  the  image, 
those  from  the  extreme  point  I  emerge  in  lines  parallel  to  the 
line  Icn.  Hence  the  rays  from  the  two  extreme  points  d  and  { 
of  the  image  enter  the  eye  of  the  observer  at  an  angle  with  each 
other  equal  to  nek  or  led;  and  this  angle  is  the  apparent  angular 
magnitude  of  the  image  to  the  eye.  But  without  the  telescope 
the  apparent  angular  magnitude  of  the  object,  the  eye  being  at 
Cj  would  be  DCL  =  dCl;  which  angle  may  be  assumed  to  be 
the  same  as  that  under  which 
the  object  is  seen  from  the 
actual  position  of  the  eye  be- 
hind the  ocular,  the  length 
of  the  telescope  being  in- 
considerable in  relation  to 
the  distance  of  the  object. 
2fow,  the  apparent  linear 
magnitudes  of  the  object 
and  its  image  seen  thus  under  diflFerent  angles  can  be  com- 
pared by  referring  them  to  the  same  absolute  distance.  Thus, 
referring  the  image  dl  (Fig.  3)  to  the  actual  distance  of  the 


Fig.  3. 
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object  DLj  by  the  linea  Edd',  EW  drawn  from  the  eye  at  E,  we 
have 

d'V  i  BL  =  d'M '.  I)M  =  tan  i  dSi  •  tan  J  DEL 
Hence,  denotiiig  the  magnifying  power  by  G,  we  have 
e  —  ^HL  —    tan  i  d.M 
~  DL  "  tin  i  DEL  ^^ 

whence  the  proposition,  (A),  The  magnifying  power  of  the  tdeaeope 
is  equal  to  the  tangent  of  half  (he  apparent  angular  magnitude  of  the 
image  seen  through  the  ocular,  divided  by  the  tangent  of  half  the  ap- 
parent angular  magnitude  of  the  object  seen  without  the  telescope. 

Referring  again  to  Fig.  2,  we  have  the  apparent  magnitude  of 
the  image  as  aeen  through  the  ocular  =  h;d,  and  that  of  the 
object  as  aeen  by  the  naked  eye  =  ICd,  and 

tan  )  led  I  tan  i  ICd  =^  —  ;  — t=  =  mOi  mc 

mc   mO 
or 

_  tan  jlcd  _mO 

~  t&nilCd~  rtc  f^) 

whence  the  proposition,  (B),  The  magnifying  power  of  the  telescope 
is  equal  to  the  quotient  of  the  focal  length  of  the  objective' divided  by  the 
focal  length  of  the  ocular. 

Thia  principle  servea  for  the  calculation  of  the  raagnifjing 
power  when  the  focal  lengths  of  the  glasses  are  known,  at  leaat 
for  the  aimple  astronomical  telescope  here  considered.  A  mode 
of  obtaining  the  magnifying  power  of  any  telescope  by  direct 
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nf  a  diameter  jj'  of  the  ocular ;  and  conseqaently  it  depends  upon 
the  magiiiludo  of  the  ocular  and  its  distance  from  the  objective. 
Most  telescopes  have  diaphragms,  or  opaque  rings,  placed  within 
the  tabc  to  cut  off  rays  from  the  extreme  edges  of  the  objective, 
u  well  as  stray  light  falling  down  the  tube.  If  the  inner  edge 
of  any  diaphragm  trenches  upon  the  lines  Cff,  Oj',  the  magni- 
tude of  the  field  will  be  diminished,  and  will  then  depend  upon 
lhe_fr«  aperture  of  the  diaphragm,  or  upon  that  portion  of  the 
ooatar  upon  which  rays  from  the  centre  of  the  objective  can  fall. 
As  it  is  difficult  to  coustruct  large  eye  pieces  which  shall  give 
■a  perfect  images  near  their  edges  as  in  the  centre,  it  is  usual  to 
obtain  a  large  field  with  a  small  eye  piece  by  giving  the  latter 
a  oliding  motion  at  right  angles  to  the  axis  of  the  telescope.  In 
this  case  the  whole  available  field  depends  also  upon  the  quanti^ 
of  motion  possessed  by  the  eye  piece.  Usually  this  motion  can 
be  given  only  in  one  direction,  in  which  case  the  whole  available 
field  is  oblong,  it*  breadth  being  limited  by  the  dimensions  of 
tfa«  eye  piece,  and  its  length  by  tlie  quantity  of  motion.  Some- 
times, however,  two  motions  are  provided,  at  right  angles  to  each 
otbor,  and  then  the  whole  of  the  free  circular  aperture  of  the 
diaphragm  becomes  available  for  the  field. 

9.  Urightness  of  images  produced  by  the  telescope,  and  the  inicnstti/ 
of  tkeir  liffht.  The  Image  which  the  telescope  gives  of  an  object 
mart  possess  a  sufficient  degree  of  brightness  to  make  an  impres- 
sion upon  our  eye.  Let  us  suppose  two  telescopes,  the  object 
g]a«sefl  of  which  are  of  different  diameters,  to  liave  the  same  mag- 
nifying power.  Then  the  brightness  of  the  two  images  formed 
will  be  proportional  to  the  quantity  of  light  which  falls  on  the 
Bnr&cc  of  the  two  objectives  respectively;  but  these  surfaces  are 
proportional  to  the  squares  of  the  diameters  of  the  objectives, 
and  hence  the  brightness  of  the  images  is  proportional  to  the 
square  of  these  diameters.  On  the  otlierhand,  let  us  suppose 
two  telescopes,  with  object  glasses  of  equal  diameters,  to  have 
different  magnif)-ing  powen* ;  then  one  and  the  same  quantity  of 
light  is  distributed  over  the  larger  and  over  the  smaller  image, 
and,  consequently,  in  this  case  the  brightness  of  the  image  is 
inversely  proportional  to  the  square  of  the  miignifying  powers. 

It  \»  to  be  observed,  however,  that  not  all  the  rays  which  fall 
npon  the  object  glass  reach  the  eye,  partly  on  account  of  the 
want  of  absolute  trunsparency  of  the  glass,  and  still  more  on 
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account  of  the  reflection  of  a  number  of  rays  from  the  Burfecea 
of  the  lens.  Some  light  ia  also  lost  occasionally,  when  the 
breadth  of  the  eye  glaas  is  not  sufficient  to  embrace  all  the  rays 
which  proceed  in  a  cone  from  the  image  of  a  radiant  point  formed 
at  the  focus,  or  when  the  pupil  of  the  eye  is  not  large  enough  to 
receive  the  whole  cylinder  which  these  rays  form  after  passing 
through  the  eye  glass.  Thus,  in  Fig.  1,  let  SABShe  the  cylinder 
of  rays  from  a  very  distant  point,  falling  upon  the  free  opening 
of  the  object  glass ;  g'k'hg,  the  cylinder  of  light  which  emerges 
from  the  eye  glass ;  J'the  common  focus  of  the  two  glasses.  On 
account  of  the  similarity  of  the  triangles  ABF  and  g'gF,  we 
have 

ABig'g=  CF:  Fc 

also, 

Now,  aU  the  rays  which  fall  upon  the  object  glass  will  enter  the 
pupil  of  our  eye  only  when  g'g  is  either  equal  to  the  diameter  d 
of  the  pupil,  or  is  less  than  d.  In  the  first  case  we  shall  have 
ff  =  -J-;  in  the  second,  Q  >  — j-  But  if  C?  <  -3-'  we  must 
have  gg'  >  d,  or  the  diameter  of  the  cylinder  of  light  emerging 
from  the  eye  glass  greater  than  the  diameter  of  the  pupil ;  in 
that  case,  therefore,  some  of  the  light  must  be  lost  to  the  eye. 
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^aas,  d  that  of  the  pupil  of  the  eye,  G  the  magnifying  power 
of  the  telescope,  and  1 :  m  the  ratio  in  which  the  light  is  dimio' 
t&dd  hy  ita  paasoge  through  all  the  glasBes  of  the  telescope; 
then  we  have 


Now,  80  long  as  G  <i  •  which,  however,  occurs  only  in  tele- 
KopoB  of  large  ohjective  apertures  and  low  magnifying  power, 
the  quantity  D  must  remain  constant  and  =  m;  for,  if  G  is  less 
than  — ,  the  diameter  of  the  cylinder  of  emergent  rays  from  the 
ocular  will  be  greater  than  can  bo  received  by  the  pupil ;  the 
eye  then  receives  no  more  of  the  light  than  it  would  if  tiie  ob- 
jective had  the  diameter  Gd,  Hence,  the  greatest  value  of  B  ia 
m,  aiid  can  never  be  greater  in  the  telescope.  Since  in  the  best 
achromatic  telencopea  m  —  0.85,  we  see  that  the  brightness  of 
ta  object  is  always  greatest  with  the  naked  eye.  Aa  soon  as  G 
\t  greater  than  -  •  the  brightness  rapidly  diminishes  as  the  equare 

of  O. 
"  On  the  other  hand,  /,  or  the  intensity  of  the  light,  is  constant 

u  80on  aa  G  ^  or  >  — 1  provided  that  the  Held  of  view  always 
inclodcs  the  whole  of  the  magnified  object.  /  can  therefore 
Iweorae  verj'  great  when  D  ia  great;  and  this  is  the  reason  why, 
exceedingly  faint  stars  can  he  seen  through  a  telescope  with  & 
large  objective.  The  diameter  d  of  the  pupil  {which  may  be 
awumed  to  be  about  0.2  of  an  inch)  is  not  only  ditlercnt  iu- 
different  ol»ser\'ers,  but  also  varies  with  the  absolute  intensity  o£ 
the  light  of  the  oiyect  viewed, — e.g.  it  is  less  when  we  view  tlie 
moon,  greater  when  we  view  Saturn ;  less  when  we  view  the' 
moon  through  a  telescope  of  five  inches  aperture  than  through 
one  of  two  inches  apeiture. 

"The  sky,  or  'ground  of  the  heavens,'  has  a  certain  degree 
of  brightness,  not  only  in  daytime,  in  twilight  and  moonlight, 
bnt  even  at  night  in  the  absence  of  the  moon.  This  brightness. 
of  the  sky  also  diminishes  in  tlie  telescope  as  m  ■  .-,-  and  therefore 
the  rutin  of  the  brightntas  of  an  observed  object  to  the  bright- 
Qesa  of  the  sky  remains  constant  for  all  magnifying  powers. 
This  is  the  reason  why  for  considerable  magnifying  powers  we 
Voi_  IL— 1 
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do  Dot  observe  a  correspondingly  great  decrease  of  brightiiess. 
But,  if  we  call  this  brightness  of  tbe  sky  b,  although  the  ratio 
B:b  remaiua  eonstaut,  our  eye  can,  nevertheless,  no  longer  dis- 
tinguish the  difference  5  —  A  of  the  brightnoss  of  the  object  and 
the  skj  when  this  dift'erenee  is  very  small.  Hence,  faint  nebiilie, 
tails  of  comets,  &c.  become  invisible  under  high  magnifying 
powers.  The  intensity  of  the  light  of  tlie  portiou  of  the  sky 
which  we  see  in  the  teleaeopo  variea  inversely  as  G*,  nearly.* 
This  intensity  of  the  light  of  the  field  may  be  so  great  aa_ 
wholly  to  prevent  our  seeing  objects  of  feeble  intensity.  This 
is  the  reason  why  with  the  comet-seeker  (a  telescope  of  large 
aperture  and  small  magnifying  power)  we  cannot  see  stars,  even 
of  the  first  magnitude,  in  the  daytime,  when  we  can  see  them 
without  difficulty  with  telescopes  of  much  smaller  apertures  and 
greater  magnifying  powers.  This  also  explains  why  with  high 
magnifying  powers  we  often  discover  very  faint  stars  which  uro 
wholly  invisible  in  the  same  telescope  with  lower  powers." 

The  more  perfect  the  telescope  is,  the  more  nearly  will  the 
imago  of  a  star  resemble  a  bright  point;  and,  according  to  the 
above,  we  may  without  liesitation  always  employ  for  the  obser- 
vation of  fixed  stars  the  highest  magnifying  powers. 

10.  Spherical  and  Chromatic  Aberration. — A  telescope  of  the 
simple  construction  above  described  woidd  possess  serious  defects. 
All  the  parallel  rays  from  an  object  which  fall  upon  a  simple 
spherical  Ions  cannot  bo  brought  exactly  to  a  common  point  in 
any  case ;  and  not  even  approximately  unless  the  lens  is  small 
or  of  relatively  great  focal  length.  The  image  of  a  fixed  star 
will,  therefore,  not  be  a  well  defined  point,  but  rather  an  ill  defined 
spot  of  light;  and  the  images  of  all  objects  will  bo  the  more  dis- 
torted the  greater  the  objective  is  in  proportion  to  tbe  focal 
length.  This  deviation  of  the  rays  from  a  common  point  in  tho 
telescope  is  called  the  spherical  aberration. 

In  the  simple  astronomical  telescope,  still  another  difficulty 
exists:  for  white  rays  of  light,  after  they  are  refracted  by  a  simple 
lens,  are  resolved  into  tho  colors  of  the  prismatic  spectrum,  or 
of  the  rainbow,  and,  consequently,  the  image  of  any  object  will 
appear  surrouiided  and  disfigured  by  colored  light.     This  arises 

•  That  is.  Ihc  ?/«(  vpon  the  tije  ot  Iho  whola  of  lie  light  of  Ihnl  pnrlion  of  Iho 
fkj  which  is  Tislblc  under  the  mngnir^iag  pavET  G  v&riea  Dearly  bi  ----  ;  its  ii  «tL- 
diDt,  aince  tbe  Geld  is  diminUlicii  in  ibU  rilio. 
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flvra  the  different  dcgreeB  of  refrangibility  of  the  different  coloi-s. 
flw deviation  of  the  rayeof  dift'erent  colon?  from  a  common  focus 
b  ealled  the  chronnilic  aberration. 

"With  regard  to  the  means  by  which  the  telescope  is  rendered 
dmost  wholly  free  both  from  spherical  and  from  chromatid 
aberration,  that  ie,  rendered  both  aplanatir  and  achromatic,  it 
most  here  oiiffice  to  State,  in  general  terras,  that  the  rceidt  is 
obtained  by  substituting  for  the  simple  lens  a  componnd  one  of 
which  tlie  component  lenses  are  made  of  glass  of  different  degrees 
I  of  refractive  and  dispersive  powers.  There  are  generally  two 
L     aonponont  lenses,  as  in  Fig.  5 ;  one  of  which,  AB,  is  a  biconvex 
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lenx of  rroipn  glasB,  a:id  is  that  which  is  turned  towards  the  object; 
tbc  other,  AA'BB',  is  a  meniscus  or  concavo-convex  lens  of  Jliytt 
f^ass.  The  hitter  kind  of  gtam  nsiially  contains  at  least  33  per 
t-Mit.  of  oxyde  of  lend,  from  which  crown  glass  is  wholly  free; 
and  both  its  refractive  and  its  dispersive  powers  exceed  those  of 
crown  gla-^is.  By  giving  the  four  spherical  surfaces  of  the  com- 
ponent lenses  siiitiible  cnr\'afures,  both  the  spherical  and  the 
chromatic  aberrations  produced  by  the  crown  glass  lens  are  very 
neoriy  corrected  hy  the  flint  glass  lens. 

Even  in  the  beet  telescopes  an  absolutely  perfect  compensation 
of  the  errors  has  not  been  reached.  Some  idea  of  the  relative 
excellence  of  the  instrument  may  readily  be  obtained  as  follows. 
The  correction  for  spherical  aberration  is  well  made  when  the 
inuig«  of  n  &tar,  in  favorable  states  of  the  atmosphere,  is  a  very 
mudl,  well  defined,  round  disc.  Having  adjusted  the  eye  piece, 
by  uliding  it  out  or  in,  until  this  disc  is  reduced  to  \U  least  dimen- 
Mons  and  most  x^rfectly  defined,  the  slightest  motion  of  the  eye 
\asvB  from  this  position,  cither  out  or  in.  should  disturb  the  per- 
fection of  the  image:  a  telescope  in  which  the  character  of  the 
image  rcmatne  sensibly  tlie  same  during  a  considerable  motion 
of  tii«  cyo  pievc  is  imperfct-tiy  corrected  for  the  spliorical  aber- 
The  eorrectnesB  of  the  general  figure  of  tlio  leas  it 
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judged  ot  by  sliding  the  eye  piece  in  beyond  the  perfect  focns, 
whereby  the  image  hecoraee  enlarged;  but  if  the  lens  is  sym- 
metrical  throughout,  the  image  will  remain  circular,  and  in  very 
perfect  telescopes  will  present  a  number  of  complete  concentric 
circular  rings  of  light;  a  simitar  resnlt  should  follow  when  the 
eye  piece  is  drawn  out.  An  imperfect,  unsymmetrical  lona,  with 
the  eye  piece  out  of  iucua,  will  give  an  imago  composed  of  incom- 
plete and  distorted  rings,  or  only  a  confused  and  irregular  mass 
of  variously  colored  light.  If  the  glass  of  which  the  lena  is  com- 
posed is  not  perfectly  homogeneous  (one  portion  having  greater 
refractive  power  than  another),  the  images  of  bright  stars  of  the 
first  or  second  magnitudes  will  have  what  opticians  call  a.  inn*/ on 
one  side,  which  no  perfection  of  figure  or  of  adjustment  can  re- 
move. But  the  defective  portion  of  the  glass  may  be  diacowred 
by  covering  up  successively  ditt'erent  parts  of  the  lens  by  means 
of  caps  of  variable  apertures  in  various  positions;  and  some  im- 
provement in  the  performance  of  the  lens  may  be  obtained  by 
excluding  this  defective  portion,  at  the  expense  of  light. 

The  achroraatisni  is  judged  of  by  pointing  the  telescope  to 
some  bright  object,  as  the  moon  or  Jupiter,  and  alternately  push- 
ing in  and  drawing  out  the  eye  piece  from  the  place  of  most  per- 
fect vision:  in  theformer  case,  if  the  lens  is  good,  a  ringof  ]iurple 
will  appear  round  the  edge  of  the  image,  in  the  latter,  a  ring  of 
pale  green  (which  is  the  central  color  of  the  prismatic  spectrum) ; 
for  these  appearances  show  that  the  extreme  colors  of  the  spec- 
trum, red  and  violet,  are  corrected. 


11.  Aehronuitic  eye  picees. — The  eye  pieces  now  most  commonly 
used  are  of  two  kinds :  the  Hui/fjenian  and  the  Jianisden. 

The  Iluifgenian  eye  piece  couai^tts  of  two  piano-convex  lenses 
of  crown  glass,  A  and  B 
(Fig.  6),  the  convex  sur- 
faces of  both  being  turned 
towards  the  object.  The 
first  lens  A  receives  the 
converging  rays  Sa.  Sb, 
coming  from  the  object 
glass,  before  they  have 
reached  the  principal  fo- 
nua  J' of  the  object  glass, 
ind  brings  them  to  a  focus  F'  half-way  between  the  two  lenses 
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K  ud  S.  Tho  focal  length  of  the  lens  B  being  mado  equal  to 
BF',  the  imiigu  formed  at  F'  is  distinctly  visible  to  an  eye  be- 
hind D.  Since  tiiis  eye  piece  ia  adapted  to  rays  already  converg- 
ing, instead,  of  diverging  ntya,  it  is  commoidy  called  the  neffatirc 
•yc  piece. 

The  Ramsdcn  eye  piece  is  shown  in  connct-tion  with  the  tele- 
*cu|>e  in  Fig.  5.  It  also  consists  of  two  plaiio-convL-x  lenses; 
but  tho  piano  surface  of  the  lens  nearest  the  object  is  turned 
towards  the  object.  The  diverging  raj-s  from  an  image  ^ai-e 
renderetl  less  divergent  liy  the  firet  lens,  and  finally  parallel  by 
the  second  lens ;  after  emerging  from  the  latter,  therefore,  they 
are  adapted  for  distinct  vision  to  an  eye  placed  behind  it.  This 
eye  piece  being  adapted  for  diverging  rays,  like  the  simple  double 
roiivex  lens,  is  called  the  positwe  eye  piece.  It  is  uTiiversally 
nie<l  wherever  spider  tlireads  are  placed  in  the  focus  of  the  uhject 
glaas  for  tlie  pnrjMJses  of  measurement,  as  in  Ihf  transit  instrument, 
4c. ;  for  the  permanency  of  the  position  of  tlit'HO  thrcade  is  of 
the  fir«t  iniportauce.  and  tins  could  not  be  insured  unless  tho 
threads  were  so  placed  as  to  he  independent  of  any  motion  of 
the  eye  piece.  Threads  are,  however,  often  placed  in  tlie  focus 
of  a  lluygmian  eye  piece  merely  to  mark  tho  centre  of  the  field, 
as  ID  the  eye  pieces  of  the  telescopes  of  a  sextant. 

Tho  optical  qualities  of  the  Hvygenian  eye  piece  are,  however, 
saperior  to  those  of  ttie  Ramsden,  the  spherical  aberration  being 
more  perfectly  corrected;  and  it  is,  therefore,  preferred  for  the 
mere  examination  of  celestial  objects  when  no  measurements 
are  to  bo  made. 

.  Neither  of  these  eye  pieces  changes  the  apparent  position  of 
lh«  image,  which  therefore  remains  inverted.  Achromatic  eye 
piece!3  designed  to  show  objects  in  their  erect  positions  usually 
eonsist  of  four  lenses.  They  are  used  chiefly  for  land  objects,  and 
only  in  small  telescopes.  The  great  hiss  of  light  fttun  the  addi- 
tional looses  ia  an  insuperable  abjection  to  them  for  astronomical 
pnrpOHen. 

The  lenses  composing  the  eye  piece  are  fixed,  at  the  proper 
distance  from  each  other,  in  a  separate  tube,  which  has  a  sliding 
notion  in  another  tube  fixed  to  the  telescope,  so  that  it  can  bo 
poshed  in  or  drawn  out  and  thus  adapted  for  different  eyes, 
Fornear-sighted  persons  it  must  he  pushed  in;  for  fur-sighted 
persons,  drawn  out. 


7ig.  T. 
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12,  Diagonal  eye  pieces. — ^Mlien  a  telescope  is  directed  towards 
1111  object  near  tliezeuitli,  it  ia  always  iiic-onvenieiit,  and  often, 
witli  small  iusti'umipnts,  impossible,  tor  the  observer  to  bring 
Ilia  eye  directly  under  the  telescope.  The  inconvenience  is 
obviated  by  employing  an  eye  piece  which  bends  the  rays  at 
right  angles  to  tiie  optical  axis  of  the  telescope, 
as  in  Fig.  7,  where  the  lens  A  receivea  the  rays 
iu  the  direction  of  the  axis  of  the  telescope  and 
partially  refracts  thein ;  they  are  then  reflected 
by  the  plane  Burfaco  M  (placed  at  an  angle  of 
45°  with  the  axis)  to  tlie  lens  it,  by  which  tbey 
are  rendered  parallel  and  adapted  for  distinct  vision  to  the  eye 
at  Ji  looking  in  the  direction  BM.  The  surface  M  may  be  either 
a  plane  metallic  mirror,  or  tlie  interior  face  of  a  right  prism  of 
glass,  the  section  of  which  is  shown  in  the  figure  by  the  dotted 
iiQCB.  The  prism  is  nsually  preferred,  as  less  liglit  is  lost  by 
reflection  from  ita  interior  face  tliau  from  a  metallic  speculum. 


13,  To  jiieasure  (lie  magiiifning  power  of  a  telescope. — F^rsi  Method. — 
The  magnifying  power  depends  upon  the  focal  lengths  of  the 
object  glass  and  eye  piece  (Art.  7),  and  hence  for  the  same  tele- 
scope different  eye  pieces  will  give  different  magnifying  powers. 
We  suppose,  then,  that  the  eye  piece  whose  magiiiljiiig  power 
is  to  be  found  ia  placed  upon  the  telescope  and  verj'  curefuliy 
adjusted  for  distinct  vision  of  very  distant  objects.  If  wc  then 
direct  the  telescope  in  daytime  towards  the  open  sky,  wc  shall 
see  near  the  eye  piece,  and  a  little  way  beyond  it,  a  aiiiall  illumi- 
nated circle,  which  ie  nothing  more  than  tlic  image  of  the 
objective  opening  of  the  telescope.  Let  the  diameter  of  ttiis 
cii-cle  be  measured  by  a  very  minutely  divided  scale  of  equal 
parts ;  then  the  mafftiifymg  pmoer  is  equal  to  the  quotient  arising  from 
dieidiiTg  the  diameter  of  the  objeet  glass  by  the  diameter  of  this  illumi- 
nated circle.*    For  example,  let  the  diameter  of  the  object  glass 


*  Tbe  demoDsIrBtian  of  Ibia  rule  ii  not  i 


Boall/  §iTea  in  our  optical  irorks.  Lei 
AXB.  Fig.  6,  be  (lie  objcciiici  Cihe 
oculnr,  which  wu  u&n  rcgnr<t  ■!>  in  effect 
a  single  lens  :  JV  the  middle  of  the  ob- 
jeoliTe:  h  the  middle  of  the  snifttl  il- 
luuiinnled  circle  anb.  Hliieta  is  ( ho  image 
of  Ilie  objeotire  opening  Tornied  beyond 
■he  ocular.  If  we  remiivB  the  ol^jcct 
giBBS  fiQia  ttie  lelesoope  tube,  the  image  nni  of  Ihe  opening  wilt  iliU  remain  the  sune 
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I  inches,  that  of  the  small  illurainated  circle  ^  of  an  inch; 
ttn  magnifying  power  ia  4  -^  j^  ^^  80. 
The  chief  difficulty  in  this  method  lies  in  the  exact  measure- 
t  of  the  diameter  of  the  small  illuminated  circle.     Various 
toda   have  been  contrived  for  this  purpose ;   but  the  most 
dvo  in  by  means  of  the  instniraent   known  as  Ramsden't 
Dyttttmeler. 
II        SKond  Method  (proposed  by  Gauss). — If  we  reverse  the  tele- 
scope and  direct  the  ocular  towarda  any  distant  object,  we  shall, 
ii      when  looking  throngli  the  objective,  see  the  image  of  the  object 
I     aa  many  times  diminished  as  we  sec  it  magnified  when  looking 
Uirough  the  ocular.     Select,  therefore,  two  well  defined  points, 
lying  ill  a  horirontal  line,  and  direct  the  telescope  eo  that,  look- 
ing into  tho  objective,  these  points  may  appear  to  He  at  about 
equal  distances  on  each  side  of  the  optical  axis.     Then  place  a 
j      theodolite  in  front  of  the  objective,  level  the  horizontal  circle, 
I     and  bring  the  optical  axis  of  ita  telescope  nearly  into  coincidence 
with  that  of  the  larger  telescope,  so  tliat  looking  into  the  object- 
I     ive  of  tho  latter,  throngli  the  telesco^w  of  the  theodolite,  the 
selected  points  may  be  distinctly  seen.     Measnre  the  apparent 
I     angular  distance  of  the  images  of  the  points  witli  the  theodolite, 
by  bringing  the  vertical  thread  successively  upon  these  images 
I     and  taking  the  dificrenee  a  of  the  two  readings  of  the  horizontal 
I     circle.     Remove  the  larger  telescope,  and  meaaure  in  the  same 
manner  with  the  theodolite  the  angular  distance  A  of  the  points 
themselves.     Then  the  magnifying  power  G  is  given  by  the 
formula 

W  wh«n  (he  k1*u  ii  in  it*  plMc.  Now.  il  Is  knoini.  rron  ilia  eleniviila  of  opUoi,  IhM 
^^Jti^a  tli«  ilia(«nn«  ef  »  lirtght  object  from  k  cdhtcx  1«di,  b  the  diatHioa  of  th* 
^^^^■■-from  the  Icns./tbe  focal  lengtb  of  the  lena,  we  baxe  ihc  equatba 

■ 

Let /"be  (he  fockl  length  of  tlie  ol^ecliTe./(bst  of  the  ocular,  u  the  dialaooa  between 
I       tham;  lb«n  we  h«T*  ffC  =  «  =  /*■+-/.■  0>  =  »;  and,  consequeatlj, 


*  Art.  6,  —  ezpreoaBB  the  magnifying  power  of  the  teUaeope:  h«ui«,  ftl»o,  - 
nafaiffing  power,  as  in  the  method  of  the  text. 


or,  ij"  the  angles  A  and  a  are  very  small,  G  ^  — 

If  the  obeerved  poiDts  are  not  very  distant,  we  should  in  etrict- 
ueas  measure  the  angle  A  by  placing  the  theodolite  at  the  point 
first  occupied  by  the  ocular;  for  A  is  the  angle  contained  by  the 
rays  frorn  the  two  points  to  the  ocular,  and  a  the  angle  contained 
by  these  rays  after  they  have  passed  through  the  ocular  and  have 
been  refracted  by  it. 

If  the  telescope  cannot  be  removed  conveniently,  the  angle  A 
may  be  obtained  by  measuring  the  linear  distance  £>  of  the  middle 
point  between  the  two  observed  points  from  the  ocular,  and  the 
horizontal  linear  distance  d  between  the  pomts ;  then 


tan  M  =  r^ 


(5) 


When  the  latter  method  is  practised,  however,  it  is  necessary  to 
observe  that  u  the  telescope  of  the  theodolite,  in  measuring  the 
angle  a,  is  inclined  to  the  horizon  by  the  angle  /,  we  must  employ 
instead  of  a  the  angle  a'  given  by  the  formula 

sin  1  (z'  =  sin  1  a  cos  I 

or,  with  sufficient  precision, 

tan  1  u'  =  tan  \  a  cos  I 
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eye  piece,  and  were  ^  =  5°  10'  30'',  a  =  3'  10".     We  have, 
therefore,  for  this  eye  piece, 

G  =  ^^'J^LIK  ==  98.12 
tan  0^  1'  35" 

Example  2. — ^For  verification  of  the  preceding  measure,  the 
angle  A  was  also  obtained  without  the  theodolite,  for  which  pur- 
pose there  was  measured  the  distance  of  the  observed  points 
from  the  ocular,  D  =  303.2  feet,  and  the  distance  between  the 
points,  d  =  26.98  feet.  The  inclination  of  the  telescope  of  the 
theodolite  was  here  observed  to  be  /=  10°  40',  and  as  before  by- 
direct  measure  a  =  3'  10".     We  have  first, 

X      I   A       26.98 
tan  1  A  = 

606.4 
and  hence 

Q.  _, ?^?? 93  30 

606.4  tan  1'  35"  cos  10^  40' 

The  horizontal  distance  D  was  here  298  feet,  with  which,  by  the 
last  formula  above  given,  we  have 

G  = ?^^ =  98.29 

298  sin  3'  10" 

The  magnifying  power  of  this  eye  piece  may  therefore  be  taken 
at  98.2,  or  simply  98. 

Third  Method  (proposed  by  H.  B.  Valz,  m  the  Astronomische 
Nachrichtaij  Vol.  vii).  This  very  convenient  method  consists  in 
directing  the  telescope  towards  any  object  of  known  angular 
diameter,  and  measuring  the  angle  formed  by  rays  from  the 
extremities  of  a  diameter  after  these  rays  have  emerged  from  the 
eye  piece.  The  sun,  the  angular  diameter^  of  which  is  always 
known,  is  especially  adapted  for  the  purpose.  The  image  of  the 
sun  may  be  received  upon  a  screen  placed  in  the  prolongation 
of  the  axis  of  the  telescope  with  its  flat  surface  carefully  adjusted 
at  right  angles  to  that  axis.  The  telescope  is  to  remain  fixed, 
being  properly  directed  so  that  the  sun  shall  pass  over  the  centre 
of  its  field ;  and  as  the  image  passes  over  the  screen  its  linear 
liameter  d  is  to  be  measured.  Also  the  perpendicular  distance 
D  from  the  middle  of  the  eye  piece  to  the  screen.     Then,  if  a  is 
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the  true  angular  diameter  of  the  sua,  A  the  angular  diameter  of 
the  image  on  the  screen,  subtended  at  the  eye  piece,  we  have 

tan  M  =  -- 
J) 

aud  the  magnifying  power  G,  ae  before,  ia 

^^tanM_ i (6) 

tan  ia        2/>taii  ia 

Fourth  Method. — For  amall  inBtmments,  and  where  great  accu- 
racy is  not  required,  the  following  process  will  answer.  Let  a 
stafl',  which  is  very  boldly  divided  into  equal  parts  by  heavy  lines, 
be  placed  vertically  at  any  convenient  distance  from  the  telescope, 
for  example,  fifty  yards.  While  one  eye  ia  directed  towards  the 
staff  through  the  telescope,  the  other  eye  may  observe  the  staff  by 
looking  along  the  ontside  of  the  tube.  One  division  of  the  staff 
will  be  seen  by  the  eye  at  the  eye  piece  to  be  magnified,  so  aa  to 
cover  a  number  of  divisions  of  the  staff,  aud  this  number,  which 
is  the  magnifying  power  required,  may  be  observed  by  the  other 
eye  looking  along  the  tube.  The  staft'  here  not  being  very  distant, 
the  focal  adjustment  of  the  telescope  is  not  the  sume  aa  for  stars; 
the  focal  length  is,  in  fact,  somewhat  greater  than  the  "  principal" 
focal  length  {Art,  3),  and  the  magnifying  power  obtained  ia  pro- 
portionally greater  than  that  which  applies  to  very  distant  or 
I  ohj^H'ts.  til.-  i-nvMnMii^vlii.-li  nn.  K.'iwil.h- i.:ir:L!lL'l.     IfwC 
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Instead  of  asing  the  divisions  of  a  staff,  which  may  not  be  suffi- 
ciently distinct,  a  disc  of  white  paper  may  be  placed  against  a 
black  ground,  and  the  size  of  the  magnified  image  may  be  marked 
on  the  same  ground  by  an  assistant  from  signals  made  by  the 
observer  at  the  telescope. 

14.  It  was  shown  in  Art.  7  that  the  magnifying  power  is  equal 

F 

to  — »  2^^  being  the  focal  length  of  the  objective,  and /that  of  the 

ocular.  To  apply  this  rule  when  the  eye  piece  is  composed  of 
two  lenses,  it  is  necessary  to  find  the  focal  length,  /,  of  a  single 
lens  which  is  equivalent  to  the  two  lenses.  This  is  effected  by 
the  formula  of  optics 


r+r-d 


in  which/',/''  are  the  focal  lengths  of  the  component  lenses, 
and  d  the  distance  between  them.  This  formula,  however,  is  but 
approximative  (it  gives  /  somewhat  too  great) :  it  is  better  to 
measure  the  magnifying  power  directly  by  one  of  the  methods 
above  given. 

15.  Rejkcting  telescopes, — As  these  are  rarely  used  for  the  pur- 
poses of  measurement^  we  shall  content  ourselves  with  merely 
stating  the  forms  of  the  two  kinds  which  have  been  in  most 
common  use.  The  simplest,  and  now  most  commonly  used,  is 
the  Herschelian  telescope,  introduced  by  Sir  William  Herschel. 
A  polished  concave  speculum,  ah^  Fig.  9,  is  placed  at  the  bottom 

Fig.  9. 


of  a  tube,  ABCD.  It  is  ground  to  the  form  of  a  paraboloid,  the 
focus  of  which  is  near  the  mouth  of  the  tube  ;•  it  is  slightly  in- 
clined, so  that  the  focus  falls  near  one  side  of  the  tube,  as  at  i>, 
where  the  reflected  rays  from  the  speculum  form  an  image  which 
is  viewed  through  an  eye  piece,  jE,  of  the  usual  form.  The  head 
of  the  observ'^er  may  intercept  a  small  portion  of  the  rays  from 
a  celestial  object  to  the  speculum ;  but  this  is  of  little  conse- 
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qnence,  as  the  apeculum  is  usually  very  lai^.     In  Lord  Rossb's 
Heracbelian,  the  diameter  of  the  speculum  is  six  feet. 

The  reflecting  telescope  next  in  most  common  use  is  the  New- 
tonian, which  difters  from  the  Herscheliaa  ouly  in  receiving  the 
reflected  rays  from  the  speculum  upon  a  small  plane  mirror,  e. 
Fig.  10,  placed  in  the  middle  of  the  tube  hear  its  mouth,  which 
reflects  these  rsya  at  right  angles  to  the  axis  of  the  tube  to  an 


eye  piece  at  E.  In  this  form,  the  small  plane  mirror  intercepts 
a  portion  of  the  light  from  the  object;  moreover,  light  is  lost  in 
the  double  reflection  ;  hut  a  slight  advantage  is  gained  in  having 
the  axis  of  the  speculum  coincide  in  direction  with  the  axis  of 
the  tube.  The  reflected  rays  reach  the  mirror  c  before  they  are 
brought  to  a  focus :  they  converge  after  reflection  to  the  point/, 
where  is  produced  the  image  which  is  examined  through  an  eye 
piece  by  the  eye  at  E. 

16.  Finding  telescopes. — A  telescope  of  great  focal  length  and 
high  magnifying  power  has  a  very  small  field,  in  consequence 
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CHAPTER  IL 

OF  THE    MEASUREMENT  OF  ANGLES  OR  ARCS   IN  GENERAL — 

CIRCLES — MICROMETERS — LEVEL. 


17.  Graduated  Circles. — The  most  obvious  mode  in  which  an 
EDgle  may  be  measured  is  that  in  which  we  employ  a  circle,  or 
portion  of  a  circle  (constructed  of  metal  or  other  durable  material, 
the  limb  of  which  is  mechanically  divided  into  equal  parts,  as 
degrees,  minutes,  &c.  The  centre  of  the  circle  being  placed  at 
the  vertex  of  the  angle  to  be  measured,  the  arc  of  the  circum- 
ference intercepted  between  the  twb  radii  which  coincide  in 
direction  with  the  sides  of  the  angle  is  the  required  measure.* 
To  give  this  mode  precision  when  the  angle  is  found  by  lines 
dra\\Ti  to  two  distant  points,  the  aid  of  the  telescope  is  invoked. 
This  is  connected  with  the  circle  in  various  ways,  according  to 
the  nature  of  the  instru- 
ment of  which  it  forms  '  ^**'  ^^' 
a  part ;  but,  in  general, 
we  may  conceive  it  to  be 
essentially  as  follows. 
To  the  tube  of  the  tele- 
scope, AB^  Fig.  11,  is 
attached  a  pivot,  C,  at 
right  angles  to  the  op- 
tical axis,  which  turns 
in  a  circular  hole  in  the 
centre  of  the  graduated 
circle  MN.  An  arm  aCb^  extending  from  the  centre  Cto  the 
graduations  on  the  limb,  is  permanently  attached  to  the  telescope, 
and  revolves  with  it.  To  measure  an  angle  subtended  by  two 
distant  objecte  at  the  point  C,  the  circle  is  to  be  brought  into  the 
plane  of  the  objects  and  firmly  fixed.     Then  the  telescope  is 

♦  In  the  sextant  and  other  instruments  of  "double  reflection/'  the  vertex  of  the 
angle  to  be  measured  is  not  In  the  centre  of  the  arc  used  to  measure  it.  See  article 
**  Sextant.'* 
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directed  siiecessively  upon  the  two  objects,  and  in  each  case 
the  number  of  degrees  indicated  by  a  mark  on  either  extremity 
of  the  arm  ab  is  to  be  read  off;  the  difference  of  the  two  readings, 
which  is  the  number  of  degrees  passed  over  by  the  arm,  and, 
consequently,  also  by  the  telescope,  will  be  the  required  measure 
of  the  angle.  The  same  reanlt  is  reached  by  permanently  eon- 
necting  the  circle  and  telescope,  which  then  revolve  together, 
while  a  fixed  mark  near  the  limb  of  the  circle  sen-ea  to  indicate 
the  number  of  degrees  through  which  the  telescope  revolves. 

In  order  to  point  the  telescope  with  ease  and  accuracy  upon 
an  object,  a  clamp  and  tangent  screw  are  commonly  employed. 
Tliis  contrivance,  which  may  be  seen  upon  almost  every  aatro- 
nomical  instrument,  takes  a  great  variety  of  fonns,  but  in  all  eases 
the  operation  of  it  is  as  follows:  when  the  telescope  is  approxi- 
malefif  pointed  upon  the  object  by  hand,  it  is  clamped  in  its  posi- 
tion by  a  slight  motion  of  the  clamp  screw,  after  which  the 
telescope  admits  of  no  motion  except  that  which  is  common  to 
it  and  the  clamp:  hence,  by  a  fine  screw  which  moves  the  clamp 
a  slow  delicate  motion  can  be  given  to  the  telescope,  whereby  the 
sight-line  marked  by  a  thread  in  the  focus  is  brought  accurately 
upon  tlie  object, 

The  great  increase  of  accuracy  in  pointing  a  telescope  which  ts 
obtained  by  the  introduction  of  the  spider  threads  in  its  focua 
brings  with  it  the  ueceesity  of  a  corresponding  intTcaee  of  accu- 
racy \i\  reading  off  t\ie  number  of  degrees  and  fractious  of  a  degree 
on  the  divided  limh  of  the  circle.  A  single  reference  mark  ujron 
the  extremity  of  an  arm,  as  in  Fig.  11,  enables  us  to  determino 
only  the  number  of  entire  divisions  of  the  limb  passed  over;  but, 
as  this  mark  will  generally  be  found  between  two  divisions, 
some  additional  means  are  required  for  measuring  the  fraction 
of  a  division.  Two  methods  are  now  exclusively  employed. 
The  first  of  these,  in  the  order  of  invention,  is 
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18.  Let  MN,  Fig.  12,  be  a  portion  of  the  divided  limb  of  a 
circle ;  CD  the  arm  which  revolves  with  the  telescope  about 
the  centre  of  the  circle,     Tlic  extremity  of  this  arm  is  expanded 


•  So  called  aflcr  its  inTenior,  Pi:tkb 


n  of  tbe  latter  (who  died  in  16TT)  n 


•ilBn.  of  France,  who  IWed  sboul  inSO, 
lugune  Nt<?i»  or  Noniu*;  bui  lb*  la- 

)uita  dlffereoL 
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Into  an  arc  a6,  which  is  con- 
centric with  the  circle  and  is 
graduated  into  a  number  of 
divisions  n  which  occupy  the 
space  of  71  —  1  divisions  of 
the  limb.  Thus  graduated, 
this  small  arc  receives  the 
name  of  a  vernier.  The  first 
stroke  a  is  the  zero  of  the 
vernier,  and  the  reading  is  al- 
ways to  be  determined  by  the 
position  of  this  zero  on  the 
limb.    Let  us  put 


c 


d  =  the  value  of  a  division  of  the  limb, 
d'  =  the  value  of  a  division  of  the  vernier, 


then  we  have 
whence 

and 


(n  —  1)  d  =  nd* 

d'^'^^d 
n 


d---d'  =  ~d 
n 


(7) 


The  difference  d  —  d'\%  called  the  least  count  of  the  vernier,  which 
is,  therefore,  — th  of  a  circle  division.     If  now  the  zero  a  falls 


n 


between  the  two  circle  graduations  P  and  P+  1,  the  whole 
reading  is  Pdplus  the  fraction  from  Ptoa.  To  measure  this 
fraction,  we  observe  that  if  the  mth  division  of  the  vernier  is  iu 
coincidence  with  a  division  of  the  limb,  the  fraction  is  mX{d  —  d') 

or  —  d.     For  example,  if,  as  in  our  figure,  the  vernier  is  divided 

into  10  equal  parts,  occupying  the  space  of  9  divisions  of  the 
limb,  and  if  the  4th  division  is  in  coincidence,  the  whole  readinif 

10 
(P  being  the  122d  division  from  the  zero  of  the  limb),  then  the 

whole  reading  is  20°  ^0'  +  — ■  X  10'=  20°  24'.    In  this  case  the 

least  count  is  1'.  In  practice,  no  calculation  is  necessary  to 
obtain  the  fraction,  for  this  is  indicated  by  proper  numbers 
against  the  graduations  of  the  vernier  itself. 


is  Pd  +  —d;  and  if  d  =  W  and   P  corresponds  to   20°  20' 
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If  the  least  count  is  given,  to  find  n,  we  have 


d  and  d  —  d'  being,  of  course,  expressed  in  the  same  unit.  For 
example,  if  the  limb  is  divided  to  10',  and  the  least  count  is  to 
be  10",  we  have 

d=:600" 

d  — d'=   10" 
whence 

n=60 

and  we  muat  make  60  divisions  of  the  vernier  equal  to  59  divi> 
sions  of  the  limb. 

When  a  large  number  of  divisionB  are  made  on  the  vernier, 
and  the  leaat  count  is  very  small,  the  graduations  must  he 
exceedingly  delicate;  otherwise,  several  consecutive  divisions 
of  the  veniier  may  appear  to  be  in  coincidence  with  divisions  of 
the  limb.  The  reading  is  then  to  be  assisted  by  a  micioioopc,  nr 
readint/  glass,  placed  over  the  vernier  and  having  a  lateral  motion, 
whereby  its  optical  axis  can  be  brought  immediately  over  that 
division  of  the  vernier  which  is  in  coincidence. 

To  increase  the  accuracy  of  a  reading  still  more,  two  or  more 
arms,  each  carrying  a  vernier,  are  employed,  and  the  mean  of 
the  indications  of  all  is  taken.  The  effect  of  reading  off  a  circle 
at  various   points,  in   eliminating   errors  of  the  circle,  will  be 
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tie  only  difference  will  be,  that  when  the  graduations  of  the 
limb  jiroceeti  from  right  to  left,  those  of  the  vernier  must  pro- 
ceed from  left  to  right ;  that  is,  the  zero  of  the  vernier  must  be 
dke  extreme  left-hand  stroke. 

20.  In  case  a  vernier  has  been  used  which  ia  found  to  be  too 
long  or  too  short,  the  reading  may  be  corrected  as  follows.  Let 
the  error  in  its  length  be  denoted  by  x,  then  (in  the  verniers  of 
the  ordinarj-  form)  we  have  (Art.  18) 

(n  —  l)d  =  nd'  +  X 


whence 


d  — d'^  -d4- 


Hence  a  reading  in  which  the  fraction  was  m{d  —  rf')  becomes 
~d+  m  —     The  correction  of  the  reading  is,  therefore,  +  m  ■  — 

when  the  vernier  ts  too  short  by  x;  and  —  m  ■  -  when  it  is  too 
long  by  r.  For  example,  if  the  hmb  is  divided  to  10'  and  the 
vernier  gives  10"  (in  which  case  v  =  60),  and  we  find  that  the 
Temier  is  too  short  by  i  =  +  5",  then  wo  must  add  to  every 
reading  the  correction  -f  m—  ;  or,  since  every  6th  graduatioi: 
of  the  vernier  gives  one  minute,  we  must  add  0".5  for  everj 
minute  read  on  the  vernier. 

Tlie  actnal  length  of  the  vernier  is  found  by  bringing  its  zero 
into  coincidence  with  a  division  of  the  limb  and  observing  where 
the  next  coincidence  occurs.  If  this  second  coincidence  occurs 
at  the  last  division  iif  the  vernier,  its  length  is  correct ;  but  if  the 
coincidence  occurs  at  ±  p  divisions  fi"om  the  last,  it  is  too  short 
or  too  long  by  -p  times  the  least  count.  This  should  be  done 
at  various  points  of  the  limb,  and  the  mean  of  all  the  results 
taken,  in  order  to  eliminate  the  effect  of  accidental  errors  in  tiie 
graduations  of  the  limb. 

The  vernier  is  now  used  chiefly  on  small  circles  and  portable 
mstrument^;  but  when  the  highest  degree  of  accuracy  is  sought 
for  in  reading  off  a  circle,  we  have  recourse  to 

THE    READING    MICROSCOPE. 

21.  Let  us  conceive  the  arm  which  carried  the  vernier,  fnstend 
of  lying  close  to  the  plane  of  the  circle,  to  be  raised  at  some 
e  from  it,  and  in  place  of  the  vernier  let  the  extremity  of 
Tmu   II— 3 
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the  arm  carry  a  microscope  /I  C  (Plate  II.  Fig.  1),  thooptical'Kinfr- 
of  which  is  perpendicular  to  the  pluiie  of  the  ciralo  MN  and 
iiitereecta  the  divisiona  on  the  liiiib.  The  teleecopo  and  circle 
are  to  be  supposed  to  revolve  together,  wliilo  the  microscope 
remuins  fixed.  Au  image  of  the  divisions  is  formed  at  the  focua 
D  of  the  object  lens  C.  Two  lenses,  B  and  A,  constitute  a  posi- 
tive eye  piece  through  which  this  imago  is  viewed.  HG^  is  a 
micrometer,  the  interior  of  which  is  shown,  enlarged,  in  Plate  II. 
Fig.  2.  A  fine  screw,  cc,  with  a  large  graduated  liead,  EF, 
carries  the  sliding  frame  aa,  across  which  are  stretched  two  inter- 
aectJng  spider  tlircads.  These  threads  lie  exactly  in  the  foeuB 
of  the  microscope,  and  are  consequently  visible  at  the  same  time 
with  the  image  of  the  divisions  of  the  limb.  On  one  side  of  the 
field  is  a  notched  scale  of  teeth  (which  does  not  move  with  the 
cross-thieads),  tlie  distance  between  the  teetli  being  the  satne  ae 
that  between  the  threads  of  the  strew.  The  middle  notch  is 
distiugniahcd  hy  a  hole  opposite  to  it,  and  every  fifth  notch  is 
cut  deeper  than  the  rest.  At  i  (Fig.  1)  is  an  index  to  which  the 
divisions  of  the  micrometer  head  arc  referred.  Since  one  com- 
plete revolution  of  tlie  micrometer  head  must  carry  the  croaa- 
threads  a  distance  equal  to  tlie  thickness  of  tlie  thread  of  the 
screw,  if  the  head  is  graduated  into  100  parts  we  have  the  means 
of  measuring  a  space  equal  to  Tj^th  of  the  thickness  of  the  thread 
of  the  screw.  Either  by  making  the  screw  very  fine,  or  increasing 
tlic  number  of  graduations  on  the  head,  or  by  both,  and  at  the 
same  time  increasing  the  optical  power  of  the  microscope,  we 
can  carry  this  subdivision  of  space  to  almost  an  unlimited  extent. 
In  order  to  rfuderstand  the  mode  of  reading  the  circle  by  this 
apparatus,  let  ue  conceive  the  intersection  of  the  cross-threads  to 
stand  against  the  central  notch,  the  zero  of  the  micrometer  being 
also  exactly  opposite  the  index.  The  point  of  the  field  then  occu- 
pied bif  the  interseetion  of  the  eross-threads  is  to  be  regarded  as  a  fired 
point  of  reference,  and,  as  the  telescope  reeolces  from,  one  position  to 
another,  the  number  of  dioisions  of  the  Undi  which  pass  by  this  point 
wilt  be  the  measure  of  t}i£  angular  motion  of  Oie  tekseope.  Suppose,, 
then,  the  revolution  has  lirought  this  point,  not  upon  a  graduation 
of  the  limb,  bnt  at  a  fraction  of  a  division  beyond  a  certain 
graduation  P;  then,  to  measure  this  fraction,  we  have  only  to 
move  the  cross-thread  from  the  point  of  reference  into  coincidence 
with  the  graduation  P,  aad  read  tip  number  of  divisions  of  the 
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micrometer  head.  If  more  tlian  one  revolution  of  the  aerew  in 
r«inired,  the  whole  number  of  revolutions  will  bo  shown  by  the 
.  BiiTabcr  of  notches  in  the  field  passed  over  by  the  crosa-throads. 
mi  the  fraction  of  a  revolution  by  the  micrometer  head.  Then, 
knoving  the  relation  between  a  division  of  the  inierometer  head 
and  one  of  the  circle,  the  value  of  the  required  fraction  is  at 
ODce  found.  For  e,xample,  suppose  a  division  of  the  cin-le  is 
equal  to  5',  and  that  five  revolutions  of  the  micrometer  screw 
jost  carry  the  cross-threads  from  one  circle  graduation  to  tho 
next;  and,  further,  that  the  micrometer  head  is  divided  into  60 
(qnal  parts ;  then  each  revnhition  of  the  screw  represents  1',  and 
«ch  division  of  the  micrometer  head  represents  1".  If  then  we 
h»vp  made  three  whole  i-evohitions,  and  the  micrometer  head 
readi  25.3,  the  required  fraction  is  3'  25". 3.  If  the  graduation 
PvM  289°  35',  the  whole  reading  ie  289°  38'  25".8. 

The  coincidence  of  the  point  of  interaeetion  of  the  threads 
with  a  graduation  of  the  limb  is  made  in  the  manner  shown  in 
Fig.  2.  In  many  of  the  German  instruments,  instead  of  a  cross- 
thread,  two  very  close  parallel  threads  are  used,  the  middle 
point  between  which  is  the  point  of  reference,  and  a  coincidence 
is  made  by  bringing  the  circle  division  to  bisect  the  space 
between  them.  This  bisection  is,  of  course,  estimated ;  but  it 
may  be  efl'ected  with  very  great  accuracy  where  the  threads  aro 
very  close.  Their  distance  should  be  very  little  greater  than 
the  breadth  of  the  graduations  of  the  limb.  Bessel  preferred 
the  parallel  threads;  but  it  is,  perhaps,  doubtful  whether  they 
afford  any  advantage  in  the  hands  of  most  observers. 

The  spiral  springB  lib  serve  to  make  the  screw  bear  alwaj-e  on 
the  ewne  side  of  the  thread,  so  that  in  revei-se  motions  of  tho 
icrew  there  ia  no  lost  or  dead  motion,  that  is,  revolution  of  the 
terevr  without  a  corresponding  movement  of  the  cross-threade. 
Bot.  to  guard  against  the  possible  existence  of  lost  motion,  the 
coincidence  of  the  crosa-threada  with  a  circle  division  should 
always  be  produced  by  &  motion  of  the  micrometer  head  in  one 
and  the  same  direction. 


22.  Error  of  Runs. — When  a  reading  microscope  is  in  perfect 
adjustment,  a  whole  number  of  the  revolutions  of  the  screw  is 
equal  to  the  distance  of  two  consecutive  graduations  of  the  circle. 
To  eflect  this,  provision  is  made  for  lengthening  or  shortening 
tlic  microacope  tube,  and  also  for  moving  the  whole  microscope 
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farther  from  or  nearer  to  the  circle.  Id  this  way,  the  magnitnde 
of  the  image  of  a  diviniou  aa  Been  in  the  field  can  be  changed 
until  it  eorreapoudrt  exactly  to  a  whole  number  of  revolutions  of 
the  screw.  For  exampli?,  if  a  whole  number  of  revolutions  is 
greater  than  the  image  of  a  circle  division,  the  objective  Ions 
must  be  brought  nearer  to  the  ocular,  aud  at  the  same  time  the 
whole  microscope  brought  nearer  to  the  circle. 

But,  as  changes  of  temperature  and  other  eansea  are  found  to 
produce  changes  in  the  value  of  a  division  of  the  microscope,  and 
it  is  not  expedient  to  be  always  changing  the  adjustment,  it  is 
HBual,  after  making  one  very  exact  adjustment,  to  lot  it  stand,  and 
then  determine  from  time  to  time  the  correction  of  a  reading  foi 
any  change  of  value  which  may  appear.  The  excess  of  a  circle 
division  above  a  whole  number  of  revolutions  is  called  the  oTor 
o/iiiHS,  and  a  proportional  part  of  this  excesa  mu^t  be  allowed 
on  all  i:eading8.  This  error  is  to  be  found  by  measuring  several 
divisions  in  different  parts  of  the  circle  and  taking  the  mean  of 
all  the  results,  in  order  to  eliminate  the  effect  of  errors  in  the 
circle  graduations  tbemaelves.  For  example,  if  a  division  exceeds 
five  revolutions  of  the  screw  by  +  2". 2,  then  for  each  minute  in 
the  fraction  of  a  di^-ision  obtained  by  the  micrometer  we  must 
apply  to  the  reading  the  correction  —  ~^,  or  —  0".44.  The 
error  of  runs  will  take  the  negative  sign,  and  the  correction  for 
it  the  positive  sign,  when  a  circle  division  falls  short  of  a  whole 
number  of  revolutions  of  the  screw.    . 


23.  To  increase  the  accuracy  of  a  reading,  several  microscopes 
are  used,  having  a  fixed  position  relatively  to  each  other,  by 
which  the  fraction  of  a  division  in  the  reading  is  measured  at 
different  points  of  the  circle  and  the  mean  of  the  different  mea- 
sures is  taken.  Two  microscopes  are  placed  so  as  to  read  at 
opposite  points  of  the  cjrcle,  that  ia,  the  angular  distance  of  the 
microscopes  is  180°,  or  differs  but  little  from  180°  ;  three  micro- 
scopes are  placed  at  120",  four  at  90°,  &c. ;  or,  in  general,  what- 
ever the  number  of  microscope,  they  are  placed  so  as  to  divide 
the  circle  Into  equal  portions.  The  whole  degrees  and  minutes 
are  read  only  at  one  of  the  microscopes.  In  large  instruments, 
where  the  field  of  the  microscope  takes  in  but  a  part  of  a  degree, 
the  number  of  degrees  and  minutes  of  the  nearest  circle  division 
is  read  oft'  by  means  of  an  index  outside  the  microscope,  or, 
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indeed,  wholly  separate   from   it,   the  microscope  being  used 
exclusively  to  measure  the  fraction  of  a  division. 

24.  The  probable  error  of  a  reading  of  one  microscope  being  e, 
that  of  the  mean  of  m  microscopes  e^,  we  have  (Appendix, 
Method  of  Least  Squares) 

that  is,  the  probable  error  of  the  mean  varies  inversely  as  the 
square  root  of  the  number  of  microscopes.     For  example,  if  the 

probable  error  of  reading  of  one  microscope  is  1",  that  of  the 

1"  1" 

meanof  two  willbe  -— :  =  0".71 ;  that  of  four,  —-  =  0".5 ;  that  of 

six,  — ^  =  0"Aly  &c. ;  and  the  error  will  decrease  but  slowly  as 

the  number  of  microscopes  increases.  It  would  require  sixteen 
microscopes  to  reduce  the  error  to  0".25.  On  this  account,  the 
advantages  of  increasing  the  number  of  microscopes  beyond 
four,  except  in  instruments  of  the  largest  class,  are  usually 
regarded  as  outweighed  by  the  greater  liability  of  the  apparatus 
to  deran'gement. 

The  use  of  a  number  of  microscopes  or  verniers  is,  however, 
not  solely  to  increase  the  accuracy  of  reading,  but  also  to  elimi- 
nate the  errors  of  the  circle  itself,  as  will  be  seen  in  the  following 
articles. 

ECCENTRICITY   OF   GRADUATED   CIRCLES. 

25.  The  centre  of  the  alidade  is  seldom,  if  ever,  even  in  the 
best  instruments,  exactly  coincident  with  the  p.    jj 

centre  of  the  graduated  arc.  To  investigate 
the  effect  of  such  eccentricity,  let  C(Fig.  13) 
be  the  centre  of  the  alidade,  (7'  that  of  the 
circle  ;  CA  a  straight  line  joining  Cand  the 
centre  of  one  of  the  reading  microscopes ; 
CA'  a  parallel  to  CA.  When  the  micro- 
scope reading  is  at  A^  the  true  reading  is  at 
A'.  Let  the  diaiibter  drawn  through  C  and  C  intersect  the 
^duation  at  -E,  and  let  0  be  the  zero  of  the  graduation,  which 
we  will  suppose  is  numbered  from  0  towards  A.     Put 

z  =  the  microscope  reading, 
/  =  the  true  reading, 
E=EO, 
e  =  the  eccentricity  CC, 


S8  MEASUBKUENT   OF   ANQLBS. 

It  is  to  be  assumed  that  such  c^rehos  been  bestowed  upon  the 
ccDtring  of  the  instrnnieut  that  e  is  .very  small,  and,  therefore, 
that  the  arc  AA'  —  z' —  z  may  be  regarded  as  equal  to  the  per- 
pendicutsr  CP:  so  that  we  have,  since  the  angle  EC  A'  —  «'+£, 

/— z  =  «8in(2'+^)  (9) 

in  which  e  must  be  expressed  in  are.  In  the  factor  sin  {z'  +  E) 
we  may  substitute  z  for  z'  without  sensible  error. 

When  z'+  E  =  ±  90",  we  have  z'—  £  =  ±  e:  so  that  e  is  the 
maximum  error  of  a  reading,  and  this  maximum  occurs  when 
the  reading  ia  90°  from  E. 

26.  Now,  let  j4Cand  A'C  he  produced  to  meet  the  gradua- 
tion again  at  the  opposite  points  B  and  S',  and  let  the  alidade 
carry  a  second  microscope  at  B.  The  degrees  and  minutes  may 
be  supposed  to  be  obtained  from  the  microscope  A,  while  B  is 
used  only  to  give  the  seconds.     Put 

s  =  the  division  of  the  circle  under  A, 
A  and  B  —  the  readings  of  the  microscopes, 

/^  the  true  reading  corresponding  to  A. 

Then  the  whole  reading  given  hy  Aisz  +  A,  and  by  (9)  we  have 

/  =  2  +  4  +  e  Bin  (2  +  £) 

and  the  microscope  B  gives 
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120°  +  Z  +  B,  240^  +  ^  +  C  are  the   readings  of  the    three 
mioroBcopes,  the  true  reading  copresponding  to  j1  will  be 

2^=2  +B—e»inll20''  +  2  +  E) 
f=2'\-  C—  e  sin  (340*»  J^  2  +  E) 

and  since,  \>y  PI.  Trig.,  we  hare 

sin  (120*>  +  z  +  ^)  +  sin  (240^  +  ^  +  £)  ==  —  sin  (^  +  Jff) 

tbe  mean  of  these  three  equations  is 

2f=2  +  \(^A  +  B-\'C) 

Indeed,  it  will  readily  be  inferred  from  the  discussion  in  Arts. 
31  and  32  that  the  eccentricity  will  be  eliminated  by  taking  the 
mean  of  any  number  whatever  of  equidistant  microscopes. 

28.  To  find  the  eccentricity. — The  two  opposite  microscopes  may 
not  be  perfectly  adjusted  at  the  distance  of  180°,  and  hence  wo 
shall  here  put 

180°  +  a  =  the  angular  distance  of  the  microscope  B  from  A; 

and  then,  if  we  put,  as  before, 

2  =  the  division  under  the  microscope  4, 
A  and  B  =  the  readings  of  the  two  microscopies, 

the  true  readings  will  be 

y=^  +  ^  +  68in(^  +  ^)  1 

180o  +  a+y=180° +^+5  +  e8in(180°+z  +  £)    /    ^^"^ 

for  the  second  of  which  we  take 

y  =  ^  +  5  —  a  —  c  sin  (^  4-  E) 

I^  therefore,  we  put 

•  B^A=:n 

the  difference  of  the  two  equations  gives  the  equation  of  condition 

n  =  a  +  2«  sin  (2r  +  E)  (11) 

in  which  a,  c,  «nd  N  are  unknown.    Let  the  values  of  n  be 
obtained  from  the  readings  of  both  microscopes  at  four  equidistant 
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points  of  the  circle,  namely,  z„  z^  +  90°,  2,  +  180,°  and  «„+  270", 
anii  denote  these  values  by  Wo>  «i,  n»  n^  respectively :  then,  by 
putting 

P  =  i„  +  E, 


we  have 


n„  =  a  4-  2<i  ain  P  =  «  +  2c  sin  P 

n,  ^a  +  2e8in(P+  90°)=  »  +  2e  cosP 
n,  =  a  +  2c8in(P+  180")=  »  —  2eBinP 
n,  =  »  +  2eBin(P+  270")=  »  —  2e  coaP 

4e8inP  =  n,  —  n, 
4c  COB  P  ^=  n,  —  n. 


}  (liO 


which  determine  both  e  and  P,  after  which  we  have  E^=  P  —  z^^ 
The  value  of  a  is  evidently  the  mean  of  the  values  of  n. 


The  readings  of  a  pair  of  opposite  microscopes  of  the  Repsold 
Meridian  Circle  of  the  U.  S.  Naval  Academy  were  as  follows : 


. 

A 

B 

V»lueBorn  =  fl  — ^ 

0° 

+  4".0 

-    6".7 

»,  =  -  I0".7 

90 

+  6.9 

-18  .6 

n,  =  —  20  .5 

180 

+  6  .3 

—  16  .6 

M,  =  —  21  .8 

-  270 

—  1  .2 

—    1  .2 

n,  =        0  .0 
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29.  With  three  nearly  equidistant  microscopes  the  eccentricitj  . 
can  be  foun^  from  two  complete  readings  at  points  180^  apart. 
Let  the  angular  distances  of  the  microscopes  B  and  C  from  A  be 
denoted  by  ^  and  y;  and,  z  being  the  division  under  Ay  put 
P=  z  -f  E;  then  we  have,  for  the  true  reading  at  -4, 

2f  =  z-\-A  +  eBmP 

z'  =  z  +  B  —  fi  +  e  B\n(P  +  120*») 

2'==z+C  —  r  +  «8in(P+  240^) 

Subtracting  the  first  equation  from  the  mean  of  the  other  two, 
and  putting 

i(B+  C)—A  =  n 
we  find 

n  =  i(r  +  fi)  +  ie8xnP 

and  subtracting  the  second  from  the  third,  and  putting 

we  find 

If  we  read  a  second  time  with  the  microscope  A  over  the  division 
2  +  180°,  and  obtain  the  readings  A'y  B\  C",  we  shall  have 

l(^B'+C')  —  A'    =v! 
i(C'^B')  =  d' 

and  since  we  shall  have  180  +  P  instead  of  P,  we  shall  obtain 

cf'=  ^ (r  —  i?)  —  i  i/3  e  cosP 

(lence 

€  sin  P  =  ^  (n  —  n') 

€CosP=:  li/Sid—d') 
which  determine  e  and  P.    We  find  also 

r  =  K^  — ^  +  C"  — A') 

30.  In  order  to  determine  the  eccentricity  with  greater  accu- 
racy, and  to  eliminate,  as  far  as  possible,  errors  in  reading  and 
accidental  errors  of  graduation,  the  circle  may  be  read  at  a  great 
number  of  equidistant  points.  Each  reading  of  a  pair  of  oppo- 
site verniers  or  microscopes  furnishes  an  equation  of  condition 
of  the  form  (11),  and  from  all  these  equations  the  most  probable 
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value  of  the  eccentricity  will  be  deduced  by  thetnethod  of  least 
squares.  The  computation  according  tothis  method  is  rendered 
extremely  aiJhple  by  the  application  of  some  theorems  rotating 
to  periodic  functions,  which,  on  account  of  their  utihty  in  tbie 
and  eimilar  investigations,  will  be  here  demonstrated. 

31.  Periodic  Functions. — The  circumference  of  a  circle  being 
denoted  by  2.T,  any  commenaorable  fractional  portion  of  it  may  be 
expressed  by  2^  X  -  =  —•  p  and  q  being  whole  numbers ;  and 


supposing  m  to  take  successively  the  values  0,  1,  2,  3,  &c.  If 
now  we  consider  only  the  multiples  from  m  =  0,  tom  =  y  —  1, 
we  shall  have  the  following  theorems : 

Theoebm  I. —  Wftcn  pis  not  a  multiple  tf  q, 

ZBinm.^^Q  (131 

JooBm.?^  =  0  (U) 

hul,  when  p  is  a  tradiiple  of  q, 

ysinm.^  =  Q  (15) 

q  ^     > 

£ooam.-£^  =  q  (16) 

where  the  summation  sign  S  is  used  to  denote  the  sum  of  all 
the  quantities  of  the  given  form  between  the  given  limits,  namely, 
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and,  consequently,  T*  —  1  =  0.  The  second  member  of  the 
above  formuhi,  therefore,  becomes  zero,  unless  the  denominator 
T—  1  is  zero,  that  is,  unless  T  =  1.   Now,  we  can  have  T=l  only 

when  sin  —  =  0  and  cos-^^  =  1,  that  is,  only  when  »  is  a  mul- 

tiple  of  q.    In  all  other  cases  we  have,  therefore, 

2:  cos  m .  —  +  i/  — 1  ^  sin  m  •  ^^  =  0 
S  S 

and,  since  the  real  and  the  imaginary  terms  must  here  be  sepa- 
rately equal  to  zero,  the  first  part  of  our  theorem  is  established. 

When  T=  1,  the  second  member  of  (17)  becomes  ^»  but  is  not 

really  indeterminate ;  for,  going  back  to  the  geometric  progres- 
sion of  which  this  is  the  sum,  we  have 

^^  =  y+  T»  +  !r«+ +  r*-»  =  q 

and  hence,  when  pis  a  multiple  of  q^  we  have 

S  cos  m .  -^  +  V  —  1  -T  sin  m-  -^  =  a 

which  establishes  the  second  part  of  the  theorem. 
Theorem  II. —  When  2p  is  not  a  multiple  of  j, 

i:Uinm^^\  =  hq  (18) 

^(•co8m.?|?)'=}3  (19) 


6m/,  when  2p  is  a  multiple  of  y, 

2:/8inm.^y=0  (20) 

^(co8m.?|?y=,  (21) 

For  we  have,  for  any  angle  x, 

sin'  X  ^  i  —  ^  cos  2  x 
and,  therefore, 

^(8iBm.?|!r)'=r(4-icoB«.^) 

=  iq  —  i^ cos m .  -^^-- 
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jrhich,  by  Theorem  I.,  gives  cither  (18)  or  (20).     Again 

.(c«.».5f:)-=.[i-(.i„  „.?£)■] 


=  q~l 

:i  sin  m 

'-?)' 

which  gives  either  (19)  or 

(21). 

Theorem  IIL- 

-For  all 

integral  values  of  p  and  q 

we 

have, 

,from 

m.  =  0  tom  =  q  ' 

-1, 

Jain  m 

2p._ 
1 

0 

(22) 

for  this  is  the  same  as  the 

quantity 

I  J  sin  1 


ipit 


32.  Now,  let  the  circle  be  read  off  by  a  pair  of  opposite  raicro- 
flpopea,  A  and  B,  at  any  number  of  equidistant  points.  The  circle 
is  thus  divided  into  a  number  of  equal  parts,  each  of-  which  may 
be  denoted  by  -r-  If  the  first  reading  corresponds  to  the  divi- 
sion Za,  the  subsequent  readings  will  correspond  to  z-H . 

^a+2■— '  z^-\-Z .  &c.  to  2,+  (}  —  1) — ■  Each  reading  fur- 
nishes an  equation  of  condition  of  the  form  (11),  giving,  therefore^ 
the  following  system,  where  /*=  z,+  E: 
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In  this  form,  the  three  unknown  quantities  are  a,  e  sin  P,  and 
fcosP.  The  final  equation  in  each  unknown  quantity,  according 
to  the  method  of  least  squares,  is  to  be  found  by  multiplying 
each  equation  of  condition  by  the  coefficient  of  the  unknown 
quantity  in  that  equation,  and  adding  together  the  products. 
This  process  gives,  by  the  aid  of  the  theorems  of  the  preceding 
article  (observing  that  here  p  =  1), 


qa  =  2!  n^ 
qe  sin  P=:  Ji  n^ 


) 

qe  cos  P=  lin^  sm j 


2  WITT 

2  inn 


(23) 


These  formulee  embrace,  as  a  particular  case,  the  solution  already 
given  in  Art.  28  for  q  =  4. 

Example. 

The  following  values  of  r?  ==  -B  —  A  were  obtained  from  the 
readings  of  two  opposite  microscopes  of  the  meridian  circle  of 
the  U.  S.  Naval  Academy: 


1 

f 

n 

0° 

ir.7 

10 

11  .6 

20 

12  .8 

30 

14  .7 

40 

16  .3 

50 

17  .3 

60 

18  .5 

70 

18  .1 

80 

19  .7 

2 

n 

90° 

—  20".5 

100 

20  .7 

110 

21  .0 

120 

21  .2 

130 

22  .8 

140 

24  .7 

150 

23  .4 

160 

22  .6 

170 

22  .3 

z 

n 

2 

n 

180° 

—  21".8 

270° 

—  0".0 

190 

18*  .3 

280 

1  .3 

200 

16  .4 

290 

2  .4 

210 

11  .8 

300 

4  .5 

220 

7  .8 

310 

5  .1 

230 

4  .3 

320 

7  .4 

240 

1  .9 

330 

9  .4 

250 

—  2  .0 

340 

11  .7 

260 

+  0  .3 

350 

11  .6 

We  have  here  a  =  36,  and  —  =  10^ 


so  that is  successively 


0°,  10°,  20*^,  &c.     We  find,  first,  by  taking  the  sum  of  all  the 
values  of  7i, 

36  a  =  —  476".2  a  =  —  13".23 

and  hence  the   distance   of   the    microscope   B  from  A  was 
179°  59'  46".77. 

To  find  qe  sin  P,  we  multiply  each  n  by  the  cosine  of  the  angle 
to  which  it  belongs,  and  add  the  products.     In  like   mapner, 
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qeeoB  P  ia  foiind  by  multiplying  each  n  by  tbe  sine  of  the  angle 
to  which  it  belongs,  and  adding  the  prodncta.*  We  thus  form 
the  following  table,  in  which,  for  brevity,  we  put  ncosz 
and  neim  for  the  quantities  denoted  in  our  formulae  (23)  by 

2n 
n,cos 


KLLIPTICITY   OP   PIVOT.  4T 

ELLIPnOITV  OF   THE   PIVOT   OF  THE  ALIDAI>£« 

83.  If  the  pivot  of  the  alidade  ig  the  horizontal  axis  of  a 
rertical  circle,  a»  in  the  case  of  some  meridian  circles,  or  if,  as 
in  other  cases,  the  alidade  is  fixed  to  a  pier  while  the  pivot  of 
the  horizontal  axis  of  the  circle  revolves  in  a  V,  then  any  defect 
in  the  pivot,  which  renders  a  section  at  right  angles  to  its  axis 
other  than  a  circle,  will  cause  the  centre  of  the  alidade  to  vary 
it3  distance  from  the  centre  of  the  graduated  circle  during  a 
revolution  of  the  instrument.  If  the  section  of  the  pivot  is  any 
regular  figure,  the  variations  in  the  readings  of  a  single  micro- 
scope may  be  regarded  as  a  function  of  the  division  {z)  which  is 
under  the  microscope,  and  the  correction  of  this  reading  may  be 
denoted  by  f  (z).  The  correction  of  the  reading  of  the  opposite 
microscope  must  be  —  f  (z).  In  order  to  investigate  the  form  of 
the  pivot  without  involving  the  errors  of  eccentricity  or  of  gradua- 
tion, let  us  denote  the  correction  of  the  division  z  for  both  these 
errors  by  '4/(^),  and  that  of  the  division  180°  +  z,  which  is  under 
the  opposite  microscope,  by  4' (180°  +  z).  Then,  A  and  B  being 
the  readings  of  the  microscopes,  and  180°  +  a  their  constant 
distance  from  each  other,  we  have 

z'=^2  +  A       +       ^(^z)+  ^(z) 

2^  =  2  +  B  —    a    —  ^(-)+^  (180°  +  Z) 

whence 

0=zB  —  A  —  a  —  2^(^z)-'^(z)+^  (180°  +  z) 

Xow,  let  the  division  180°  +  -?  be  brought  under  the  microscope 
A,  and  let  A^  and  B^  be  the  microscope  readings ;  then  we  have 
the  true  reading  z^'  by  the  equations 

r"  =  180°  +  2  +  A'  +  sp(180°  +  2)+  ^  (180°  +  2) 

r"  =  180    +  2  +  B'—  a  —  ^(180°  +  r)+  4'  (-?) 

whence 

0  =  5'  —  .4'  —  a  —  2  ^(180°  +  z)  +  4  (z)  —4(180°  +  z) 

therefore,  if  we  put 

.J^(B  ^A  +  B'-^  A')  =  n' 
we  have 

n'  =  tt  +  ^  (2)  +  ^  (180°  +  2)  (25) 

the  errors  of  eccentricity  and  of  graduation  being  wholly  elimi- 
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nated.  The  form  of  the  fonction  tp  is  yet  to  bo  determined; 
since,  however,  it  necessarily  returns  to  the  same  value  after  one 
complete  revelation,  we  may  assume  for  it  a  general  periodic 
series,  namely : 

<f{z)  =f  sin  (z  +  F')  +  /"  sin  (2z  +  F")  +  /'"  sin  (3?  +  F'")  +  &c.  ' 

in  which/',  F',  /",  F",f"',  F'",  &c.  are  constants.  Hence  also 

y(180''4-2)=— /'Bin(z+f")+/"8in(22+J'"')— /"'BinCSz+i^'O+Ao. 

and 

?.(z)  +  y(180''  +  z)=2/"Bin(2j4-F")  +  2/"Bin(4i4--P")+&c-   (26i 

The  combination  of  two  readings  180°  apart  gives,  therefore, 
the  equation  of  condition 

n'=«  +  2/"Bin(2z  +  i^")  +  2/"6in(4z  +  F")  +  &c.      (27) 

If  we  have  read  the  circle  at  2q  equidistant  points,  so  that  the 
number  of  such  equations  is  q,  then  the  values  of  z  are  success* 

iveiy  0,  -.  —  - .  and  the  general  form  of  the  equation 

of  condition  is 


n'_^o-f-  2/" sin 
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Example. 

To  investigate  the  form  of  the  alidade  pivot  of  the  meridian 
circle,  in  the  example  of  Art.  32,  the  readings  there  given  are 
combined  as  follows : 


r 


0^ 
10 
20 

130 
40 

'50 

I  60 
70 

1:80 


B  —  A 

B'—A' 

n' 

s 

B  —  A 

B'     A' 

«' 

—  10".7 

—  21".8 

—  16".25 

90<» 

20".5 

—  (T.O 

—  10".25 

11  .6 

18  .3 

14  .95 

100 

20  .7 

1  .8 

11  .00 

12  .8 

16  .4 

14  .60 

110 

21  .0 

2  .4 

11  .70 

14  .7 

11  .8 

13  .25 

120 

21  .2 

4  .5 

12  .85 

16  .8 

7  .8 

12  .05 

130 

22  .8 

5  .1 

18  .95 

17  .3 

4  .3 

10.80 

140 

24  .7 

7  .4 

16  .05 

18  .5 

1  .9 

10.20 

150 

V  28  .4 

9  .4 

16  .40 

18  .1 

2  .0 

10  .05 

160 

22  .5 

11  .7 

17  .10 

19  .7 

+  0  .8 

9.70 

170 

22  .3 

11  .6 

16  .95 

Since  here  q  =  18,  the  sum  of  the  values  of  n'  gives 


18tt  =  — 238".10 


a  =  — 18".23 


Then,  with  the  aid  of  a  traverse  table,  we  find  the  values  o£* 
ii'cos  2^  and  n'  sin  22:,  as  below : 


t 

ii'eoa2> 

n'ain  2z 

0" 

— 16".25 

—   0".00 

10 

14  .05 

—   5  .12 

20 

— 11  .18 

—   9  .38 

30 

—  6  .63 

— 11  .48 

40 

2  .09 

— 11  .87 

50 

+   1  .88 

—  10  .64 

60 

+   5.10 

—   8  .88 

70 

+   7  .70 

—   6  .46 

80 
Sums 

+   9  .12 

—   3  .32 

—  26  .40 

—  67  .10 

t 

•'coa2> 

n'Bin  2> 

90° 

+  10".25 

+  r.oo 

100 

+  10  .34 

+   8  .76 

110 

+   8  .96 

+    7.52 

120 

+   6  .43 

+  11  .13 

130 

+   2  .42 

+ 13  .74 

140 

2  .79 

+  15  .81 

150 

—   8  .20 

+  14  .20 

160 

—  13  .10 

+ 10  .99 

170 

—  15  .93 

+   5  .80 

—   1  .62 

+.82  .95 

18  f"  sin  F"  —        28".02 

log  nT.4475 

18/"co8F"=+    15  .85 

log    1.2000 

F"  =      299»  30' 

log  tan  F"  nO.2476 

/"  =          1".79 

log  18/"    1.5078 

Vol.  n.— 4 
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Id  the  same  manner,  we  find,  from  the  sums  of  the  products 
9'  «oe  4iZ  and  n'  sin  4z, 


18/"Bmi?*=  +  0".15 

18/"co9i^"=-|-2".00 

F'^  =      4"  17' 

/"=      or. 11 

Heaee  we  have 

f  (e)+p(180«+  z)=W'M Bin  (2 7+299° 30')+0".2a sin (4«+4'>  17')  (80) 

The  term  in  iz  is  so  small  that  we  may  suppose  that  it  proceeds 
from  the  accidental  errors  of  reading,  and  irregultmlies  of  thei 
pivot,  and  we  may,  therefore,  disregard  it,  as  well  as  the  subse- 
quent terms  in  6z,  &c. 

Bbssel  has  shown*  that  if  the  section  of  a  pivot  which  rests  in 
ftV  is  an  ellipse,  the  centre  of  this  ellipse  will,  as  the  instrument 
revolves,  move  in  Ijie  arc  of  a  circle  the  centre  of  which  is  the 
angular  point  of  the  V  f ;  that  during  a  complete  revolution  the 
centre  of  the  ellipse  describes  this  arc  four  times, — twice  forwards 
and  twice  backwards ;  and  that  the  effect  of  this  motioD  apon 
the  reading  of  a  single  microscope  is  expressed  by  a  term  de- 
pending upon  2z. 

Hence,  the  last  term  of  (30)  being  neglected,  the  remaning 
term  may  be  regarded  as  the  effect  of  ellipticity  of  the  pivot,  and, 
since  we  must  then  have  p  (2)  =  (p  (180°  -\-z  ),  it  follows  that 
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t 

0 

€ 

V 

w 

M 

90O 

0 

C 

V 

••   i 

• 
,         1 

I  «• 

-  le-.^ 

— 16".85 

-f  0".10 

0.0100 

^  10".26 

—  lO'Ml 

—  O^.H 

0.0100 

lio 

14  .95 

15.  .55 

+  0  .60 

.8600 

100 

11  .00 

10  .91 

—  0  .09 

.OO81J 

1 

•2D 

I30 

14  .60 

14  .48 

— 0  .12 

.0144 

110 

11  .70 

11  .98 

+  0  .28 

.07841 

18  .25 

18  .26 

-f  0  .01 

.0001 

120 

12  .85 

18  .20 

+  0  .85 

.1225 

140 
GO 

12  .05 

12  .08 

-0  .02 

.0004 

180 

18  .95 

14  .48 

+  0  .48 

.2804 

10  .80 

10  .95 

+  0  .15 

.0225 

140 

16  .05 

15  .51 

—  0  .54 

.2916 

1160 

10  .20 

10  .15 

—  0  .05 

.0025 

150 

16  .40 

16  .81 

—  0  .09 

.0081 

180 

10  .05 

9  .71 

0  .84 

.1156 

160 

17  .10 

16  .75 

0  .85 

.1225 

9  .70 

9  .70 

0  .00 

.0000 

170 

16  .95 

16  .76 

—  0  .19 

.0861 

If  we  denote  the  mean  error  of  a  single  observed  value  of  w' 
hj  c,  we  have  (Appendix,  Method  of  Least  Sq^iares)^  q  being  the 
BQmber  of  observations, 

and  this   quantity  also  expresses   the  mean   error  of  a  single 
reading  of  one  microscope  of  this  instrument.     This  mean  error 
of  a  reading  was  also  found  by  comparing  a  number  of  successive 
readings  of  the  same  microscope  on  the  same  division,  which 
gave  0".36 :  so  that  the  agreement  of  the  above  computed  and 
observed  values  of  n'  is  even  closer  than  is  necessary  to  sustain 
the  hypothesis  of  an  elliptical  form  of  the  pivot.     It  is  also  evi- 
dent that  the  addition  of  the  term  0".22  sin  (Az  +  4°  17')  of  (30) 
would  but  slightly  reduce  the  mean  error  of  n'. 

34.  The  error  introduced  by  the  ellipticity  of  the  pivot,  like 
that  produced  by  the  eccentricity  of  the  circle,  is  fully  eliminated 
by  taking  the  mean  of  the  readings  of  a  pair  of  opposite  micro- 
scopes. If,  however,  the  arms  of  the  alidade,  carrying  the 
microscopes,  do  not  preserve  a  constant  inclination  to  the  horizon 
during  a  revolution  of  the  instrument,  the  readings  of  both 
microscopes  will  be  increased  or  diminished  by  the  whole 
amount  of  the  change  of  inclination,  and,  consequently,  their 
(DMiD  will  involve  the  same  error.  A  level  placed  on  the  alidade 
18  usually  employed  to  determine  these  changes  of  inclination, 
and  the  readings  are  finally  corrected  according  to  its  indications. 

ERRORS   OP   GRADUATION. 

35.  EiErors  of  graduation  of  a  divide^  circle  may  be  either 
ngulop  or  acddentoL 
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The  regular  or  periodic  errors  are  thoBe  which  recar  at  regular 
iaterralB  according  to  aome  law,  and  which  maj,  therefore, 
be  expressed  as  functions  of  the  reading  itself.  Even  the  error 
of  eccentricity,  above  considered,  may  be  treated  as  such  a 
periodic  error  of  graduation,  since  its  effect  upon  the  reading 
(z)  is  the  same  aa  if  the  graduation  everywhere  required  the 
correction  e  sin  {z  +  E).  The  sum  of  all  the  corrections  for  such 
periodic  errors,  regarded  as  a  function  of  the  reading  {z),  and 
denoted  by  -^  (z),  must  have  the  general  form 

'    4W  =  w'8in(J  +  F')+«"«in(2?+&'")+''"'8inC3«+r"')+&0.    (32) 

in  which  m',  V,  u",  C",  &c.  are  constants.  The  shorter  the 
period  of  any  error,  the  higher  is  the  multiple  of  z  iu  the  term 
representing  it. 

Now,  let  the  circle  be  read  by  y  microscopCB  at  q  equidistant 
points,  namely,  at  all  the  points  expressed  by 

2» 

z  ■=^  z  A-  m  — 

^       2 

m  being  taken  successively  0,  1,  2,  3 (tj  —  1),  and  z  being 

the  reading  of  the  first  microscope ;  then  we  shall  have,  for  the 
correction  of  any  one  of  these  microscopes,  the  general  expression 

4(0=«'sin(2+C"+m.^Wu"sin(2j+Cr"+m.^)  +  &c. 


The  discussion  of  this  series  will  be  abridged  if  we  express  it 
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fiat  we  have  (Art  81),  from  m  =  0  to  m^=q  —  1,  2'Binm--^^-— =  0 
in  all  cases ;  and  also  Z  cos  m  •  -^—  =  0,  except  when  p  is  a  mul- 


-  V  ■     4  (O  =  -„  w^*^^  sin  (r^-2:  +  Z7<'t>)  (33) 


tiple  of  qy  or  p  =  rq^  in  which  case  this  latter  sum  is  equal  to  q. 
Hence  all  the  terms  of  the  above  expression  which  do  not  vanish 
are  expressed  by  the  formula 

1  »»ff-i 

r  being  successively  the  integers  1,  2,  3 ;  whence  the  fol- 
lowing important  theorem:  The  terms  of  the  periodic  series  not 
dimimted  by  taking  the  mean  of  q  equidistant  microscopes  are  those 
(ndg  which  involve  the  multiples  of  qz. 

Thus,  the  mean  of  two  microscopes  requires  a  correction  of 
the  form 

u"  sin  (22:  +  C7")  +  u»^  sin  (42:+  U''')  +  &c.  ; 
the  mean  of  three  microscopes,  the  correction 

u'"  sin  (32  +  U")  +  u^'  sin  (6-?  +  ?7^)  +  &c.  j 

the  mean  of  four  microscopes,  the  correction 

u»'  sin  (42:  +  U''')  +  W^'  sin  (82:  +  ^^")  +  &c. 
&c.  &c. 

36.  The  values  of  the  terms  of  the  periodic  series  which  are 
eliminated  by  means  of  a  number  of  microscopes  may  be  found 
from  the  readings  of  these  microscopes  themselves.  Thus,  for 
two  microscopes,  the  readings  of  which  at  the  divisions  z  and 
/  +  180°  are  A  and  By  and  whose  angular  distance  is  180°  +  a, 
we  have 

2f=2^A  +^(2)  +^{Z) 

2f=Z  +  5  —  a  +  4('?+  180°)— 9»(2:) 

^  which  ip  (z)  is  the  correction  for  the  form  of  the  pivot  (Art  833, 
Hence,  putting  B  —  j4  =  n,  we  have 

n  =  a  +  4  W  —  4  (-?  +  180°)  +  29»  (2) 
But  we  have 

4(z)  =  v'  sin  (^  +  IT')  +  u"  sin  (22:  +  ?7")  +  u^'sio  (82:  + 17'")  +  &c. 

and. hence,  substituting  z  +  180°  for  z, 

*(2r+180°)=— u'8in(2+  ?7')+u"  sin  (22r+ 17")— u'"8in(32:  +  J7")+&c. 
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For  f  (z)  we  have  al  ready  fouTid  the  form  /"  mn  (2r  +  F"),  ftM 
therefore  the  value  of  n  becomes 

»=a+2u'BiDCs+t/"')+2/"8in(2z+JP")+2ii"'8in(3z+t^"')+4c.  (84) 
The  readingB  beiDg  made  for  sucoessire  TiUues  of  z  ezprewed 
gCDerally  by 


wo  have  q  equatioas  of  condition  of  the  form 


m  being  taken  equal  to  0,  1,  2,  3 q  —  1,  BuccessivBly.     The 

Bolation  of  these  equatione  by  the  method  of  least  squares  gives 


?"  ^  -"■ 

yw'  Bin  V  =  lin^coam 

2k 
1 

=  J  (n.  cos   z_) 

qu'  lotir  =i(»_.iiim 

2:t 

-iC...™  o 

}/"  Biiii!"'  =  l()i.iiO!m 

4t 

=  J(n.eo.22j 

qf  cm  F' =  sLm  m 

4ff 

=  I-C".>m20 

qa'"am  V"=lL_i!mm 

6r. 

-lU 

=  r(n,coBS2j 

SItRORd   OF  6RAD0ATION.  56 

of  which  the  terms  in  z  and  2z  of  coarse  agree  with  those  before 
found  for  the  eccentricity  and  for  the  ellipticity  of  the  pivot  of 
Ae  alidade. 

If  now  we  compute  the  values  of  n  by  this  formula  for  every 
10°,  we  shall  find  that  they  agree  with  the  observed  values  given 
on  page  45  within  quantities  which  in  almost  every  instance 
are  less  than  1".  From  this  agreement  we  may  presume  that 
this  circle  is  very  accurately  graduated  throughout. 


f.  In  a  similar  manner,  the  terms  of  the  periodic  series  which 
do  not  involve  the  multiples  of  4^  can  be  found  from  the  read- 
ings of  four  microscopes.  If  J.,  Q  B,  D  are  these  readings  at 
the  divisions  z,  z  +  90°,  z  +  180*^,  z  +  270*^  respectively,  and  if 
180°  7f  a  is  the  distance  of  the  microscope  B  from  A,  While 
180°  +  ;-  is  that  of  D  from  C,  then  the  mean  of  the  readings  of 
i  and  -B  gives 

^  =  z+i(A  +  E)^  Ja  +  J[4(^)+  4(^  +  180°)] 
^z+  \{A  +  B)—  la  +  w"8in(22  +  C?^")  +  M»^8in(4z+C/^)+&c. 

and,  consequently  (exchanging  zior  z  -\-  90°),  the  mean  of  the 
readings  of  C  and  D  gives 

y=z+  J(C  +  D)  — Jr  — t*"8in(22:  +  I7")  +  w*'8iD(42:  +  I7»^)— ic. 

Taking  the  difference  of  these  equations,  and  putting 

we  have  the  equation  of  condition 

n  —  ^  +  2t/'  sin  (2z  + 17")  +  2u^8in  (pz  +  U"^)  +  &c.      (36) 

and  from  the  q  equations  of  this  form  we  derive  ^,  if\  U"y  4;c. 
bj  the  process  already  employed. 

The  terms  in  z  ami  Zz  may  be  found  from  either  pair  of  micro- 
scopes as  in  the  preceding  article. 

38.  The.  ctccidenial  errors  of  graduation  are  those  which  follow 
no  regular  law,  and  may  with  equal  probability  occur  at  any 
given  division  with  either  the  positive  or  the  negative  sign.  An 
error  of  this  kind  in  any  division  is  to  be  regarded  as  peculiar  to 
that  division,  and,  therefore,  as  having  no  analytical  connection 
with  Other  ertors  of  the  same  kind.    The  use  of  a  number  of 
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microacopeB  tends  to  reduce  the  effect  of  such  errors,  without 
eattrely  eliminating'  them ;  for  (as  in  Art  24)  if  <  is  the  prohable 
accidental  error  of  a  division,  the  probable  accidental  error  in 
the  mean  of  m  microscopes  will  be  — — 

The  general  character  of  the  graduation,  as  to  its  freedom 
from  accidental  errors,  may  be  judged  of  by  comparing  the 
values  of  the  n  of  the  preceding  articles,  computed  from  the 
terms  of  the  periodic  aeriea,  with  their  observed  values.  The 
differences  will  be  composed  of  both  errors  of  reading  and  acci- 
dental errors,  which  may  be  separated  by  employing  an  inde- 
pendent determination  of  the  probable  error  of  reading.  Thus, 
if  we  have  n^  B  —  A,  and  have  found  the  probable  error  of  an 
observed  value  of  n  to  be  «,  and  then,  if  we  put 

t,  =  the  probable  error  of  a  single  reading, 
t,  =:   "         "  "        "    division, 

the  probable  error  of  either  A  or  B  will  be  |/(«,*  +  «,*),  and  that 
of  S  —  A  will  be  |/2  (e,'  +  e,'),  whence 

which  will  determine  e,  when  <  and  «,  have  been  found. 

39.  The  accidental  error  of  any  division  of  the  circle  may  be 
directly  found  by  means  of  an  additional  microscope  which  can 
be  set  and  securely  clamped  at  any  given  distance   from   the 


ERRORS   OF   GRADUATION.  57 

be  regarded  ad  in  error,  this  will  be  the  difference  of  the  correc- 
tions of  the  graduations  0  and  z,  and  we  may  write 

9>(2)  -  sp(0)  =  ^  —  (Jf- A)  (37; 

ill  which  ip  {£)  denotes  the  total  correction  of  a  division  for  both 
periodic  and  accidental  errors.  The  periodic  errors  being  known 
from  previous  investigation,  the  accidental  error  maybe  separated. 
Now,  to  find  the  constant  distance  /l<,  we  resort  to  the  well 
bown  method  of  repetition.  First,  bring  any  arbitrarily  selected 
division  Z  under  the  microscope  A,  tlien  Z  +  z  will  be  under 
if;  let  the  readings  of  the  two  microscopes  be  A'  and  M'  re- 
spectively. Then  bring  the  division  Z  -\-  z  under  Ay  and,  con- 
sequently, the  division  Z  +  2z  under  3f,  and  let  the  readings  be 
A"  and  -3f ".  In  this  way,  let  m  repetitions  be  made,  the  micro- 
scope A  being  successively  placed  upon  the  divisions  Z,  Z  +  Zy 

Z+  22, Z  +  (m  —  1)2,  and  J!f  successively  upon  Z -\-  z, 

Z+2Zy  Z  +  32, Z  +  mz;  then  we  have,  as  in  (37), 

9(Z  +  z  )~f(^  =Ai~(ilf'   -A') 

f  (^  +  32)  —  ^(Z  +  22)  =  ^  —  (JIf' "  —  A"') 


f{Z  +  mz)—  f{Z  +  (m  —  1)  2)  =  M  —  (Jlf  <->  — ui<«>) 
The  mean  of  all  these  equations  is 

If  the  number  m  is  large,  the  mth  part  of  the  difference  of  the 
accidental  errors  of  the  extreme  divisions  Z  and  Z  +  W2  may  be 
regarded  as  evanescent,  and  then,  if  we  regard  the  first  member 
as  composed  only  of  the  periodic  errors  already  found,  we  shall 
have 

M  =  ^  r  (Jlf -  il)  +  ^  [4 (^  +  m2)~  4(^]  (38) 

where  the  function  '^  denotes  a  periodic  error,  as  in  Art.  35.  If 
this  process  be  repeated  a  number  of  times,  each  time  commencing 
at  a  different  division,  the  mean  of  all  the  values  of  /i  may  be 
regarded  as  entirely  free  from  the  effect  of  the  accidental  errors 
of  the  first  and  last  divisions.  Thus,  fi  being  found,  the  correc- 
tion of  the  division  (2)  becomes  known  by  (37). 

2)r 

If  2  is  an  aliquot  part  of  the  circumference  =  — »  we  shall  have 
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f{Z+mt)=f  (Z)y  since  we  have  returned  to  the  same  dmffloi ; 
and  the  value  of  /i  is  then  rigorously 


-HM-A) 


.     2* 


Thus,  the  fixed  microscopes  themselves,  whose  distance  is  ' 
may  be  at  once  employed  in  this  manner  {without  an  additional 
micrOBcope)  to  determine  the  errors  of  the  divisions  whose 
mutual  distance  is  -— •  If  then  we  have  four  fixed  microscopes 
and  one  movable  one  J!f  placed  at  the  distance  z  from  A,  we  shall 
be  able  to  find :  Ist,  the  errors  of  the  four  cardinal  divisions  0°, 
90°,  180",  and  270°,  by  the  fixed  microscopes ;  2d,  the  errors  of 
the  divisions  z,  90"  +  z,  180°  +  z,  270°  +  z,  by  placing  the  micro- 
scope ^  successively  upon  0°,  90°,  180°,  and  270",  and  reading  Jlf; 
8d,  the  errors  of  the  divisions  90°  —  z,  180°  —  z,  270°  —  z,  and 
360°— r,  by  placing  JIf  successively  upon  90°,  180°,  270°,  and 
360°,  and  reading  A.  Thus,  after  tiie  errors  of  the  four  cardinal 
divisions  are  known,  the  operation  just  described  gives  the  errors 
of  eight  divisions.  A  second  operation  with  the  microscope  M 
at  the  distance  z^  from  A  gives  in  like  manner  the  errors  of  eight 
more  divisions,  ±  2,,  90°  ±  z„  180°  ±  ?„  270°  ±  z,;  and,  more- 
over, the  errors  of  the  divisions  ±:  z  ±  z^,  90°  ±:  z  ±  ^^,  180°  ±  z 
±  2„  270°  ±  2  ±  2„  by  placing  the  microscope  A  over  ±  z, 
90°  ±  z,  &c.  Buccessively  while  M  Is  over  ±  z  -\-  z^,  90°  ±  z  +  z„ 
&c..  or  lil^rini:  M  ■>^^.M^  J   r,  00"  .i  r,  &,-.  smvu-^sivL'lv  whi 
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Ist.  ObserratioiiB  on  the  eight  ciiviaionB, 

2d.    Repetition  scries  foricards, 

3d.    Obsorvutiotis  on  the  eight  diviaions, 

4th.  Bepelition  series  backwards, 

5th.  Observations  on  the  eight  divisions. 

ythia  symmetrical  arrangemciit,  the  mean  of  the  three  deter- 
miuatiotts  of  the  errors  of  the  eight  divisions  corresponds  to  the 
mean  state  of  the  apparatus  as  found  from  the  mean  of  the  two 
repetition  scries." 

THE    FILAR    MICROMETER. 

40.  For  the  measurement  of  small  angles,  not  greater  than 
the  angular  breadth  of  the  field  of  the  telescope,  graduated  cir- 
cles may  be  \tholly  dispensed  with,  and  a  micrometer  attached 
lo  tlie  eye  end  of  the  telescope  may  he  substituted  with  great 
adx-aotagc  both  in  respect  of  accuracy  and  facility  of  manipula- 
tion. Indeed,  for  many  purposes  to  which  the  micrometer  is 
adapted,  divided  circles  are  entirely  out  of  the  question ;  for 
example,  the  measurement  of  the  angular  distance  between  the 
two  components  of  u  double  star. 

Micrometers,  however,  are  very  frequently  nsed  in  combina- 
tion with  graduated  circles ;  as  in  the  raeridian  circle. 

41.  The  jUaT  micramelcr  is  the  same  in  principle  as  the  miero- 
metpr  employed  in  the  reading  microscope  {Art.  21),  only  more 
elaborate  and  complete  when  intended  to  be  used  at  the  focus 
of  a  large  telescope.  It  is  variously  constructed,  according  to 
the  instrument  with  which  it  is  to  be  connected.  A  very  oom- 
inoH  form  which  involves  the  essential  features  of  all  the  others 
haketched  in  Plate  U.  Fig,  8,  where  the  outside  plate  and  the 
eye  piece  are  removed  and  the  Held  of  view  exhibited.  The 
plate  an  is  i>erraanent]y  attached  to  the  eye  end  of  the  telescope 
lulie  at  right  angles  to  the  optical  axis.  The  plate  bb,  carrying 
the  threwl  mm,  slides  upon  aa,  and  is  moved  by  the  screw  JS. 
The  plate  ec,  carrying  the  thread  mi,  slides  upon  bh,  and  is 
moved  by  the  screw  C,     The  threads  are  at  right  angles  to  the 

*  Tbii  prootu,  «lii«h  in  dua  to  BKi*Kt«  witl  be  found  more  full;  diBcusged  in  tlie 
KSnigthtrg  Obitr-ifoB,,  Vol.  VII..  hdJ  in  Ibe  Ai'ro».  jVVrA-.  Not.  4St  and  482.  S<-e 
kUo  C.  A.  F.  PiiKU,  VntttiMhung  der  Thnlunptfthlrr  dri  Erltlirhen  VtrliealkreuN 
Jtr  >%tkanatT  Sttrntarle  [91.  Petersborg,  1S48) ;  and  llAMBtM  in  (he  Atlmn.  Ifaeh., 
So.  $38. 
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direction  of  the  motion  produced  by  the  screws.  Their  dis- 
tance apart  is  changed  only  by  the  screw  C,  which  carries  a  large 
graduated  head,  hy  means  of  which  this  distance  is  measured. 
The  screw  .6  raei-ely  shifts  the  whole  appiiratus  bb,  so  that  the 
threads  may  be  carried  to  any  part  of  the  field  of  view.  A 
notched  scale  in  the  field  of  view,  tlie  notches  of  which  are  at 
the  same  distance  apart  aa  the  threads  of  the  screw  C,  is  at- 
tached either  to  the  plate  hb,  or  to  the  plate  cc  {in  the  figure,  to 
the  latter);  in  either  case  the  number  of  notches  between  the 
threads  indicates  the  whole  number  of  revolutions  of  the  screw 
by  which  the  tlireads  are  separated,  while  the  graduated  head 
of  C  indicates  the  fraction  of  a  revolution.  Finally,  at  least 
one  thread  is  stretched  across  the  middle  of  tlie  field  at  right 
angles  to  the  micrometer  threads :  soiaetinics  three  or  more 
equidistant  and  parallel  threads;  these  are  usually  attached  to 
the  plate  bb.  In  micrometer  measures  the  thread  mm  usually 
remains  fixed  while  wi  moves:  the  former  is  therefore  usually 
called  the  fixed  thread,  and  the  latter  the  movabh  thread.  The 
threads  at  right  angles  to  these  are  called  transverse  threads; 
sometimes  trmmt  threads. 

That  portion  of  the  telescope  to  which  the  micrometer  is  im- 
mediately attached  is  a  tube  which  both  slides  and  revolves 
within  the  main  tube  of  the  telescope,  so  that  (by  sliding)  the 
plane  of  the  threads  may  be  accurately  placed  in  the  focus  of 
the  object  glass,  and  (by  revolving)  the  threads  may  be  made  to 
take  any  required  direction. 

To  measure  directly  the  angular  distance  between  two  objects 
whose  images  are  seen  in  the  field,  we  have  first  to  revolve  the 
whole  micrometer  until  the  middle  transverse  thread  passes 
through  the  two  objects  ;  then,  bringing  the  fixed  thread  upon 
one  of  the  objects  and  the  movable  thread  upon  the  other,  the 
distance  is  at  once  obtained  in  revolutions  and  paits  of  a  revolu- 
tion of  the  micrometer  screw.  This  measure  is  then  to  be  re- 
duced to  seconds  of  arc,  for  which  purpose  the  angular  value 
of  a  revolution  of  the  screw  must  be  known. 


L 


42.  To  find  the  antfidar  value  of  a  revolution  of  the  micrometer 
screw. — This  value  evidently  depends  not  only  upon  the  distance 
of  the  threads  of  the  screw,  but  also  upon  the  focal  length  of 
the  telescope,  since  the  greater  the  focal  length,  the  larger  will 
be  the  image  of  any  given  object. 
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A  FIRST  METHOD  of  finding  the  value  of  the  screw  is,  there- 
fore, to  measure  the  focal  length,  JP,  of  the  object  glass,  and  the 
distance,  m,  between  the  threads  of  the  screw  (which  is  done  bv 
counting  the  number  of  threads  to  an  inch) ;  then,  if  li  denotes 
the  angular  value  of  a  revolution,  we  have 

V  th  tn. 

tan  iR=—  or  E  =  — - —  (39) 

F  Fsinr  • 

as  is  evident  from  Fig.  2,  p.  18,  where  we  may  suppose  dl,  at 
the  focus  of  the  lens  AB,  to  be  the  space  through  which  the 
micrometer  thread  is  moved  by  a  revolution  of  the  screw,  and 
the  angular  breadth  of  the  object  Di,  of  which  dl  is  the  image, 
to  be  J)CL  =  ICd,  and  Cni  =  F,  dl  =  m. 

43.  Second  Method. — Measure  with  the  micrometer  any  pre- 
viously known  angle  Ay  and  let  Mhe  the  number  of  revolutions 
of  the  screw  in  the  measure ;  then,  assuming  that  the  middle 
point  of  A  is  observed  in  the  middle  of  the  field, 

tanig  =  ^^"  ^^  or,  nearly,  It  =  ^  (40) 

The  sun's  apparent  horizontal  diameter  (see  Vol,  I.  Art.  134) 
may  be  used  for  the  angle  A,  if  the  field  is  sufliciently  large  to 
embrace  the  whole  image  of  the  sun,  which,  however,  is  the 
case  only  with  small  instruments,  or  with  low  magnifying  powers. 

The  constellation  of  the  Pleiades  furnishes  pairs  of  stars  at 
various  distances,  suited  to  instruments  of  various  capacities : 
and  Bessel  determined  their  distances  with  verj'  great  accuracy 
with  a  view  to  this  as  well  as  other  applications.* 

The  angle  A  in  (40)  is  the  apparent  angular  distance  measured, 
80  that,  when  two  stars  are  employed,  their  apparent  distance 
must  be  computed  by  subtracting  the  correction  for  refraction, 
for  which  see  Chapter  X. 

44.  Third  Method. — Point  the  telescope  at  a  star,  and  let  the 
micrometer  be  revolved  so  that  the  transverse  thread  will  coin- 
cide with  the  apparent  path  of  the  star  in  its  diurnal  movement, 
and  the  fixed  micrometer  thread  will  represent  a  declination 
circle.    Place  the  movable  thread  at  any  number  M  of  revolutions 

♦  BcB8VL*8  Atfronomiiehe  Unterntchungenj  Vol.  I.  p.  209. 


ti 


USASUBIlfBNI   OP  AXeLES. 


from  the  fixed  thread,  and  note  the  times  of  tranEdt  of  the  atar 
over  these  threads  by  the  sidereal  clock,  the  talescope  remaining 
fixed  during  the  whole  obeerration.  Denote  the  ddereal  in- 
terval between  these  times  by  /,  the  declination  of  the  star  by 
d,  the  true  angular  interval  of  the  threads  by  i;  then  (as  will  be 
proved  in  the  theory  of  the  transit  instrument)  we  shall  find  t  by 
the  formula 


Bin  t  ^  sin  /  cos  8 
■y  when  the  star  is  not  within  10"  of  the  pole, 


(41) 


after  which  the  value  of  a  revolution  of  the  screw  in  seconds  of 
arc  is  found  by  the  formula 


It  = 


15e      15  7  cos  « 


(42) 


For  extreme  precision,  the  correction  for  refraction  should  be 
applied  to  i;  but  if  the  observations  are  made  near  the  meridian 
the  correction  will  rarely  be  appreciable. 

"We  may  in  this  process  dispense  with  the  use  of  the  fixed 
thread  by  setting  the  movable  thread  successively  at  different 
points  in  the  field,  and  noting  the  times  of  transit  of  the  star 
over  it  together  with  the  number  of  revolutions  of  the  screw 
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i5.  tf  the  micrometer  ia  attached  to  an  instrament  deaigned 
onlj  for  the  measurement  of  zenith  distances,  or  differences  of 
zenith  distance  (as  in  the  case  of  the  Zenith  Telescope),  the 
movable  threads  being  always  perpendicular  to  a  vertical  circle^ 
we  can  still  employ  this  method  of  transits,  by  observing  the 
pole  star,  or  any  star  near  the  pole,  at  the  time  of  its  greatest 
tbngation.  At  this  time  the  vertical  circle  of  the  star  is  tangent 
to  its  diurnal  circle,  and,  consequently,  the  micrometer  thread 
will  coincide  in  direction  with  this  declination  circle,  as  required 
in  the  preceding  method.  If  the  instrument  is  not  moved  in 
azimuth  during  the  star's  transit  through  the  field,  the  formula 
for  computing  the  interval  i  from  the  sidereal  interval  /  is  still, 
as  in  the  transit  instrument,  sin  i  =  sin  /  cos  d ;  but  it  must  be 
observed  that  thiri  formula  here  applies  strictly  only  to  the  case 
where  the  thread  is  at  one  time  at  the  point  of  greatest  elonga- 
tion, and  therefor^  each  observation  should  be  compared  with 
that  taken  nearest  the  computed  time  of  elongation.  To  find 
this  time,  we  first  find  the  hour  angle  t  of  the  star  by  the  for- 
mula (Vol.  I.  Axt  18) 

cos  t  =  cot  d  tan  f 

in  which  tp  is  the  latitude  of  the  place  of  observation;    and 
then,  a  being  the  star's  right  ascension,  we  have 

Sid.  T.  of  gr.  elongation  =^  a  :ht 

the  lower  sign  for  the  eastern  elongation. 

K  the  instrument  is  slowly  moved  in  azimuth  as  the  star 
crosses  the  field,  so  as  to  make  each  observation  of  a  transit  in 
the  middle  of  the  field,  the  vertical  distances  between  the  differ- 
ent positions  of  the  movable  thread  are,  rigorously,  difterencea 
of  zenith  distance,  and  the  formula  for  the  transit  instrument  is 
no  longer  strictly  applicable.  I  shall  show,  however,  that  it  is 
practically  suflicieutly  exact.  Let  the  zenith  distance,  hour 
angle,  and  azimuth  of  the  star  at  the  elongation  be  denoted  by 
z^  i^  and  Aq  respectively ;  those  for  any  observation  by  z^  /,  A ; 
and  let  A^  and  A  be  reckoned  from  the  elevated  pole.  At  the 
time  of  the  observation,  the  star,  the  zenith,  and  the  pole  form 
an  oblique  spherical  triangle,  and  we  have  the  general  relations 

cos  ^  cos  t  ■=•  cos  f  coa  z  —  sin  ^  sin  z  w^A 
cos  ^  sin  t  =  sin  z  sin  A 
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At  the  elongation  the  triangle  becomes  right  angled  at  the  star, 
and  we  have 

cos  t  =  cos  z  sin  A 


sin  t.  = = r ^ 

"       cos  ^  Bin  f 

From  these  we  deduce 

cos  dsin  t^cos  t  =:  sin  2, cos  z  —  coBz^ain  z  oobA^cmA 
008  d  cost, sin  t  ^=  cos 2, sin 2  sin ^, sin ^ 

the  difference  of  which  gives 

COS  8  Bin  ((  —  'b)  ^=  —  Bin  z,  cos  z  +  cos  z„  sin  z  cos  (ji,,  —  A) 
:=  Bin  (z  —  z^)  —  2  cos  z,  sin  rsin'KJ, — A') 

where,  if  we  neglect  the  last  term  and  denote  t  —  t^hy  I,  and 
z  —  ^e  by  !,  we  have  the  formula  for  the  transit  inBtruraent.  To 
obtain  an  expression  for  this  last  term,  we  take  the  relationa 

Bin  z  cosA  ^=  COB  p  sin  ^  —  Bin  f  cos  3  cost 
Bin  2  Bin  A  =  cos  8  ain  t 

and  combine  them  with 

COB  ji,=  sin  a  8in(, 

ain  At 
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For  either  method  of  observation,  therefore,  we  can  regard 
the  formula  sin  i  =  sin  /cos  8  as  entirely  rigorous. 

But  in  either  method  we  must  correct  the  computed  interval  i 
for  refraction.  This  computed  interval  is  the  difterence  of  the 
true  zenith  distances  at  the  two  instants  of  transit,  and  the 
micrometer  interval  M  represents  the  difference  of  the  apparent 
zenith  distances  at  these  instants ;  hence,  if  r  and  r©  are  the  re- 
fractions for  the  zenith  distances  z  and  Zq,  we  shall  have 


B  = 


i  —  Cr^r;)  _z^z^--(r-~  r^) 


If  we  put 

^r  =  the  di£ference  of  refraction  for  1'  of  zenith  distance, 
we  shall  have 


or,  very  nearly, 
and,  consequently, 


r  —  r„=z(2  —  z;)^r 


r  —  r^=  MR  Ar 


B  =  j^-^R.kr  (44) 


The  value  of  Ar  may  be  taken  from  the  refraction  table  for  the 
zenith  distance  at  the  elongation,  which  will  be  found  by  the 

fcrmula 

sin  a> 

cos  z^  =  -^-~ 

^      sm  d 

An  example  of  this  method  will  be  given  in  the  chapter  on 
the  Zenith  Telescope. 

46.  Fourth  Method. — The  angular  distance  of  two  threads  in 
the  focus  of  a  telescope  may  be  directly  measured  with  a  theodo- 
lite. We  have  seen  (Art.  4)  that  the  rays  which  diverge  from 
the  focus  and  fall  upon  the  object  glass  emerge  from  this  glass 
in  parallel  lines.  If  then  these  emerging  rays  be  received  by 
the  lens  of  another  telescope,  they  will  be  converged  by  the 
latter  lens  to  its  principal  focus,  where  they  will  form  an  image 
of  the  point  from  which  they  diverged.  Hence,  if  two  telescopes 
are  placed  with  their  optical  axes  in  the  same  straight  line  and 
with  their  objectives  turned  towards  each  other,  we  may  in 
either  telescope  see  the  images  of  threads  at  the  principal  focus 
of  the   other.     If  our  second  telescope   is  connected  with  a 
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vertical  or  hoHzontal  circle,  ae  ta  the  theodolite,  the  circle  ma; 
be  used  to  measure  the  angular  distance  of  the  threads  in  the 
first. 

Mrst.—If  the  micrometer  threads  are  horizontal,  that  ia,  per- 
pendicular to  the  vertical  plane  (as  in  the  meridian  circle  when 
the  micrometer  is  arranged  to  measure  differences  of  zenith 
distance  or  of  declination),  the  telescopes  maj  have  any  inclinu- 
tion  to  the  horizon,  and  the  angular  distance  of  two  threads  will 
he  directly  measured  by  moving  the  theodolite  telescope  in  the 
vertical  plane  and  bringing  its  cross-thread  successiveiy  into 
coincidence  with  the  images  of  the  two  mkrumeter  threads. 
Denoting  the  difference  of  readings  of  the  vertical  circle  in  the 
two  positious  by  A,  and  the  number  of  revolutions  of  the  micro- 


M 

or,  very  nearly,  5  =  ^■ 

SecoivUy. — If  the  micrometer  threads  are  parallel  to  a  vertical 
plane  (as  in  the  meridian  circle  when  the  micrometer  is  arranged 
to  measure  differences  of  right  ascension),  the  theodolite  is  placed 
as  before,  and  the  angular  distance  of  the  threads  is  measured 
with  the  horizontal  circle.  But,  in  this  case,  if  the  telescopes 
are  inclined  to  the  horizon  by  the  angle  j-  (which  ia  obtained 
from  the  vertical  circle  of  the  theodolite),  the  angular  distance  A, 
read  on  the  horizontal  circle,  will  exceed  that  of  the  threads  in 
the  ratio  l:co8;-  (see  the  theory  of  the  altitude  and  azimuth 
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ftaiM  linos,  so  that  tlioy  must  be  converged  by  the  objoctivo 

Ipin  to  the  focus,  whore  they  form  an  image  of  the  thread.     Il 

!l«ndent  that  the  distance  of  the  roflecitcd  imagea  of 

tw)  micrometer  tlircadn  will  he  the  same  as  that  of  % 

Ibe  threads  thomaelves.     Let  then  £0,  Fig.  14,  ho  a 

rartical  line  drawn  tbrongti  the  renti-e  0  of  the  ob- 

jeetive,  and  suppose  the  fixed  and  movable  threads  n 

nd  m  to  be  at  the  same  angular  diMtanc-  from  EO, 

m  oi»posite  sides  of  it,  or  EOn  —  EOm.     Thon  the 

11^  from  n,  after  j>a39ing  tlirougli  the  objertive,  form 

t  lyBtem  of  raye  parallel  to  nO,  and,  after  refloetion 

from  the  mercury  (the  surface  of  which  ia  perpcu- 

^calar  to  EO),  form  a  system  of  rays  parallel  to  Oin, 

and  therefore  the  rofiected  image  of  n  is  seen  at  m. 

For  the  same  reason,  the  reflected  image  of  m  is  seen  at  n.     Now 

Icttlie  telescope  be  revolved  through  an  angle  equal  to  EOn,  no 

iB  to  make  the  line  nO  a  vertical  line ;  then  the  image  of  ji  will 

be  found  in  tha  vertical  line,  and  will,  consequently,  be  seen  in 

coincidence  with  w  itself.   And  if  the  telewcope  is  revolved  in  the 

oppofflte  direction  through  an  angle  equal  to  EOm,  the  image  of  nt 

will  be  brought  into  coiiieidonre  with  itself.     Hence  the  wholu 

angular  motion  {A)  of  the  teleseope.  an  measured  by  the  vertical 

cirple,  between  the  two  positions  in  which  n  and  »i  are  aeon  in 

ooincidence  wifli  their  own  reflected  imager,  respectively,  is  the 

required  angular  distance  of  the  threads;  and.  the  number  of 

refoiutiona  of  tlio  micrometer  screw  between  them  being  M,  we 

have,  as  in  other  cases,  fl  =  -j^- 

We  may,  however,  dispense  with  tlie  use  of  the  fixed  thread 
in  tbie  process.  Let  the  movable  thread  be  placed  in  any  part 
of  the  Held,  bring  it  into  coincidence  with  its  reflected  image  by 
revolving  the  teluacope,  and  read  tho  circle.  Then  place  it  in 
any  other  part  of  the  field,  bring  it  into  coincidence  with  itrt 
reflected  image,  and  read  tlie  circle.  The  thread  having  been 
moved  through  M  revolutions,  aud  the  difference  of  the  cirelo 
rcmlings  being  A,  we  find  It  as  before, 

In  order  that  the  reflected  images  of  the  threads  may  bo 
visible,  it  is  found  necessary  to  throw  light  down  the  tube,  that 
is,  /rom  the  ocular.  For  thia  purpose,  one  of  the  eye  pieces 
laUIed  a  colUmating  or  vmllr  ei/e  pierr)  is  furnished  with  a  reflector, 
i  an  angle  of  45°  with  the  optical  a.\is,  which  receives 
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light  from  a  lamp  held  on  one  side  and  reflects  it  down  the  tnbe. 
This  reflector  is  sometimes  placed  within  the  eye  piece,  between 
the  two  lenses ;  the  light  is  then  received  through  an  aperture 
in  the  side  of  the  eye  tube,  and  the  reflector,  if  made  of  metal, 
is  perforated  in  the  centre  in  order  that  the  field  may  be  visible. 
A  better  plan  is  to  place  a  small  piece  of  very  thin  mica  outside 
tlie  eye  piece,  between  the  outer  lens  and  the  eye,  and  at  au 
angle  of  45°  with  the  axis.  The  mica,  being  transparent,  does 
not  interfere  with  the  view  of  the  field,  and  is  at  the  same  time 
a  very  perfect  reflector.  This  plan  has  the  advantage  that  the 
mica  reflector  may  be  temporarily  applied  to  any  of  the  eye  pieces 
in  actual  use. 

A  mercury  reflector  used,  as  in  this  case,  to  give  reflected 
images  of  the  threads,  we  shall  hereafter  designate  as  a  mercury 
eollimator.* 

48.  Effect  of  temperature  upon  the  value  of  a  revolution  of  the 
micrometer  screw, — Changes  of  temperature  afiect  the  angular 
value  of  a  revolution  of  the  screw  in  two  ways :  first,  by  changing 
the  absolute  length  of  the  screw  itself;  secondly,  by  changing  the 
figure  of  the  objective,  and  thereby  also  the  focal  length.  Per- 
haps we  should  add,  also,  the  almost  evanescent  change  in  the 
focal  length  resulting  from  a  change  in  the  refractive  power  of 
the  glass.  The  whole  eflect,  however,  is  very  small,  and  may  be 
assumed  to  be  proportional  to  the  change  of  temperature:  so 
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and  it  is  proposed  to  determine  B^  for  r^  =^  50°.    We  shall  have 

the  equations 

i?,=  26"  557(1— 40  a:) 

J?o=26  .582(1  —  20x) 

i?,==26  .529(1  — 10  X) 

B^  =  26  .500  (1  +  12  x) 

i?„=26  .498(1  +  25  x) 

Let  us  assume  -fii,=  26.5  +  y;  these  equations  become 

1062x  +  y  — 0".057  =  0 
531x  +  y  —  0  .032  =  0 
265x  +  y  —  0  .029  =  0 

—  318x  +  y  +  0  .000  =  0 

—  662x  +  y  +  0  .002  =  0 

Hence,  by  the  usual  process  in  the  method  of  least  squares,  we 
find  the  normal  equations 

2019398  a:  +  878  y  —  86".535  =  0 

878x+      5y  —    0  .116  =  0 
whence 

x=  +  0.0000355  y  =  +  0".017 

and,  consequently,  i?p  =  26".517,  and 

26".517 


E  = 


1  +  0.0000355  (r  —  50^) 
As  the  coefficient  of  r  —  50°  is  so  small,  we  may  take 

R  =  26".517  [1  —  0.0000355  (r  —  50^)] 
=  26".517  +  0".000941  (50°  —  r) 

This  gives  for  the  values  of  R  at  the  observed  temperatures, 

B  =  26".555,        26".536,        26".526,        26".504,        26".493 
forT=      10°  30°  40°  62°  75° 

which  agree  with  the  observed  values  within  the  probable  errors 
of  such  determinations. 

49.  The  position  filar  micrometer. — ^When  a  filar  micrometer  is 
attached  to  an  equatorially  mounted  telescope,  there  is  usually 
combined  with  it  a  small  graduated  circle,  the  plane  of  which  is 
parallel  to  that  of  the  micrometer  threads,  by  means  of  which 
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the  anxlfl  wbioh  these  threads,  or  the  transTerae  tiireads,  make 

with  a  declination  cirole  may  be  ascertained.  The  niiorometer 
then  serves  to  measure  not  oii[y  the  distance  between  two  stars, 
but  also  their  angle,  of  posi'ion  ;  that  is,  the  angle  which  the  arc 
juiaing  the  two  stars  makes  with  a  declination  circle. 

The  index  error  of  the  circle,  or  its  reading  for  the  position 
a;igle  zero,  ia  best  obtained  with  the  telescope  in  the  meridian. 
Let  the  micrometer  be  revolved  until  the  movable  thread  U  per- 
pendicular to  the  meridian,  which  will  be  the  case  when  a  star 
of  small  declination  remains  tipon  the  thread  throughout  its 
passage  across  the  field.  The  transverse  thread  will  then  repre- 
sent the  meridian,  and  in  all  other  positions  of  the  telescope,  if 
the  equatorial  adjustment  is  good,  will  represent  a  declination 
circle.*  If  the  reading  of  the  position  circle  is  then  P,,  and 
the  micrometer  is  afterwards  revolved  so  that  its  transrerse 
thread  passes  through  two  stars  in  the  field,  and  the  reading 
becomes  P,  the  apparent  position  angle  of  the  stars  is 

p  =  P—P,  (46) 

All  position  angles  should  be  read  fk)m  0  to  360°  in  the  same 
direction.  I  shall  always  suppose  them  to  be  reckoned  from  the 
north  through  the  east. 

50.  I  shall  briefly  notice  some  other,  micrometers  hereafter 
(Chapter  X.).   What  has  been  given  in  relation  to  the  filar  micro- 
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bi^iMt  point  of  the  carve  of  the  tube;  and  therefore  any 
iliuiige  of  the  relative  elevation  of  the  two  ends  of  the  tube 
must  be  followed  by  a  correBjMtiidiiig  change  in  the  position  of 
the  bubble.  This  position  of  tlie  bubble,  tlierefore,  which  is 
reail  off  by  means  of  a  scale,  or  by  gradiuitioiis  marked  on  the 
laUtitsvlf,  BiTvcs  to  measure  uU  changes  of  iuctination  within 
ihe  extreme  raiigea  of  the  arc  of  the  curve  craplojed.  The 
larger  the  radiux  of  the  tar\-e,  the  more  Eensitlve  will  the  level 
be.  There  is,  however,  obviously  a  practical  limit  to  the  radins, 
which  IB  determined  by  the  kind  of  instrument  to  which  the 
level  is  to  be  applied  and  the  degree  of  accuracy  aimed  at. 

Tn  order  to  apply  the  level  to  the  horizontal  axis  of  an  instru- 
ment, it  is  either  mounted  upon  two  legs,  the  distance  apart  of 
which  is  nearly  equal  to  the  length  of  the  axis;  and  these  legu 
l«nainate  in  Vs,  so  that  the  level  hoars  only  at  two  points  of  the 
<7llndrieal  pivots  of  the  axis,  in  which  case  it  is  called  a  striding 
Urcl:  or  it  hangs  from  the  axis  by  arms,  which  are  recurved 
and  terminate  in  inverted  Ya;  and  it  is  then  called  a  hanging 
Iml. 

Plate  IL,  Fig.  4,  represents  a  common  form  of  the  rtriding 
ifvel,  and  Fig.  5  is  an  end  view  of  the  legs.  The  tube  ef  ih  in 
tiia  level  covered  by  a  larger  glass  tube  aM,  to  jirotect  tlie  fluid 
from  Buddcu  changes  of  temperature.  These  are  secured  to  » 
bar  AB,  neually  a  hollpw  braes  c)-lindcr,  which  is  connected 
with  the  legs  by  screws  s  and  I.  which  sen'e  to  adjust  the  rela- 
tion of  the  level  tube  to  the  line  of  bearing  of  the  Va  of  the 
feet,  as  will  be  explained  hereafter. 


58.  In  order  to  investigate  the  method  of  using  the  level,  let 
as  finrt  suppose  -Bir,  Fig.  1.5,  to  be 

a  truly  horizontal  line  on  which  q^'         _ 

the  level  AB  rests.  Let  0  be  the 
fero  of  tlie  graduations ;  e  and  w 
the  ends  of  the  bulihle.  Let  the 
length  of  Uie  bubble  be  '21.  If 
the  legs  AE  and  B  W  were  per- 
fectly   equal,  and  0  were    in   the 

middle  of  AB,  the  readings  of  w  and  p  fmm  0  would  be  exactly 
the  same,  and  each  eijnal  to  /.  Bnt,  if  B  W  is  the  longer  leg, 
the  Imbblu  will  stand  nearer  to  B  by  a  number  r  of  divisions; 
and  if  at  the  same  time  the  zero  0  stands  nearer  to  A  than  to  B. 
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at  a  distance  of  y  divisiona  from  the  middle,  then  the  readings 
will  bo 

at  10,  1  +  X  -{-  y, 

at  e,  I  —  X  —  y. 

If  now  Wis  raised  so  that  EW  becomes  inclined  to  the  horizon 
by  the  angle  b,  the  bubble  will  stand  nearer  to  the  end  B  by  a 
number  2  of  diTisiona,  so  that  the  whole  readings  at  w  and  e 
will  be 

e  =  l  —  x  —  y  —  z  i  •' 

To  eliminate  the  errors  x  and  tf,  let  the  level  now  be  reversed, 
tto  that  the  end  A  stands  over  W  and  B  over  S.  The  errors  x 
and  y  will  both  change  sign ;  but,  the  line  £1W  being  inclined 
as  before,  the  readings  of  the  ends  of  the  bubble  towards  W  and 
E,  respectively,  will  be 


uf=  t  ~  X  —  y  +  « 
^=l  +  x  +  y  —  z 

From  the  equations  (47)  and  (48)  we  deduce 


(48) 
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^  +  y  = —^ '  (52) 

If  the  errors  of  the  level  could  be  regarded  as  constant,  the 
value  o{  z  +  y  thus  found  would  enable  us  to  dispense  with  the 
reversal  of  the  level,  since  either  of  the  equations  (49)  would 
then  determine  z  ;  but  such  constancy  is  never  to  be  assumed. 

54.  For  greater  accuracy,  the  level  may  be  read  a  number  of 
tiroes  in  each  position,  taking  cat-e  to  lifk  it  up  after  each  read- 
ing, so  that  each  observation  may  be  independent  of  the  others. 
The  sums  of  all  the  readings  at  each  end  of  the  bubble  are  to  be 
formed,  and  the  difference  of  these  sums  divided  by  the  whole 
number  of  readings.  The  number  of  readings  in  the  two  posi- 
tions must  be  equal. 

Example  1. 

[nent  was  read  as 


A  level 

on 

the 

axis 

of  a 

transit  instr 

follows : 

V 

w. 

E. 

w  —  e 

Ist  Position 

29.1 

31.2 

2.1 

2d       " 

85.4 
64.6 

24.9 
56.1 

+  10.5 
4)— 12.6 

56.1 

X 

+  y 

—  —    3.1 

4: 

1   8.4 

z=    2.1 
The  value  of  a  division  was  d=  1".25 ;  and  hence 

h  =  dz  =  2".63 
irhieh  is  the  elevation  of  the  west  end  of  the  axis. 

Example  2. 

The  following  readings  were  obtained  with  the  same  instru- 
ment: 


w. 

E. 

1st  Position 

29.0 

81.3 

2d 

85.4 

24.9 

2d        « 

85.6 

24.6 

1st       " 

8) 

29.2 

129.2 
111.8 

17.4 

81.0 
111.8 

z 

218 

b  —  2".72 
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By  taking  the  first  and  last  obaervationB  in  the  same  position 
*>f  the  levol,  as  in  this  example,  any  small  change  in  the  level 
itself,  occuring  during  the  ohserTationa,  is  eliminated. 

55.  The  zero  of  the  level  is,  however|  not  always  placed  near 
the  middle  of  the  tube ;  it  may  be  at  one  end  and  the  divisions 
numbered  consecutively  through  the  whole  length  of  the  tube. 
In  this  case,  we  have  only  to  find  the  reading  corresponding  to 
the  middle  of  the  bubble  in  each  position  of  ihe  level :  the  half 
difference  of  these  readings  will  evidently  be  the  required  incli- 
nation. It  will  be  necessary,  in  tlie  record  of  tJie  observation, 
to  note  the  position  of  the  ends  of  the  level,  or  to  indicate  in 
some  manner  the  direction  in  which  the  divisions  increase,  which 
is  usually  effected  most  readily  by  a  convenUonal  use  of  th« 
algebraic  sign,  as  in  the  following 

EXAJfPLE. 

A  level  which  is  graduated  from  the  end  A  towards  the  end  B 
reads  as  follows  when  placed  on  the  axis  of  a  transit  instrument' 


w. 

E. 

ReaJiag  of 
mitldU  of 
bubble. 

+  64.0 
-10.1 

+  13.5 
-60.7 

+  88.75 

—  35.40 

2)  +  3.35 

+  77.5 
—  70.8 
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57.  To  find  the  value  of  a  division  of  the  level. — Thia  ia  most  readily 
done  by  means  of  a  simple  instrument  called  a  level-trier.  A 
horizontal  bar  is  supported  by  two  feet  at  one  end  and  by  a 
aingle  foot«crew  at  the  other.  The  level  is  placed  on  the  bar, 
and  the  number  of  turns  of  the  foot-screw  necessary  to  carry  the 
bubble  over  any  given  number  of  divisions  is  observed.  The 
aiigular  value  of  a  turn  of  the  foot-screw  is  known  from  the 
distance  of  its  threads  and  the  length  of  the  bar.  The  head  of 
the  screw  is  graduated  so  that  a  fraction  of  a  turn  may  be  noted. 

We  can  also  determine  the  value  of  a  division  by  attaching 
the  level  tube  to  a  vertical  circle  and  noting  the  number  of 
seconds  on  the  circle  corresponding  to  a  motion  (of  the  circle 
and  level  together)  which  carries  the  bubble  over  a  given  number 
of  divisions.  Thus,  suppose  we  read  the  ends  A  and  J3  of  a  level 
thus  attached  to  a  circle,  and  also  read  the  circle  itself,  as  follows: 


A 

B 

Girole. 

5.0 

40.2 

0^  O'  40". 

41.3 

3.8 

0    1  25  .3 

36.3  36.4  45  .3 

(mean)  36.35  d=:c45".3 

dz=    r.246 

When  the  level  is  applied  to  a  telescope  which  is  provided 
with  a  micrometer,  the  value  of  the  diviEuons%of  the  level  may 
be  found  from  those  of  the  micrometer.  An  example  of  this 
method  will  be  given  in  connection  with  the  Zenith  Telescope, 
Chapter  Vm. 

68.  To  find  the  radiu8  ofcurvatttre  of  a  fet€i.— Let  n  be  the  length 
of  a  division  in  linear  units,  d  the  value  of  a  division  in  arc, 
fi)and  as  above ;  then  the  radius  will  be 

n 
r  = 


d  sin  1" 


Suppose  that  in  the  level  of  the  preceding  article  we  have 
n  =  0.103  inch,  then  we  find,  for  this  level,  r  =  17051  inches,  or 
1421  feet. 

59.  The  value  of  a  division  of  a  level  may  be  affected  by  changes  of 
temperature. — This  will  be  discovered  by  taking  observations  for 
determining  this  value  at  two  temperatures  as  different  as  pos- 


7o  UEASUREUBNT  OP  ANQLBS. 

sible.     The  proper  T&lne  to  be  used  for  any  intermediate  tem- 
perature will  then  be  found  by  interpolation. 

60.  It  is  also  possible  thai  the  radius  of  curvature  of  different  por- 
tions of  the  tube  mat/  be  (liferent. — This,  of  cQurae,  is  a  radical  defect 
in  the  construction  of  the  instrument :  its  effect  is  to  give  dif- 
ferent angular  values  to  divisions  of  equal  absolute  length  in 
different  portions  of  the  tube.  The  existence  of  such  a  defect 
will  be  discovered  by  determining  the  value  of  a  division  inde- 
pendently at  various  points;  and  it  is  proper  to  examine  all  our 
levels  in  this  manner.  A  level  thus  defective  should  be  rejected 
as  unfit  for  any  refined  observation ;  but,  if  uq  other  can  be  had, 
a  careful  investigation  might  determine  a  system  of  corrections 
to  be  applied  to  the  different  readings. 

61.  It  remains  to  be  shown  how  to  effect  the  mechanical  adjust- 
ment of  the  level.  Ist.  The  bubble  should  stand  nearli/  in  the 
middle  of  the  tube  when  the  level  stands  upon  any  horizontal 
line.  This  is  quickly  brought  aboufby  finding  the  error  of  the 
level  =  X  +  y,  (as  in  Example  1,  Art.  54)  and  then  turning  the 
screws  (,  (',  Plate  IT.  Fig.  5,  until  the  bubble  has  moved  through 
this  quantity  in  the  proper  direction.  2d.  The  axis  of  the  tube 
should  be  parallel  to  the  line  joining  the  angle  of  the  Va  of  the 
feet,  and,  coiiseqv^ently,  parallel  to  the  axis  of  an  instrument  on 
which  it  rests.     This  is  tested  by  slightly  revolving  or  rocking 
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CHAPTER  III. 

INSTRUMENTS   FOR  MEASURING  TIME. 

62.  Chronometers. — The  chronometer  is  merely  a  very  perfect 
watch,  in  which  the  balance  wheel  ia  so  constructed  that  changes 
of  temperature  have  the  least  possible  eftect  upon  the  time  of  its 
oscillation.  Such  a  balance  is  called  a  compensation  balance.  A 
chronometer  may  be  well  compensated  for  temperature  and  yet 
its  rate  may  be  gaining  or  losing  on  the  time  it  is  intended  to 
keep:  the  compensation  is  good  when  changes  of  temperature  do 
not  affect  the  rate.  It  is  not  necessary  that  a  chronometer's  rate 
should  be  zero  (or  even  very  small,  except  that  a  small  rate  is 
practically  conmnient) ;  it  is  suflBcient  if  the  rate,  whatever  it  is, 
remains  constant.  The  indications  of  a  chronometer  at  any 
instant  require  a  correction  for  the  whole  accumulated  error  up 
to  that  instant.  If  the  correction  is  known  for  any  given  time, 
together  with  the  rate,  the  correction  for  any  subsequent  time  is 
known.  The  methods  of  finding  these  quantities  are  given  in 
VoL  L,  Chapter  V. 

63.  Winding. — Most  chronometers  are  now  made  to  run  either 
eight  days  or  two  days.  The  former  are  wound  every  seventh 
day,  the  latter  daily,  so  that  in  case  the  winding  should  be  for- 
gotten for  twenty-four  hours  the  chronometers  will  still  be  found 
running.  But  it  is  of  importance  that  they  should  be  wound  regu- 
larly at  stated  intervals ;  otherwise  an  unused  part  of  the  spring 
comes  into  action,  and  an  irregularity  in  the  rate  may  result. 

Chronometers  are  wound  with  a  given  number  of  half  turns  of 
the  key.  It  is  well  to  know  this  number,  and  to  count  in  winding, 
in  order  to  avoid  a  sudden  Jerk  at  the  last  turn:  still  the  chro- 
nometer should  always  be  wo\md  as  far  as  it  wiU  go,  that  is,  until 
it  resists  further  winding.  This  resistance  is  produced  not  by 
the  end  of  the  chain,  but  by  a  catch  provided  to  act  at  the  proj'or 
time  and  thus  protect  the  chain. 
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Wten  a  chronometer  hae  stopped,  it  does  not  again  atart 
immediately  after  being  wound  up.  It  is  necessary  to  give  the 
whole  instrument  a  quick  rotatory  movement,  by  which  the 
balance  wheel  is  set  in  motion.  This  must  be  done  with  care, 
however,  and  with  little  more  force  than  !s  necesaarj-  to  produce 
the  result;  afterwarda  the  chronometer  must  be  guarded  from  all 
sudden  motions. 

The  hands  of  a  chronometer  can  be  moved  without  injury  to 
tlie  instrument,  so  that  it  may  be  set  proximately  to  the  true 
time.     It  is,  however,  not  advisable  to  do  this  often. 

64.  Transporting. — Chronometers  transported  on  board  ship 
should  be  placed  as  near  the  centre  of  motion  as  possible,  and 
allowed  to  svring  freely  in  their  gimbals,  so  that  they  may  pre- 
serve a  horizontal  position.  They  should  also  be  kept  as  nearly 
as  possible  in  a  uniform  temperature. 

When  transported  by  land,  the  chronometer  should  no  longer 
be  allowed  to  swing  in  its  gimbals,  but  is  to  be  fastened  by  a 
clamp  provided  for  the  purpose;  for  the  sudden  motions  which 
it  is  then  liable  to  receive  would  set  it  in  violent  oscillation 
in  the  gimbals,  and  produce  more  eflect  than  if  allowed  to  act 
directly. 

Pocket  chronometers  should  be  kept  at  all  times  in  the  same 
position:  consequeutly,  if  actually  carried  in  the  pocket  during 
the  day,  they  should  he  suspended  vertically  at  night. 
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"filRjrences  of  longitude"  ia  given  in  Rapbb's  Practice  of  Navi- 
gxlm,  for  the  nse  of  iiavigatore  in  finding  the  eea  rates  of  their 
chronometers.     (See  Vol.  I.  Art.  258). 

85.  ComvMonfar  lemperaiure. — An  absolutely  perfect  tompensu- 
tion  for  lemperatnre  in  chronometers  is  hardly  to  be  expected, 
ft  has  been  found*  that  the  average  temperuture  compeiisation 
of  chronometers  is  of  euch  a  nature  as  to  cause  the  instrument  to 
Imc  on  its  daily  rate  when  exposed  to  a  temperature  either  above 
or  below  a  L-ertain  point  tor  which  tlie  compensation  is  most 
perfect  Professor  Bond  found  for  a  large  number  of  chroiiome- 
ttnthat  if  9^  he  the  temperature  of  beat  compensation,  d  that  of 
utaat  exposure,  the  rate  may  be  expressed  for  a  range  of  20° 
ibove  and  below-  iS,by  the  formula 

m  =  m^  + A(fl  — oj'  (53) 

in  which  A-  is  a  constant,  and  has,  with  rare  exceptions,  »  positive 
lign,  and  m^  and  m  are  the  rales  at  the  temperatures  0„  and  d, 
respectively :  losing  rates  being  positive. 

M.  LiErssos,  from  a  very  ext<.'nded  examination  of  the  per- 
farmonce  of  chronometers  on  trial  at  the  Observatories  of  Green- 
wich and  Paris,  finds  that  the  rate  varies  both  witli  the  tempe- 
wtnre  and  with  the  age  of  the  oil  with  which  the  ]  ivots  are 
lubricated.  The  thickening  of  the  oil  tends  to  diminish  the 
amplitude  of  the  vibration  of  the  balance,  and  thus  produces  an 
Wcoleration  of  the  chronometer.  This  acceleration  is  almost 
exactly  proportional  to  the  time,  ho  that  for  any  time  ( the  rate 
aiay  be  found  by  the  complete  fonnula 


-■tii^+  *(a_#j'_  A** 


(54) 


^^^Qiich  k'  ia  the  daily  change  of  rate  resulting  from  the  gradual 
[    tMdEeniug  of  the  oil.     The  constants  A  and  A' will  be  difierent 

for  every  chronometer,  and  are  determined  by  experiment  for 

each  tostrument. 


66.  Otrnpariaon  of  Chronomeiers. — When   one  or  more   chro- 
nometers are  to  be  regulated  by  means  of  astronomical  observa- 


HnUDdeot  U.  S.  Coul  Survey  tar  1654,  App.  p.  141. 


9  pendutea  el  des  cUro- 
n  tho  longiludo  io  (he  Beport  «f 
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tions,  these  obscrvationa  are  made  with  but  one  of  them,  and  the 
corrections  of  all  the  others  are  found  by  comparing  them  with 
this.  On  board  ship  the  chronometers  are  never  brought  on 
deck;  but  the  ob3er\ation8 are  made  with  awatch  (often  called  a 
"hack-watch"),  which  is  compared  with  the  chronometer  either 
before  or  aft«r,  or  both  before  and  after,  the  obttervations.  The 
double  comparison  is  necessary  where  extreme  precision  is  re- 
quired, in  order  to  eliminat«  any  difference  of  the  rates  of  the 
watch  and  chronometer. 

Example. 

An  observation    is    recorded  by  a  hack-watch  at  the  time 

10*  12"  13'.3,  and  the  following  compariBous  are  made  with  the 

chronometer.     Required  the  time  of  the  observation  by  the 

chronometer. 

Chron.  8«  17-  0'.  8*  27"  O". 

Watch  10     8    9.5  10   18   8.0 


Seduction  —  1   61    9 .5  —  1   51   8.0 

Here  the  watch  loses  1'.5  in  10":  hence,  in  4",  the  time  from  the 
first  comparison  to  the  observation,  it  loses  1'.5  X  A  '*'"  ^-^i  so 
that  the  difference  at  the  time  of  the  observation  isl*  51"  8'.9: 
therefore  we  have 

Watch  time  of  obs.  =       10»  12-  13'.£ 
Reduction  to  chron.  ^r^  —    1   51 
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on  them,  so  that  at  certain  times  they  will  be  coincident.  Now, 
if  the  comparison  is  made  at  the  time  this  coincidence  occurs, 
there  will  be  no  fraction  for  the  ear  to  estimate,  and  the  diifer- 
ence  of  the  two  instruments  at  this  time  will  be  obtained  exactly. 
The  only  error  will  be  that  which  arises  from  judging  the  beats 
to  be  in  coincidence  when  they  are  really  separated  by  a  small 
fraction ;  and  it  is  found  that  the  ear  will  easily  distinguish  the 
beats  as  not  synchronous  so  long  as  they  differ  by  as  much  as 
0*.05;  consequently  the  comparison  is  accurately  obtained  within 
that  quantity.  Indeed,  with  practice  it  is  obtained  within  COS, 
or  even  0'.02.  Now,  since  1'  sidereal  time  —  0*.99727  mean  time, 
the  sidereal  chronometer  gains  0*.00273  on  the  Bolar  chronometer 
in  1*;  and  therefore  it  gains  0*.5  in  183*,  or  very  nearly  in  3*. 
Hence,  once  every  three  minutes  the  two  chronometers  will  beat 
together.*  When  this  is  about  to  occur,  the  observer  begins  ^o 
count  the  seconds  of  one  chronometer,  while  he  directs  his  eye  to 
the  other;  when  he  no  longer  perceives  any  difference  in  the 
beats,  he  notes  the  corresponding  half  seconds  of  the  two  instru- 
ments. 

Example. 

A  solar  and  a  sidereal  chronometer  were  compared  by  coinci- 
dent beats,  as  follows : 


Solar  chron. 

4*16"'    0-. 

4*  IG-  10-. 

Sidereal  " 

1     3    11.6 

•      1     6    22. 

Difference 

3   12    48.6 

3   12    48. 

Here  the  interval  between  the  two  comparieonB  being  about  3", 
the  sidereal  chronometer  has  gained  a  beat.  In  order  to  judge 
of  the  accuracy  of  the  comparisons,  let  us  reduce  the  second  to 
the  time  of  the  first.  The  solar  interval  is,  by  the  solar  chro- 
nometer, 8*10*;  the  corresponding  sidereal  interval  is,  by  the 
tables,  3*  10'.52;  the  second  comparison  reduced  to  the  time  of 
the  first  stands  as  follows : 

Solar  chron.     4*16"'    0-. 
Sid.        "         1     3    11.48 

4)ifference        3   12    48.52 


•  Th%j  win  either  beat  together,  or  at  least  their  beats  will  both  Ml  within  a 
•pace  of  tine  equal  to  one-half  of  0".  00278. 
VouH.— < 
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that  is,  it  agrees  with  the  first  comparison  within  O-OS.  Suppose 
that  at  the  second  comparison  the  time  when  the  beats  were 
coincident  was  mistaken,  and  tlie  observer  made  his  companson 
10*  later;  he  would  have  had  10*  more  on  each  chronometer,  and 
consequently  would  have  put  down  the  comparison  thus: 

Solar  chron.    4»  19-20'. 
Sid.        "  1     6    32. 

The  mean  interval  between  the  comparisons  would  have  been 
8"  20*,  and  the  equivalent  sidereal  interval  is  3-  20',55,  so  that 
this  second  comparison  reduced  to  the  time  of  the  first  would 
have  stood  thus : 

Solar  ehron.    4*  IS-    0'. 

Sid.        '<  1     3    11 .45 

Difference        1   12    48  .55 

that  is,  the  two  comparisons  would  still  have  agreed  within  0'.05. 
The  observer  can  in  this  way  satisfy  himself  by  a  few  trials  that 
the  two  chronometers  can  really  be  compared  withiii  0".O5  with 
certainty. 

When  two  solar  chronometers  are  to  be  compared  together,  it 
will  be  most  accurately  done  by  comparing  each  with  a  sidereal 
chronometer  by  coincident  beats,  and  reducing  the  comparisons 
as  follows : 
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The  inaccuracy  of  a  coincidence  cannot  exceed  this  quantity,  and 
the  comparison  may,  therefore,  also  be  made  within  Jq  of  a  second. 

67.  Probable  error  of  an  interpolated  value  of  a  chronometer  cor- 
reetim. — ^When  the  corrections  a  T  and  aT'  for  the  times  Tand  T' 
are  given,  the  correction  for  any  other  time  T  +  t  =  T'  —  V  \% 
found  by  interpolation.  Denoting  the  rate  by  dT^  and  the 
required  correction  by  z,  we  have 

either  X  =  aT+ rar  or  x=  /nT—f.dT 

Now,  granting  that  the  given  quantities  a  Tand  a  T'  are  perfectly 
correct,  the  interpolated  values  of  x  will  also  be  correct  if  there 
are  no  accidental  irregularities  in  the  going  of  the  chronometer. 
But  such  accidental  irregularities  certainly  exist,  and  tend  to 
diminish  the  weight  to  be  assigned  to  any  interpolated  value  of 
the  correction.  If  the  mean  (accidental)  error  in  a  unit  of  time 
is  €,  the  mean  error  in  the  interval  t  is,  by  the  theory  of  least 
squares,  €\/ty  and  the  weight  is  inversely  proportional  to  the 
square  of  this  error,  that  is,  inversely  proportional  to  t.  We  shall 
have  then 

X  =  A T  +  r  ^T  with  the  weight  - 

x  =  Ar'  — f.JT    «       «        '*      jf 

t 

in  which  k  is  an  undetermined  constant. 

Multiplying  each  value  by  its  weight,  and  dividing  the  sum  by 
the  sum  of  the  weights  (according  to  the  usual  process  in  the 
method  of  least  squares),  we  have 


f.Ar+  f.AT' 


,  with  the  weight  =  ki  -~p— ) 


t-\-  if 

(55) 


or  with  the  mean  error 


'^ 


This  error  is  zero  either  for  <  =  0  or  V  =  0,  and  is  a  maximum 
for  t  =  t\  that  is,  when  the  correction  is  found  for  the  middle 
time  between  the  two  given  times  T  and  T\ 

68.  Ifj  however,  the  chronometer  has  accelerated  or  retarded 
uniformly^  the  error  will  obtain  a  different  expression.    Let  the 


rate  at  the  time  T  be  8T  and  at  the  time  T'  be  8'T.  The 
acceleratioD  in  a  unit  of  time  is 

The  rate  at  the  middle  instant  between  T  and  T  -\-  i  ia  8T 
+  \t.S"T;  and  at  the  middle  instant  between  T'  and  2"'  — (' 
it  18  S'  T—  J  ('.  S"  T;  hence  we  have 

«  =  a^T'—tfli'T—  \1!.S"T)=  a2"— C.a'T+  1C>.  J'T 

Multiplying  the  first  by  f ,  the  second  by  i,  and  dividing  the  aum 
of  the  produeta  bj  /  +  V,  we  have 


y.nT  -\-t.b.T' 


(  +  C 


itf.a'T  (57^ 


whence  it  appears  that  the  error  of  the  value  obtained  by  simple 
interpolation,  op  upon  the  supposition  of  a  uniform  rate,  is 
J  W.  3"  T,  and  this  error  is  also  a  maximum  for  the  middle  instant 
between  Tand  T',  when  i  =  V,  and  vanishes  for  (  —  0  or  l'=  0. 


Every  chronometer  has,  moreover,  its  own   peculiarities 
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lb»tthe  expansion  of  the  steel  bars  produced  by  an  increase  of 
temperature  teuds  to  depress  tlie  "  bob"  of  the  pendulum,  the 
grealur  expimHiou  of  the  braus  bars  tends  to  raise  it,  so  that  when 
tbe  lutul  leni^lia  of  the  steel  and  brass  bars  have  been  properly 
uljtuttKl  a  perfect  compensation  occurs,  and  the  centre  of  oeciU 
latiun  remains  at  a  constant  distance  from  tho  point  of  suspen- 
»iori.  The  rate  of  the  clock,  so  far  aa  it  depends  upon  the  length 
til' the  pendulum,  n-ill  therefore  be  constant. 

Ill  the  mercurial  pendulum,  the  weight  which  forni«  the  hob 
ill  other  ciiaoa  is  rcpluced  hy  a  cylindrical  glass  vessel  nearly 
filled  with  niercurj'.  With  an  incrense  of  temperature  the  rod 
len^iens,  hut  the  mercury  oxpamling  must  rise  in  the  cylinder, 
mt  tlmt  when  the  quantity  of  mercury  is  properly  proportioned 
In  the  length  of  the  rod  tho  centre  of  oscillation  reniaius  at  the 
same  distance  from  the  point  of  suspension.  If  a  clock  is  to  he 
MpiMKrd  to  sudden  changes  of  temperature,  the  gri<Jiron  pendulum 
will  be  preferable  to  the  mercurial,  as  the  large  body  of  mercury 
will  obtain  the  temperature  of  the  air  more  slowly  than  the 
thin  metal  rods. 

In  setting  up  tho  clock  tho  chief  point  to  be  observed  is  that 
ila  alternate  beats  are  exactly  equal.  The  pendulum  usually 
tarries  a  pointer  at  its  lower  extremity  which  indicates  upon  an 
■re  below  the  pendulum  the  extent  of  a  vibration.  Let  the 
pendulum  be  drawn  towards  one  eide  gently,  until  a  tooth  of  the 
oie^eraeut  wheel  ie  just  freed,  and  mark  the  point  of  the  arc  at 
ifhich  this  occurs;  then  let  tlie  pendulum  be  drawn  towards  the 
other  Hide,  and  mark  the  point  of  the  are  at  which  a  tooth  escapes. 
J'ind  the  middle  point  A  of  the  included  arc.  Then  let  tho 
pendahim  come  to  rest  in  a  vertical  position :  if  the  pointer  is  on 
A  the  adjustment  is  correct,  and  the  vibrations  on  each  side  will 
be  isochronous;  if  not,  the  cloclc  case  must  be  moved  until  the 

rertical  pendulum  is  directed  exactly  towards  A.     The  equality 

of  the  vibnitione  may  also  he  tested  by  the  electro-chronograph, 

hereafter  described. 

What  has  been  said  above  respecting  the  comparison  of  chro- 

iiumeten  will  apply,  with  scarcely  any  moditieation,  to  that  of 

■rlouka,  or  of  a  clock  with  a  chronometer. 

In  the  observatory,  a  clock  regulated  to  sidereal  time  is  the 

indispensable  companion  of  tlie  transit  iustrument.     The  staud»rd 

or  ttormal  clock  of  an  observatory  is  carefully  mounted  upon  a 
pier  which  is  disconnected  from  the  walls  or  floors  of  the 
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building,  ana  also  protected  es  much  ae  poaeible  from  changes 
of  ter,ip«rature.  For  the  latter  purpose  it  is  sometimes  imbedded 
ill  a  Btone  pier,  in  an  air-tight  compartment  below  the  surtiicc 
of  tlie  ground.  Struve  found  that  the  changes  of  barometric 
pressure,  by  varying  the  resistance  which  the  air  opposes  to  the 
motions  of  the  pendulum,  caused  a  variation  in  the  rate  of  the 
normal  clock  of  tlie  Pulkowa  Observatory  of  ©".Safor  a  variation 
of  one  English  inch  of  the  barometer.* 

71.  The  etectro-chronoffrapk. — This  contrivance  may  be  regarded 
as  an  appendage  of  tlie  astronomical  clock,  und  bearing  the  same 
relation  to  it  that  the  reading  microscope  bears  to  a  divided 
circle  ;  for  its  chief  use  is  to  subdivide  tlic  seconds  of  the  clock, 
and  thus  to  measure  micronictrically  the  smallest  fractions  of 
time.  In  order  to  eifect  tliis  niicrometric  subdivision,  tho  clock 
beats  are  converted  from  audible  into  visible  signals,  which  are 
recorded  on  paper  by  moans  of  an  electro-magnet.  Tho  instant 
of  the  occurrence  of  any  phenomenon  is  also  registered  by  a 
visible  signal  on  the  same  paper,  and  thus  referred  to  the  pre- 
ceding clock  beat  with  great  precision.  This  general  statement 
covers  a  great  variety  of  special  contrivances  leading  to  the  same 
end.  We  shall  hero  treat  only  of  those  which,  thus  far,  havo 
been  most  used. 

72.  The  simplest  form  of  register  is  that  known  on  our  tele- 
graphic lines  as  Morse's,  in  which  a  tillet  of  paper  is  reeled  off 
at  a  uniform  velocity  by  means  of  a  train  of  wheels  moved  by  a 

^v,'i-ht.      Tho   filh'tV'i^^"  ovci-:i  STiKill  rvliiHln- 
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nlodty  with  which  the  paper  runs  off;  an  !nch  per  second  is 
pieri  niort  than  suffleient,  as  it  is  easy  to  divide  au  inch  into  lifty 
parts  by  a  soaK>,  even  without  the  aid  of  u  magnifier. 

Il  is  of  importance  tbat  the  paper  should  run  off  with  a  uni- 
fom  velocity;  at  least,  no  eudden  changes  of  velocity  should 
oecnr.  In  the  Morse  register  this  regularity  is  maintained  by  an 
ortliitary  fly-wheel,  Li  the  spriiig-^ocenior,  invented  by  the 
Me^rs.  Bond,  a  fly-wheel  and  poniluluni  are  both  used.  The 
(irmluluni  secures  the  condition  that  the  seconds  shall  be  of  the 
same  length.  M'bile  the  fly  is  supposed  to  maintain  a  uniform 
motion  during  the  second.  In  this  and  in  other  chronographic 
iDstnimonts  there  is  substituted  for  the  fillet  a  sheet  of  paper 
wiHpped  about  a  cylinder  which  makes  one  revolution  per  minute. 
As  tlie  cylinder  revolves,  n  fine  screw  causes  it  to  move  also  in 
tlie  direction  of  its  length,  so  that  the  pen  records  in  a  perpetual 
spiral,  and  when  the  paper  is  removed  from  the  cylinder  the 
JOecessive  minutes  are  found  recon.led  in  succesBive  parallel 
liniw.  One  such  sheet  will  contain  the  record  of  upwards  of 
two  hours'  work.  This  cylindrical  register  is  preferable  to  the 
Morse  fillet  for  most  chronographic  purposes,  on  account  of  the 
eouvenience  with  which  the  sheets  may  be  read  off  and  filed 
»way  for  subsequent  reference. 

In  Saxtos's  cylindrical  register  the  movement  is  regulated  by 
>  combination  of  the  crank  motion  with  the  vibration  of  two 
feaialmns. 

Professor  Mitchel  employed  a  circular  disc  upon  which  the 
»iii;ce«8ive  minutes  occupied  concentric  circles,  each  of  which 
was  grjidnated  into  seconds  with  great  precision  by  connection 
idtix  tlie  clock. 

RThe  connection  of  the  clock  with  the  register  ia  made  in 
f  two  ways;  either  so  as  to  break  the  circuit  every  second, 
_.  .,„  Jis  to  make  it. 
[  The  method  most  used  of  causing  the  clock  to  break  the 
y  circuit  is  that  suggested  by  Mr,  Saxton,  of  the  Coast  Survey. 
ACB,  Fig.  16.  is  a  small  and  very  light  "tilt-hammer,"  usually 
made  of  platinum  wire,  mounted  upon  a  pivot  C,  sn  that  the  end 
A  flhall  slightly  preponderate  and  rest  upon  a  platinum  plate  £!. 
The  end  B  is  bent  into  an  obtuse  angle.  The  wire  J^from  one 
pole  of  the  galvanic  battery  is  constantly  connected  with  the  tilt- 
■er  through  the  metallic  support  D.     Another  wire  G  is 


/■ 
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IS-  connected  with  the  plate  E,  and  goes 

y  firat  to  the  electro-magnet  of  the  register 

\  and  thence  to  the  other  pole  of  the  bat- 

\  terj'.     This  apparatus  is  placed  in  tho 

n  clock  case  in  front  of  the  pendulum  PM, 

\  \  with  the  vertex  of  the  angle  B  in  a  ver- 

U  tical  line  below  the  point  of  auspension 

\\  P.     A  small  pin  N  projecting  from  the 

B  \\  pendulum- rod  passes  over  the  angle  .S 

^^  \'V  at  each  vibration  of  the  pendulum,  and, 
\  \  by  thus  depressing  the  end  B  of  the  tilt- 
\  \  hammer,  raises  the  end  A  from  the  plate 
\\  E and  breaks  the  circuit,  which  others 
/^"^v  wise  is  complete  through  the  connection 
(  )  of  the  portion  AC  of  the  tilt-hammer 

^■jrT  with  both  tlie  wires  F  and  G.  The  in- 
jl  terval  of  time  during  which  the  circuit 
is  broken  will  be  longer  or  shorter  accord- 
ing as  the  pin  ^strikes  the  sides  of  the  angle  B  farther  from  or 
nearer  to  its  vertex.  It  may  be  adjusted  so  that  the  break  shall 
last  but  one-twentieth  of  a  second,  or  for  a  shorter  time  if 
required. 

Now,  if  the  pen  of  tho  register  is  kept  pressed  upon  the  paper 
by  the  attraction  of  the  electro-magnet,  it  U  clear  that  the  breaks 
produced  by  the  clock  will  produce  corresponding  breaks  in  the 
mntliuinii..  lino  iiuul.-  I^v  lli.'  n,.,].  :iii,l  tjj.-  iK,n,,r  will    hu   ijradu- 
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rise  from  the  paper,  but  moves  it  laterally;  in  this  case  the  paper 
is  graduated  into  seconds,  thus: 


Dr.  Locke  also  employed  a  tilt-hammer  for  breaking  the  cir- 
cuit; but  the  hammer  was  worked  by  the  teeth  of  a  wheel  placed 
on  the  axis  of  the  escapement  wheel  of  the  clock. 

At  the  Washington  Observatory,  the  record  on  the  paper  of 
the  cylindrical  registers  has  also  been  made  by  fine  punctures 
produced  by  a  needle  point.  The  needle  has  a  little  play  which 
prevents  its  resisting  the  motion  of  the  cylinder  during  the  time 
required  for  the  needle  to  enter  and  leave  the  paper. 

74.  The  most  simple  method  by  which  the  pendulum  makes 
the  circuit  at  each  beat  is  also  the  suggestion  of  Mr.  Saxton. 
A  small  globule  of  mercury  is  placed  just  below  the  pendulum, 
as  at  A^  Fig.  17,  upon  a  metallic  support  which  by 
the  wire  F  is  in  connection  with  one  pole  of  the 
battery.     Another  wire  G  is  connected  with  the 
metallic  support  of  the  pendulum  rod  at  P,  and  is 
connected  with  the  other  pole  of  the  battery  through 
the  electro-magnet.     A  fine  point  m  upon  the  ex- 
tremity of  the  pendulum  passes  through  the  globule 
at  each  vibration  and  establishes  the  electric  cir- 
cuit, for  a  small  fraction  of  a  second,  through  the 
pendulum  itself.     The  eftect  will  be  to  graduate 
the  paper  in  one  of  the  above  mentioned  ways 
according  to  the  arrangement  of  the  register. 

75.  Having  thus  obtained  a  graduated  visible 
time-scale,  its  application  to  the  exact  recording  of 
an  astronomical  observation  is  very  simple.  We 
have  only  to  let  one  of  the  wires  in  connection  with 
the  magnet  pass,  on  its  way  to  the  battery,  through 
ike  hand  of  the  observer^  where  the  circuit  may  be 
broken  and  restored  at  pleasure.  A  small  piece 
of  apparatus  called  a  signal-key  is  used  for  this  purpose.  It  con- 
sists of  a  piece  of  wood,  five  or  six  inches  in  length.  Fig  18,  on 
which  is  fastened  a  metallic  spring  AB^  which  by  a  very  slight 
pressure  of  the  finger  can  be  brought  into  contact  with  a  metallic 
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plst'9  at  C.     Conceive  the  wire  in  its  circuit  from  the  magnet  to 
the  battery  to  be  severed  at  the  key;  let 
'''«■  "■  „     one  end  J^be  connected  with  the  spring 

1  AB,  the  other  end  G  with  the  plate  C. 


-"  The  continuity  of  the  wire  may  be  re- 
^/  garded  as  restored  whenever  the  spring 

is  pressed  into  contact  with  the  plate  C 
This  constitutes  a  make-circail  key.  It  is  easy  to  see  how  the 
arrangement  may  be  reversed,  so  that  by  pressing  the  spring  the 
continuity  of  the  wire  is  interrupted,  constituting  a  hreak-circmt 
ket/.  Now,  whenever  the  observer  taps  on  his  key  he  will  pro- 
duce upon  his  graduated  time  scale  a  mark  similar  to  that  of  the 
clock,  but  mostly  distinguishable  from  it.  For  example,  on  a 
Morse-tillet,  and  with  a  break-circuit  key,  we  have 


Here,  at  A,  is  a  record  of  an  astronomical  observation  occurring 
betweeu  the  30th  and  Slat  second.  By  a  scale  of  equal  parts,  we 
find  the  distance  of  A  from  SO*  ia  0.61  of  the  distance  from  30' 
to  31",  and  hence  the  instant  of  the  obser\'ation  is  SCSI. 

In  order  to  identify  the  seconds  on  the  register,  a  peculiar 
mechanical  contrivance  (which  need  not  be  described  here)  is 
employed,  by  means  of  which  one  of  the  breaks  is  omitted  at 
the  beginning  of  each  minute  of  the  clock ;  thus,  for  example : 


I  *^H  »U  the  forms  of  recording  it  must  be  observed  that  the 
iigiimnff  of  the  break,  or  dot,  marks  the  point  of  time  recorded. 
In  order  to  read  off  tlie  record  with  the  greatest  convenicuco,  a 
glaas  Hcale  is  used,  on  which  are  etched  eleven  equidistant  parallel 
iiues,  dividing  the  second  of  the  chronograph  into  tentlis;  the 
buudrtidths  are  obtained  by  estimatiou.    (Plate  L  Fig.  3.) 

When  the  length  of  a  second  ou  the  register  ia  greater  than 
the  perpendicular  distance  of  the  exti-eme  lines  of  the  scale,  we 
have  only  to  place  the  scale  obliquely  on  the  line  of  seconds, 
ilways  causiug  their  extreme  lines  to  patw  through  two  consecu- 
tive second  dot^.  Sometimes  the  lines  on  the  scale  are  made 
divergent;  it  is  then  always  applied  so  that  the  line  of  seconds 
shall  be  perpendicular  to  the  middle  line  of  the  scale,  and  at  the 
{toliit  whore  the  distance  of  the  extreme  lines  is  equal  to  tho 
length  of  the  second.    (Plate  I.  Fig.  2.) 

76.  When  the  pen  of  the  chronograph  is  made  to  press  upon  the 
P^er  by  tiie  attraction  of  the  electro-magnet  upon  its  armature, 
a  certain  sniuU  fraction  of  time  elapses  atter  the  closing  of  the 
circuit  (by  the  clock  or  by  the  observer)  before  the  signal  is 
actually  impressed  upon  tlie  paper.  This  time  is  called  the 
armalurc  time.  If  it  were  certainly  constant,  and  the  same  for  the 
clock  signals  and  for  those  of  the  observer,  it  would  have  no 
effect  upon  the  difforence  of  time  between  any  two  i-ecorded 
phenomena.  But  the  armature  time  probably  varies  both  with 
the  strength  of  the  battery  and  tbo  length  of  the  wire  through 
which  the  electric  current  passes.  The  variable  error  which 
•would  thus  he  introduced  into  our  results  is  avoided,  or  at  least 
very  much  reduced  in  magnitude,  by  employing  break-riradl 
n^ials  exclusively ;  for  the  interval  of  time  between  the  breaking 
of  the  circuit  and  the  cessatitm  of  the  action  of  tlie  magnet  Is  pro- 
bably snmller  and  more  constant  than  that  between  tlie  making 
of  the  circuit  and  the  commencement  of  the  action  of  the  magnet. 

77.  To  give  the  reader  a  just  appreciation  of  the  degree  of 
accurwy  attained  in  the  recording  of  time  b^-  the  chronograph, 
fall  siisc  specimens  of  the  records  on  three  different  kinds  of 
registers  are  given  in  Plate  I.  Figs,  4  and  5  are  specimens  of 
clock  signals  as  recorded  on  a  Morse-Fillet  and  Saxton's  Cylin- 
d|iual  Bejpster  used  on  the  United  States  Coast  Sur\-ey,     Fig. 

^^^a   specimen    of  clock    signals    and    a    number   of   actual 


observations  of  atarB*  traiiBitB  recorded  on  Bond's  Spring-Gover- 
nor Register,  whieli  has  been  obligingly  furnished  by  Professor 
G.  P.  BoxD.  Figs.  2  and  8  exhibit  in  full  size  the  manner  in 
which  tbe  glass  scales  for  reading  these  records  are  ruled.  Fig. 
1  exhibits  the  reticule  of  a  transit  instrument,  provided  with 
twenty-five  transit  threads,  for  determining  the  longitude  by  the 
electric  telegraph;     (Vol.  I.,  p.  844). 


CHAPTER  IV. 


THI!  SEXTANT,   AND  OTHER  BEFUICTING  INSTBUMENT3. 

78,  The  sextant,  of  all  astronomical  instniments,  is  the  most 
especially  adapted  to  the  purposes  of  the  navigator  and  the 
scientific  explorer,  as  it  is  at  once  portable  and  extremely  simpld 
of  manipulation,  requires  no  fixed  support,  and  furnishes  its  data 
with  tlie  least  expenditure  of  the  time  of  the  observer.  Being 
held  in  the  hand,  and  having  small  dimenaious,  the  extreme 
accuracy  of  fixed  instruments  is  not  to  be  oxpectcd  from  it,  but 
in  the  hands  of  a  practised  observer  the  precision  of  the  results 
obtained  with  it  is  often  surprising.* 
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the  lines  M  and  m  being  the  intersections  of  this  plane  with  the 
surfaces  of  the  mirmrs.  Let  AM 
k  the  direct  ray  falling  upon  the  '  >^  ^***  ^** 
mirror  M^  which  we  shall  first  sup- 
pose to  lie  in  the  direction  MC; 
let  Mm  be  the  direction  of  the  ray 
after  the  first  reflection,  and  mE 
its  direction  after  the  second  re- 
flection. Draw  MB  parallel  to 
-B?#,  MP  perpendicular  to  MC^ 
and  Mp  perpendicular  to  the  mir- 
ror m.  The  angle  AMB  is  the 
difference  of  tlie  first  and  last  di- 
rections of  the  ray.  The  angle 
PMp  is  the  same  as  the  angle 
contained  by  the  mirrors,  being  obviously  equal  to  MCm.  We 
have,  therefore,  to  prove  that  AMB  =  2PMp. 

If  we  conceive  a  perpendicular  drawn  at  w,  parallel  to  Mp^  we 
easily  see  that  pMm  is  equal  to  the  angle  of  incidence  of  the  ray 
Mm  falling  upon  m,  and  pMB  is  equal  to  the  angle  of  reflection 
of  the  same  ray;  and  since  these  angles,  by  a  principle  of  Optics, 
are  equal,  we  have 

pMm  =  pMB  =  PMp  +  PMB 

But,  on  the  same  principle,  we  have 

PMm  =  PMA  =AMB  +  PMB 

The  <iifference  of  these  two  equations  gives 

PMp  =  AMB  —  PMp 
whence 

AMB  =  2PMp 

80.  In  order  to  apply  this  principle,  let  the  mirror  M  be  at- 
tached to  an  index  arm  MCIy  which  revolves  upon  a  pivot  at 
Jf  in  the  centre  of  a  graduated  arc  OIN,  and  let  m  be  perma- 
nently secured  in  a  fixed  position  at  right  angles  to  the  plane  of 
this  arc.  Let  MO  be  the  direction  of  the  central  mirror  and  of 
the  index  arm  when  it  is  parallel  to  the  fixed  mirror  tw,  and  let 
the  graduation  of  the  arc  commence  at  0.  In  this  position,  an 
incident  ray  jB3f  from  a  distant  object  5  will  be  reflected  first  to 
m  and  then  in  the  direction  inE.  which  will  be  parallel  to  the 
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first  direction  BM.  If  then  the  object  is  bo  distant  that  two  rays 
from  it,  BM and  hm,  falling  upon  the  two  mirrore,  will  be  Bensibly 
parallel,  an  observer's  eye  at  ^wiil  receive  both  the  direct  ray 
6m  and  the  reflected  ray  mE  at  the  same  time.  Hence  the  ob- 
Bcrver  will  eee  two  images  of  the  same  object — a  direct  and  a 
reflected  image — in  coincidence. 

In  the  next  place,  let  the  mirror  ^be  revolved  into  the  posi- 
tion MCI,  in  which  a  ray  AM  from  a  second  object  A  is  reflected 
finally  into  the  line  mE.  The  observer  now  sees  the  direct  image 
of  the  object  B  in  apparent  coincidence  with  the  reflected  image 
of  the  object  A.  The  angnlar  distance  AMB  of  the  two  object* 
is  then  equal  to  twice  the  angle  of  the  mirrors,  that  is,  to  twice 
MCm  or  to  twice  OMl.  The  arc  01,  which  measures  .this  angle, 
is  then  the  measure  of  one-half  the  angular  distance  of  the 
objects.  If  the  arm  3f/ carries  a  vernier  at  I,  the  exact  value 
of  the  arc  will  he  obtained.  In  order  to  avoid  the  necessity  of 
doubling  this  value  after  reading,  a  half  degree  of  the  arc  is 
numbered  as  a  whole  degree :  thus,  an  arc  of  60°  is  divided  into 
120  equal  parts,  each  of  which  is  reckoned  as  a  degree.  As  the 
index  arm  JIf/ cannot  pass  beyond  the  position  MmN,  where  it 
comes  against  the  fixed  mirror,  it  is  not  found  practicable,  in  this 
form  of  the  instrument,  to  extend  the  arc  OD  much  beyond  60", 
and  it  is  from  tliia  circumstance  that  the  instrument  derives  its 
name. 


METHOD    OF    ADJUSTMENT.  95 

reflection,  which,  however,  remains  always  parallel  to  the  plane 
of  the  si>xtaiit:  the  ase  of  the  motion  being  merely  to  regulate 
th«relutive  brightness  of  tlie  direct  and  reflcetetl  images. 

Tlie  vernier  is  read  with  the  aid  of  a  glass  R  attached  to  au 
arm  which  turns  upon  a  pivot  S,  and  is  carried  upon  the  index 
bar. 

The  index  glass  M,  or  central  mirror,  is  secured  in  a  brass 
flame^  which  is  firmly  attached  to  the  head  of  the  index  bar  by 
screws  a,  «,  «.  This  glass  is  generally  set  perpendicnlar  to  the 
jilaoe  of  the  sextant  by  the  maker,  and  there  are  no  a^usting 
Kcrews  connected  with  it. 

The  fixed  mirror  m  is  usually  called  the  horizon  glass,  being 
ihal  through  which  the  horizon  is  observed  in  taking  altitudes. 
fl  is  usually  provided  with  screws  by  which  its  position  with 
respect  to  the  plane  of  the  sextant  may  be  rectified. 

At  Pftnd  Q  are  colored  glasses  of  difterent  shades,  which  may 
be  lined  separately  or  in  combination,  to  defend  the  eye  from 
ihe  intense  light  of  the  sun. 

Iflliall  first  treat  of  those  common  adjastroents  of  the  sextant 
which  the  observer  is  obliged  to  attend  to  in  the  ordinary  use 
"f  the  instrument,  and  shall  aftorwai'ds  treat  fully  of  its  mathe- 
matical theory. 

82.  Adjttslment  of  the  index  glass. — The  reflecting  snrfaie  of  the 
glaaa  must  be  pei-peudieular  to  the  plane  of  the  sextant.  The 
(implest  test  of  its  perpendicularity  is  the  following.  Set  the 
index  near  the  middle  of  the  arc;  then,  idacing  the  eye  very 
aearly  in  the  plane  of  the  sextant,  and  near  the  index  glass, 
observe  whetlier  the  are  seen  directly  and  its  reflected  image  in 
the  glass  appear  to  form  one  continuous  arc.  which  will  be  the 
case  only  when  the  glass  is  perpendicular.  The  glass  leans  for- 
ward or  backward  according  as  the  reflected  image  appears  ton 
^gh  or  too  low.  It  may  be  corrected  by  putting  a  piece  of  paper 
under  one  edge  of  the  plate  by  which  the  glass  is  secured  to  the 
index  ami,  first  loosening  the  screws  a,  a,  a  (PI.  lEI.  Fig.  1)  for 
tliat  purpose.  Or  we  may  make  the  adjustment,  as  it  is  done 
by  the  instniment  makers,  by  removing  the  gla^^s  and  filing 
down  one  of  the  metallic  points  against  which  the  glass  bears 
when  secured  in  its  frame. 


I 


Adjustmeni  of  the  horizon  glass. — This  must  also  be  perpen- 


dicular  to  the  plane  of  the  sextant.  The  index  glass  having 
been  previously  adjusted,  if  by  revolving  it  (by  means  of  the 
index  arm)  there  is  found  one  position  in  which  it  ia  parallel 
to  the  honzon  glass  the  latter  must  also  be  perpendicular  to  the  . 
plane  of  the  sextant.  The  test  of  tliis  parallelism  is  the  following. 
Put  in  the  telescope,  and  direct  it  towards  a  star.  Move  the 
index  until  the  reflected  image  of  the  star  appears' to  pass  the 
direct  image.  If  one  image  passes  exactly  over  the  other,  it 
will  be  possible -to  bring  both  into  exact  coincidence,  so  as  to 
form  but  a  single  image  ;  and  it  is  evident  that  when  this  coin- 
cidence takes  place  the  mirrors  must  be  parallel.  If  one  image 
passes  on  either  side  of  the  other,  the  horizon  glass  needs  ad- 
justment. 

Tlie  perpendicularitj-  of  the  horizon  glass  may  also  be  tested 
as  follows.  Hold  the  instrument  so  that  its  plane  shall  be  nearly 
vertical,  and  bring  the  direct  and  reflected  images  of  the  sea 
horizon  into  coincidence.  Then  incline  the  insti'ument  until  its 
plane  makes  but  a  small  angle  with  the  horizon  ;  if  the  images 
still  coincide,  the  two  glasses  are  parallel:  consequently,  if  the 
index  glass  is  pei-pendicular  to  the  plane  of  the  sextant,  the 
horizon  glass  is  also  in  adjustment. 

Any  distant  and  well  deflned  terrestrial  object  may  he  substi- 
tuted for  the  star  or  the  sea  horizon.  A  star,  however,  is.  to  be 
preferred;  and  one  of  the  tliird  magnitude  will  afibrd  greater 
precision  than  the  brighter  ones. 
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plane  of  the  sextant.  K  the  Hmbs  of  the  two  objects  appear  to 
xqiaralt  on  the  thread  farthest  from  the  instrument,  the  olyect 
eiiil  wf  the  telescope  droops  towards  the  eextaut ;    otherwise  it 

Il  is  to  he  observed  that  when  the  telescope  is  adjusted  and 
two  iniuges  are  brought  into  uontact  at  citlier  thread,  they  will 
noi  be  in  contact  iu  the  middle  of  the  field,  but  will  there  over- 
lap; ennsequeutly,  the  reading  of  the  sextant  will  be  lees  for  a 
contact  iu  the  true  sight-line  hi  tlie  middle  of  the  field  than 
Ibr  one  ou  either  side.  If  tlie  telescope  is  out  of  adjustment,  the 
middle  of  the  tield  is  no  longer  iu  tlie  true  sight-line,  and  the 
wntiicts  oh&en'cd  there  give  angles  which  are  too  great.  The 
correction  for  a  given  inclinatiou  of  the  telescope  will  be  iuve»- 
ligBtud  in  u  subsequent  article. 

This  adjustment  may  also  he  examined  a 
eextant  horizontally  on  a  table,  and  placi 
«ig:lite  A,  A  (Fig.  20)  on  tlie  arc.  At 
I  distaace  of  at  Iea«t  15  or  20  feet,  let 
itrell  defined  mark  be  placed  so  as  ( 
lo  lie  in  the  same  straight  line  with 
the  upper  edges  of  the  sights,  and  in 
Buch  a  position  that  it  may  also  be  seen  through  the  telescope. 
The  top  edges  of  the  sights  should  be  at  the  same  distance  from 
the  plane  of  the  sextant  as  the  axia  of  the  telescope.  The 
threads  of  the  telescope  being  made  parallel  to  the  plane  of  the 
sextant,  the  mark  should  be  seen  in  the  middle  between  them. 

The  adjustment  of  the  telescope  when  necessary  is  effected' 
by  means  of  two  small  opposhig  screws  iu  the  ring  which 
carries  it. 


3  follows.     Place  the 
:  two  small   metallic 

Pig.  20. 


86.  The  index  correction. — Having  made  the  preceding  adjust- 
ments, it  is  necegsaiy  to  find  the  point  of  the  graduated  arc  at 
which  the  zero  of  the  vernier  falls  when  the  two  mirrors  are 
puralU:] ;  for  all  angles  measured  by  Uie  instrument  are  reckoned 
from  this  point  (Art.  80).  If  this  point  is  to  the  left  of  the 
ictual  ^ero  of  the  scale  by  a  quantity  r,  all  readings  in  the  are 
will  be  too  great  by  r;  if  it  is  to  the  right  of  the  actual  zero,  all 
readings  will  l>e  too  Hruall  by  the  sume  quantity.  If  we  wish 
the  reading  to  be  zero  when  tlie  mirrors  are  parallel,  we  must 
B  the  zero  of  the  vernier  on  the  zero  of  the  arc,  and  then 
Ire  the  horizon  glass  about  a  vertical  line,  until  tlie  direct 


and  redected  images  of  the  sBrae  object  coincide.  Some  inatni- 
ments  are  provided  with  a  pair  of  opposing  screws  by  which  this 
revolution  can  be  effected  ;  but  in  others  no  such  at^ustroent  is 
possible.  In  fact,  the  adjustment  is  unnecessary,  as  we  can 
always  detennine  the  correction  to  be  applied  to  our  readings  to 
reduce  them  to  what  they  would  be  if  the  at^uatment  wore 
made.     This  index  correction  is  found  as  follows: 

Ist.  B^  a  star.— Bring  the  direct  and  reflected  images  of  a  star 
Into  coincidence,  and  read  off  the  arc.  The  index  correction  is 
numerically  equal  to  this  reading,  and  is  positive  or  negative 
according  as  the  reading  is  on  the  right  or  the  left  of  the  zero. 
For  example,  the  direct  and  reflected  images  of  a  star  being  in 
coincidence,  we  read  on  the  arc  5'  20" ;  then,  calling  the  index 
correction  x,  we  have 

r  =  —  6'  20". 

In  another  sextant  the  direct  and  reflected  images  of  a  star 
being  in  coincidence,  we  read  on  the  extra  arc  2'  40";  then 

X  =  +  2"  40". 

This  method  may  be  used  with  the  sea-horizon  instead  of  a 
star,  but  not  with  great  precision. 

2d.  By  the  sun. — Measure  the  apparent  diameter  of  the  sun  by 
first  bringing  the  upper  limb  of  the  reflected  Image  to  touch  the 
lower  limb  of  the  direct  image ;  and  again  by  bringing  the  lower 
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Ob  the  arf  —  81'  20" 
Off  the  arc  4.  33  10 

+    1  50 
a:  =  +    0'55" 

We  have  «  =  J(r  —  r'):  hence,  if  the  observations  are  good,  we 
on^t  to  find  that  half  the  algebraic  difference  of  the  readings  is 
equal  to  the  sun's  diameter  as  given  in  the  Ephemeris  on  the  day 
of  the  observation.  But,  in  order  that  this  comparison  may  be  a 
good  criterion,  we  should  measure  the  sun's  horizontal  diameter, 
which  is  not  sensibly  affected  by  refraction.     (Vol.  I.  Art.  134.) 

In  order  to  obtain  the  index  correction  with  the  greatest  pre- 
cision, the  mean  of  a  number  of  measures  of  the  sun's  diameter 
should  be  taken. 

Example. — March  15,  1858,  the  following  measures  of  the 
snn's  horizontal  diameter  were  taken : 


On  tlie  ftre. 

Off  the  ar«. 

—  81'  20" 

+  88'  10" 

«     10 

"       0 

"     15 

"    20 

«    25 

«    15 

«    20 

"    10 

«    20 

«    10 

MwBs  — 81  18.8 

+  83  10  .8 

31  18  .3 

x  =  +  56".3 
Obserred  sun's  diameter,  8  =  32'  14".6 
By  the  Ephemeris,  5  =  32   13  .3 

86.  To  measure  the  angular  distance  of  two  objects  with  the  sextant, — 
Place  the  threads  of  the  telescope  parallel  to  the  plane  of  the 
mstrument.  Direct  the  telescope  towards  the  fainter  of  the  two 
objects,  and  revolve  the  sextant  about  the  sight-line  until  its 
plane  produced  passes  through  the  other  object^  observing  to 
have  the  index  glass  on  the  side  towards  this  object.  Then 
move  the  index  until  the  reflected  image  of  the  second  object  is 
nearly  in  contact  with  the  direct  image  of  the  first ;  clamp  the 
index,  and  make  an  exact  contact  (at  the  middle  point  between 
the  threads)  by  means  of  the  tangent  screw.  The  reading  of  the 
arc  will  be  the  instrumental  distance:  applying  to  this  the  index 
correction  according  to  its  sign,  the  result  will  be  the  observed 
distance. 


•wo  SBXTANT. 

In  order  to  make  a  good  observation,  it  is  important  (hat  the 
two  inioges  whoee  contact  is  observed  Bhouid  be  equally  bright. 
Hence,  we  direct  the  telescope  towards  the  fainter  object,  so  that 
it  may  be  the  brighter  one  which  Bufters  the  double  reflection, 
But  in  observing  the  distance  of  the  moon  from  a  star  it  will 
generally  be  found  that,  even  after  the  double  reflection,  the  imitge 
of  the  moon  is  so  bright  that  the  star  will  appear  very  indistinct 
unless  the  telescope  is  raised  (by  the  screw  for  that  purpose)  so 
that  the  sight-Hue  is  directed  through  the  transparent  part  of  the 
horizon  glass;  for  then,  a  portion  of  the  reflected  rays  from  tlie 
moon  being  lost,  the  intensity  of  \U  light  is  rendered  more 
nearly  equal  to  tliat  of  tlie  star.  When  the  distance  of  the  sun 
and  moon  is  observed,  the  telescope  is  usually  directed  towards 
the  moon,  and  the  intensity  of  the  sun's  rays  is  diminished  by 
putting  one  or  more  of  the  colored  shades  between  the  index  and 
horizon  glasses.  It  will  be  found  necessary  in  this  case  also  to 
regulate  the  distance  of  the  telescope  from  the  plane  of  the 
instrument,  in  order  to  give  the  image  of  the  moon  the  same 
intensity'  as  that  of  the  sun.  It  is  a  common  error  of  inexpe- 
rienced observers  with  the  sextant  to  have  the  images  too  bright. 
It  is  essential  to  a  good  observation,  1st,  that  the  images  be  well 
defined  by  carefully  adjusting  the  focus  of  the  telescope ;  2d,  that 
they  be  so  faint  as  not  in  the  least  to  fatigue  the  eye,  yet  perfectly 
distinct;  3d,  that  their  intensities  should  be  as  nearly  as  possible 
equal. 

In  the  case  of  the  moon  and  a  star,  we  observe  the  distance  of 
the  star  from  that  point  of  the  moon's  bright  limb  which  lies  In 
the  great  circle  joining  the  star  and  the  moon's  centre.  To 
ascertain  that  this  point  has  actually  been  brought  into  contact 
with  the  star,  the  sextant  must  be  slightly  revolved  or  vibrateft 
about  the  sight-line  (which  is  directed  towards  the  star),  thus 
causing  the  moon  to  sweep  by  the  star;  the  limb  of  the  moon 
should  appear  to  graze  the  star  Be  it  passes,  or,  rather,  the  limb 
should  pass  tlirough  the  centre  of  tlie  star's  light,  for  in  the 
feeble  telescope  of  the  sextant  the  star  docs  not  appear  as  a  well 
defined  point. 

In  the  case  of  the  moon  and  a  planet  we  bring  the  reflected 
image  of  the  moon's  limb  to  tlie  estimated  centre  of  the  planet. 

In  the  case  of  the  moon  and  the  sun,  the  contact  of  the  nearest 
limbs  is  observed,  vibrating  tlic  instrument  aa  above  stated,  and 
making  the  limbs  just  touch  aa  they  pass  each  other. 
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"fi&cilitotes  the  observation  of  lunar  distancea  to  set  the  index 
^^oxiniatcly  upoD  tlie  angular  ditstaQce  before  commencing 
die  observation.  The  npproximate  difitjim;e  for  a  given  timo 
maj  be  found  from  the  EphcmeFis  (see  Vol.  I.  Art  65);  the  dis- 
ttnce  thus  found  is  in  the  case  of  the  eun  and  moon  to  bo 
dimiuielied  by  the  sum  of  tbc  Bemidiameters  of  tlie  two  bodies 
(tiv  i2'),  and  in  the  case  of  the  nioou  aud  a  Btar  or  planet  it  is 
(II  bu  diminished  or  increased  by  the  moon's  semidiametor  (say 
Ifi'l.  according  as  the  bright  limb  is  nearer  to  or  farther  from  the 
tlHr  than  tbe  moon's  centre.  This  proceeding  is  also  a  check 
Ojpiiml  the  mistake  of  employing  the  wrong  star. 

87.  To  (fbserve  Ihe  aUitude  of  a  celestial  body  with  Ike  sextant  aiid 
ert^uil  hvrizoH. — The  artificial  horizon  is  a  small  rectangular 
ilullow  basin  of  mercury,  over  which  is  placed  a  roof,  consisting 
of  two  plates  of  gbiss  at  right  angles  to  each  other,  to  protect  tbo 
toercur}'  from  agitation  by  the  wiud.  The  mercury  affords  a 
perfectly  horizontal  surface  which  is  at  the  same  time  an  excel- 
lent mirror.*  If  MN  (Pig.  21)  is"  the  horizontal 
wr&ce  of  the  mercury,  SB  a  my  of  light  from  a  ^' 

no,  incident  upon  the  surface  at  B,  BA  tlie  re- 
Bcvted  ray,  then  an  observer  at  A  will  receive 
Ae  ray  BA   as  if  it  proceeded  from  a  point  S' 
whose  angiUar  depression  MBS'  below  the  hori- 
wntal  plane  is  equal  to  the  altitude  SBM  of  the 
«ar  above  that  plane.     If  then  SA  is  a  direct  ray 
from  the  star,  parallel  to  SB,  an  observer  at  A 
can   measure  with   the   sextant   the  angle  SAS' 
^&BS'=  2SBM,  by  bringing  the  image  of  the 
itar  reflected  by  tbe  index  glass  into  coincidence 
with  the  image  S'  reflected  by  the  mercury  and  seen  through 
the  horizon   gloss.      The   instrumental   measure,    corrected   for 
index  error,  will  be  double  the  apparent  altitude  of  the  star, 
Tbe  sun's  altitude  will  be  measured   by  bringing  the  lower 


•  ObMrrerg  %.n  »omeiimeB  annnjod  by  impuriliea  in  the  nioroury  which  floM  on 
iM  forfMc,  «tid  inagine  that  it  is  impordinl  to  hftie  Yerj  pure  diatilUd  meTcur; . 
I  baft  round  il  profer&ble  (o  use  mtsrcury  amalgmiiatrd  with  (in  (a  Tew  squiiro 
inches  of  tin  (oil  ulded  to  the  mercury  uf  an  orJinivrjr  horiion  will  AQSwarj,  Wbcn 
ibe  mcrcurf  ii  pooretl  out,  n  scum  of  amiLlgam  will  cocer  ils  "urrucc:  tiiis  Bcum  OHti 
ha  dnirn  to  one  >ida  of  ihe  bunrn  wiih  ■  curd  or  tbc  stnooih  edge  of  s  folded  piece 
«f  yspar.  teBTing  >  perfeeily  briglit  refluctiog  lurhee,  entirely  free  ereo  froiD  Ihr 
Il  pkrliolcB  of  dual. 
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limb  of  one  iraag:e  to  touch  the  upper  limb  of  the  other.  Half 
tlie  corrected  instru mental  reading  will  be  the  apparent  altitude 
of  the  Buu'a  toicer  or  upper  limb,  according  au  the  nearest  or 
fiirthml  litiiba  of  the  direct  and  reileeted  auns  were  brought  into 
contact.     For  examples,  see  Vol.  I.  Arts.  145,  151,  &c. 

Li  observations  of  the  sun  witli  the  artitieial  horizon,  tho  eya 
ia  protected  by  a  single  dark  glass  over  the  eye  piece  of  the 
telescope,  thereby  avoiding  the  errors  that  might  possibly  exist 
ill  tlie  dark  glasses  attached  to  the  frame  of  the  sextant. 

The  glasses  in  the  roof  placed  over  tho  mercury  should  be 
made  of  plate  glass  with  perfectly  parallel  faces.  If  they  are  at 
all  prismatic,  the  obaei-ved  altitude  will  be  erroneous.  The  error 
may  bo  removed  by  observing  a  second  altitude  with  the  roof  in 
reversed  position,  and,  in  general,  by  taking  one-half  of  a  set 
of  altitudes  with  the  roof  in  one  position  and  the  other  half  with 
the  roof  in  the  reverse  position.  It  is  easily  proved  that  tho 
error  in  the  altitude  produced  by  the  glass  will  have  ditferent 
signs  for  the  two  positions :  eo  that  the  mean  of  all  the  altitudes 
will  be  free  from  this  error. 

Instead  of  the  mercurial  horizon,  a  glass  plate  is  eometimeB 
used,  standing  upon  three  screws,  by  means  of  which  it  is  levelled, 
a  small  spirit  level  being  applied  to  the  surface  to  tost  its  hori- 
zontality.  The  lower  surface  of  the  plate  is  blackened,  so  that 
the  reflexion  of  the  celestial  object  takes  place  only  at  the  upper 
surface. 

88.  In  the  observation  of  the  altitude  of  a  star  with  the  arti- 
ficial horizon,  it  requires  some  practice  to  find  the  image  of  the 
star  reflected  from  the  sextant  mirrors;  and  sometimes,  when 
tn-o  bright  stars  Btaud  near  each  other,  there  is  danger  of  em- 
ploying the  reflected  image  of  one  of  them  for  that  of  the  other. 
A  very  simple  method  of  avoiding  this  danger,  by  which  tho 
observation  is  also  facilitated,  has  been  suggested  by  Professor 
KxDRKK,  of  Russia.*  From  very  simple  geometrical  considera- 
tions it  is  readily  shown  that  at  the  instant  when  the  two  images 
of  the  same  star — one  reflected  from  the  artificial  horizon,  the 
other  from  the  sextant  mirrors — are  in  coincidence,  the  inclina- 
tion of  the  index  glass  to  the  horizon  is  equal  to  the  inclination 
of  the  sight-liue  of  the  telescope  to  the  horizon  glass,  and  is, 


•  JKron.  jVacA.,  Vol.  Vll.  p,  2Q2. 
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flieitfore,  a  constant  angle,  which  ia  the  same  for  al!  stars.  If, 
therefore,  we  attach  a  email  epirit  level  to  the  index  arm,  so  as  to 
niaku  with  the  index  glass  an  angle  equal  to  this  conetant  angle, 
tliu  bubble  of  this  level  will  play  when  the  two  images  of  the 
rtar  are  in  coincidence  in  the  middle  of  the  field  of  view.  With 
It  i^extaut  thiiB  fuiiiished,  we  begin  by  directing  the  sight  lino 
tiiBunlrt  ihe  image  in  the  mercury;  we  then  move  the  index 
iiiilil  the  bubble  plays,  taking  care  not  to  lose  the  image  in  the 
meix'iiry;  tJie  reflected  image  from  the  sextant  mirrors  will  then 
hv.  found  in  tlie  field,  or  will  be  brought  there  by  a  slight 
ribmlory  motion  of  the  instrument  about  the  sight  line. 

It  is  found  most  convenient  to  attach  tbe  level  to  the  stem 
which  can'ies  tlie  reading  glass,  as  i(  can  then  be  arranged  so  as 
to  revolve  about  an  axis  which  stands  at  right  angles  to  the  plane 
of  tbc  sextant,  and  thus  be  easily  adjusted.  This  adjustment  is 
effected  by  bringing  the  two  images  of  a  known  star,  or  of  the 
■in,  into  coincidence,  then,  without  changing  the  position  of 
tbe  instrument,  revolving  the  level  until  the  bubble  plays. 

89.  Observations  on  shore  may  be  rendered  more  accurate  by 
means  of  a  stand  to  whicli  the  sextant  can  be  attached,  and 
which  is  BO  arranged  that  the  sextant  can  be  placed  in  any 
required  plane  and  there  firmly  held.  The  manipulation  must  be 
letraed  from  the 'examination  of  the  stands  themselves,  which 
kra  made  in  various  forms. 

fiO.  On  account  of  the  feeble  power  of  the  sextant  telescope 
and  consequent  imperfect  definition  of  the  aun'a  limb,  the 
^parent  diameter  of  the  sun  is  gomewhat  increased.  This  error, 
however,  may  be  removed  by  taking  the  mean  of  two  sets  of 
altitudes,  one  of  the  lower  limb  and  one  of  the  upper  limb. 

91.  To  measure  an  alliliule  of  a  celestial  object  from  the  sea  horizon. 
— ^Direct  the  telescope  towards  that  part  of  the  horizon  wliich  i» 
beneath  the  object.  Move  the  index  until  the  image  of  the 
object  reflected  in  the  sextant  min-ors  is  brought  to  touch  the 
horizon  at  the  point  immediately  under  it.  To  determine  this 
point,  the  obfior\-er  should  move  the  instrument  round  to  the 
right  and  lel^t  (by  a  swinging  motion  of  the  body,  as  if  turning 
(W  his  heel),  and  at  the  eiinie  time  vibrate  it  about  the  sight  line, 
e  to  keep  the  object  in  the  middle  of  the  field  of  view; 
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thi!  object  will  appear  to  sweep  In  an  arc  the  lowest  point  at 
which  must  be  niaile  to  touch  the  horizon,  by  a  suitable  motioa 
of  the  tangent  screw. 

Ill  general,  ultitndea  for  determining  the  time  ehould  be  taken 
when  the  altitude  varies  most  rapidly ;  and  this  is  near  the  prime 
verticaL  (See  Vol.  I.  ^ts.  143  and  149.)  If  tlie  object  ia  the 
enn,  the  lower  limb  is  usually  brought  to  touch  the  horizon  ;  if 
the  moon,  tlie  bright  limb. 

The  apparent  altitude  of  the  point  observed  is  found  by  cor- 
recting the  sextant  reading  for  the  index  error,  and  subtraetiug 
the  dip  of  the  bonzon.  (Vol.  I.  Art.  127.)  To  obtain  the  a\i- 
parent  alUtude  of  the  sun's  or  moon's  centre,  we  must  also  odd 
or  subtract  the  apparent  seniidiameter.    (Vol.  I.  Art.  135.) 

&2,  As  the  sea  horizon  ia  often  enveloped  in  mist,  even  when 
the  celestial  bodies  are  visible,  various  attempt*  have  been  made 
to  obtain  an  artititiial  horizon,  adapted  for  use  on  ehipboarcL 
The  BLHiplest  apparatus  heretofore  proposed  for  the  purpose  le 
that  of  Capt.  Bkcuer,  of  the  English  Navy.  "  Outside  the  horizon 
glass  of  the  sextant  is  a  small  pendulum  about  an  iaeh  and  a 
half  long,  suspended  in  oil  (in  order  to  check  its  sudden  oscilla- 
tions): to  the  pendulum  is  attached  a  horizontal  arm,  carr\nng 
at  the  inner  end  a  slip  of  metal  which  is  seen  in  the  field  of  the 
telescope  at  the  nsual  focus,  and  whose  upper  edge  when  it  coin- 
cides with  a  given  line  is  the  true  liorizon.  The  error  is  easily 
determined  by  a  known  altitude,  and  is  the  same  for  all  altitudes. 
The  apparatus,  wliicii  ia  in  a  very  compact  form,  ia  easily  attached 
to  any  reflecting  instrument,  and  ia  shipped  and  unshipped  at 
pleasure.  A  lamp  is  attached  for  observing  at  night."*  With 
this  apparatus,  when  the  motion  of  the  ship  i«  not  too  great,  an 
altitude  can  be  obtained  within  6'  by  a  practised  observer;  and 
this  is  often  sufficient. 


93.  Method  of  observing  eqital  alCdHdes  ivUh  the  sexiant. — Some 
observers  set  the  sextant  at  pleasure,  and  note  two  instants, 
namely,  the  contact  of  the  nearest  and  farthest  limbs  of  the  two 
images  of  the  sun  (one  from  the  sextant,  and  the  other  from  the 
mercurial  horizon),  both  morning  and  evening,  without  touching 

•  RArin'i  Pmeiice  of  Ifavigalion,  2J  edition,  p.  151.  It  does  not  sppur.  liow- 
•rer,  how  the  slip  of  mel-nl  behind  the  boriiDa  glus  eould  be  diBtJuetlf  Been  in  the 
fletd  af  Ihe  tiittcopi,     A  pUio  tube  mual  bo  uaid. 
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do  index  in  the  meoii  time.  Willi  a  star  tliey  ohtain  but  one 
(^rvation  on  each  side  of  the  nieridiu^i.  Tliis  practice  is  tle- 
Ufavd  to  aecuru  the  condition  lha,t  the  aitituiles  oheerved  before 
ami  after  meridian  shall  be  absolutely  identical,  which  may  not 
be  the  case  of  the  index  U'  the  sextant  is  moved  and  brought 
buck  again  to  the  same  reading.  The  ecrors  to  be  feared,  how- 
mt,  from  not  setting  tlic  index  correctly  on  a  given  reading, 
■n,  in  general,  so  much  less  than  errora  of  observation,  that  it 
i»  better  to  sacrifice  tliis  merely  theoretical  considorution  for  the 
sake  of  multiplying  tiu>  ob9er\-Htiou8.  The  following  method 
will  be  found  convenient  in  practice. 

Igt  For  ihe  sun.— in  tlie  morning,  bring  the  lower  limb  of  the 
Wn,  reflected  from  the  se-ttunt  niirroi-s,  and  the  upper  limb  of 
Alt  reflected  from  the  mercury,  into  approximate  contact; 
Wre  tlic  0  of  the  vernier  forward  (aay  about  10'  or  20')  and  set 
itMlu  division  of  the  limb;  the  images  will  now  appear  over- 
kffnd,  and  will  be  separating;  wait  for  the  instimt  of  contact: 
Bole  it  hy  the  chronometer,  and  immediately  set  the  vernier  on 
the  next  division  of  the  limb,  that  is,  10'  in  advance;  note  the 
iaateat  of  contact  again,  and  proceed  in  the  same  manner  for  as 
Buoy  observations  us  are  thought  ueeessary.  If  the  sun  riEes 
tUDn^idly,  let  the  intervals  on  the  limb  be  20'. 

Sow,  find  (roughly)  the  time  when  the  sun  will  he  at  the  samo 
lltitade  in  tlie  afternoon,  and  j  nst  before  that  time  set  the  vernier 
ou  the  last  altitude  noted  in  the  moniing  (of  course  employing 
Hi*  same  sextant);  the  images  will  be  ncparaUd,  but  will  be  ap- 
proaching: wait  for  the  instant  of  contact:  note  it  by  the  chro- 
nometer ;  set  the  vernier  back  to  the  next  division  of  the  lunb 
(MK  or  20'.  as  tlie  case  may  be);  note  the  contact  again,  and  so 
proceed  until  all  the  A.M.  altitudes  bsre  been  again  noted  as 
PM.  oititudea. 

If,  instead  of  noting  the  times  directly  by  the  chronometer,  a 
watch  is  employed  (compared  with  the  chronometer  both  before 
and  afler  each  observation),  it  will  generally  he  found  neecssury 
lo  allow  for  its  gain  or  loss  on  the  chronometer,  so  as  to  obtain 
the  exact  difference  between  the  two  at  the  instant  of  observation. 
Tlie  mean  of  all  the  A.M.  chronometer  times  and  the  mean  of 
all  the  oorresponding  P.M.  times  are  regarded  as  two  simple  obsei^ 
vations  of  the  same  altitude,  and  the  computation  proceeds  from 
UwK  according  to  the  method  and  example  of  Vol.  I.  Art.  140. 
thr  a  star. — Set  the  sextant,  and  note  the  coincidences  of  the 


hvo  images  of  the  star  in  the  same  manner  as  the  contacts  of  thiJ 
suu'a  liiiibs  are  oberved. 

In  selecting  atara  for  this  obsen'ation,  it  is  to  be  observed  that 
the  nearer  the  zouitli  the  star  passes,  the  less  may  the  elapsed 
time  he ;  and  when  the  star  passes  exactly  through  the  zenitli, 
the  two  altitudes  may  be  taken  within  a  few  minutes  of  eaeh 
other.  But  with  the  oi'dinary  sextants  altitudes  near  90°  cannot 
be  taken  with  the  artificial  horizon,  as  the  double  altitude  is  then 
nearly  180°,  The  prismatic  sextants  and  circles  of  Pistor  and 
Martins  are  adapted  for  measuring  angles  of  all  magnitudes  up 
to  180",  and  are,  therefore,  especially  suitable  for  these  observa- 
tions. 

94-  To  examine  the  colored  glasses. — The  two  faces  of  any  one  of 
the  colored  glasses,  or  shades,  may  not  bo  parallel.  The  glasaea 
then  act  like  prisms  with  small  refracting  angles,  which  change 
the  direction  of  the  rays  passing  through  them,  and,  coneequeutly, 
vitiate  the  angles  measured.  To  examine  them,  measure  the 
flun's  diameter  with  a  suitable  combination  of  shades;  then  in- 
vert one  of  the  shades,  turning  it  about  on  an  axis  perpendicular 
to  the  plane  of  the  sextant,  and  repeat  the  measure;  the  half 
difference  of  the  two  measures  will  be  the  error  produced  hy 
that  shade.  A  number  of  measures  must,  of  course,  be  taken  in 
both  positions  of  the  shade,  in  order  to  eliminate  accidental 
errors  of  obser\-ation. 

In  order  to  save  the  necessity  of  this  examination,  the  shades 
are  so  arranged  'in  Pistor  and  Martins'  sextants  that  they  may 
be  Instantaneously  reversed.  AVe  have  then  only  to  take  one-half 
of  a  set  of  observations  with  one  position  of  the  shades,  and  the 
other  half  with  the  reverse  position,  and  take  the  mean  of  all  the 
measures,  in  order  fully  to  eliminate  the  errors  of  these  glasses. 

95.  To  find  the  constant  angle  heticeen  the  sight  line  and  the  per- 
pendiralur  to  On  horizon  glass. — A  knowledge  of  the  value  of 
this  angle  will  be  useful  in  following  out  the  theon"  of  the 
errors  of  the  sextant  in  the  subsequent  articles.  It  varies  in 
different  instrumcnta,  and  must  be  found  for  each  hy  a  special 
examination.  Let  the  sextant  he  placed  on  a  firm  horizontal 
support ;  direct  the  sight  line  towards  a  distant  object  B,  Fig. 
22,  and  bring  the  two  images  of  the  object  into  coiueidence 
The  mirrors  M  and  m  are  then  parallel ;  and,  if  we  put 
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fi  =  the  angle  between  the  sight  line  and  the  perpendicular 
to  the  horizon  glass, 

we  have 

BMm  =  MmE  =  2fi 

We  have,  therefore,  only  to  find  some  means  of  measuring  the 
angle  BMm.    Leaving  the  sextant  in 
its  present  position,  place  a  theodolite  ^**"  ^^* 

m  the  line  Mm  produced,  with  its  tele- 
scope TN  on  a  level  with  the  sexttnt 
mirrors   and   looking  into  the   index 
glass;  adjust  it  so  that  the  image  of 
fi  reflected  from  JSf  shall  be  seen  upon 
the  cross-wire  w  in  the  focus.     Rays 
from  w  passing  through  the  object  glass 
N  emerge  in  parallel  lines,  as  if  from 
an  infinitely  distant  object  lying  in  the 
direction  MNT.   Bring  the  sextant  tele- 
scope to  look  into  the  theodolite  tele- 
scope, and  reflect  the  image  of  B  to  the  cross-wire :  the  reading 
of  the  sextant  corrected  for  the  index  error  is  the  measure  of  the 
angle  BMm^  or  of  2^.     If  the  object  is  not  very  distant,  the 
angle  subtended  by  the  distance  Mm  at  the  object  may  be  ap- 
preciable.    This  angle  may  be  called  the  sextant  parallax,  and 
denoted  by  p.    We  shall  have 

BMm  =  2fi  —  p 

When  the  object  and  its  reflected  image  are  in  coincidence,  let 
the  reading  be  Bj  and  let  x  be  the  true  index  correction  for  an 
infinitely  distant  object;  then  we  have 

R  -^  x  =  —p  (58) 

and  when  the  object  is  reflected  to  the  cross-wire  of  the  theodo- 
lite, let  the  sextant  reading  be  B\-  then  we  have 

R'-\-  x  =  2fi—p  (59) 

and  from  these  two  equations, 

B!—R=2fi  (60) 

By  this  method  I  found  for  one  of  Trouohton's  sextants,  at 
the  Naval  Academy,  2^  =  33°  6'. 


93.  The  sextant  paraBax  for  ut  object  at  a  known  distance  ia 
found  with  the  aid  of  the  angle  p.    Let 

/  ~  the  (lietanco  of  the  index  and  horizon  glasses, 
d  =  tlie  distance  of  the  object  from  the  index  glass. 

The  perpendicular  drawn  from  M  upon  mE  is  equal  to/ain  2^; 
and  for  the  angle  p  at  the  object,  subtended  by  this  perpendicular, 
we  have 


_/dn^ 


P  = 


/sin  2)9 


(61) 


From  this  formula  we  may  find  a  rough  value  of  0  when  p  has 
been  determined  for  a  near  object  by  means  of  (58)  and/  and  d 
are  carefully  measured. 

The  distance  of  an  object  for  which  the  sextant  parallax  will 
be  1"  will  be  fouud  by  the  equation  d  =  fain  2^  cosed".  In 
the  sextant  mentioned  in  the  preceding  article  we  have/=:  3 
inches,  whence  d  ^=  5.33  miles. 

In  measuring  horizontal  angles  between  terrestrial  objects, 
the  effect  of  the  sextant  parallax  may  be  eliminated  by  deter- 
mining the  index  correction  from  the  object  which  is  seen 
directly  through  the  horizon  glass.  This  index  correction  will 
involve  the  parallax,  and,  when  applied  to  the  sextant  reading 
of  the  angular  distance  between  the  objects,  will  give  the  angle 
subtended  by  the  objects  at  the  centre  of  the  sextant.  The  sex- 
tant must,  of  course,  remain  in  the  same  position  in  the  measure 
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we  haye,  by  (^>tio8, 


gin  f>  =r  m  Hin  #7 
sin  f'=  m  sill  •/ 


Bat  when  the  faces  MM'  and  NN'  are  parallel,  the  normals  BD 
and  B'ly  are  also  parallel ;  moreover,  the  incident  ray  5Cupon 
KS\  and  the  reflected  ray  CB\  make  equal  angles  with  DD': 
hence,  also  e?  =  i>',  and,  consequently,  (p  =  tp',     1(  AB  and  ^'5' 
are  produced  to  meet  in  C,  we  see  that  A'B'  has  the  same  direc- 
tion that  it  would  have  had  if  it  had  been  reflected  directlv  from 
the  plane  surface  mC'm'  parallel  to  MM'  or  to  NN',     The  re- 
fraction which  the  ray  suffers  in  passing  through  the  glass,  there- 
fore, produces  no  error  when  the  surfaces  of  the  glass  are  parallel. 
It  may  here  be  remarked,  also,  that  it  is  not  necessary  that  the 
reflecting  surface  of  the  mirror  should  stand  exactly  over  the 
centre  of  the  arc  of  the  sextant. 

Let  us  next  consider  the  case  of  a  glass  whose  faces  are  not 
parallel,  as  M'B,  N'D,  Fig. 
24,  which,  produced  to  meet 
in  if,  form  a  prism  MM'N'. 
Let  us  assume  that  these  faces 
are  perpendicular  to  the  plane 
of  the   sextant,   and,   conse- 
quently,  that  the   refracting 
edge  of  the  prism  is  also  per- 
pendicular to  this  plane.     The  incident  and  reflected  rays  will 
be  found  in  a  plane  parallel  to  that  of  the  sextant.     The  ray 
being  traced  through  the  glaas,  we  shall  have,  as  before,  employ- 
ing the  same  notation, 

sin  f  =  ;n  sin  t9 
sin  f*  =m  sin  *' 

but  here  &  and  &'  are  no  longer  equal.    If  we  put 

Mz=z  the  angle  of  the  prism  =  M*MN' 


] 


(62) 


we  shall  evidently  have 

90^  — d 
90^  —  *' 


CBB'=BCD  +if 
CB'B=B'Ciy—M 


and,  since  BCD  =  B'CD\  the  difference  of  these  equations  gives 


d'  — d  =  2if 


(63) 
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From  (62)  and  (68),  jp,  m,  and  JIf  being  given,  we  can  determine 
ip',  or  the  difference  ip'  —  f.    From  (62)  we  deduce 

ooel(p  +  /) sin  i (9>'— f )  =  m  coBi(*  +  *')  sin  1  (*' —  *) 

whence,  by  (63), 

.     , ,  ,         ,             .     u-  COB  1  (fl  +  *') 
Bin  i(?>  -  f)=  mein  Jf ,;    ^    ,; 

C08j(9>  +  /) 

As  M  is  always  a  very  small  angle,  approximate  values  may  be 
employed  in  the  second  member  of  this  equation ;  it  will  be  suffi- 
cient to  take 

■    i/j        \           .    „  cos  * 
Bm  Ky  —  9)^  ^  sin M 

^'  "  cos  fi 

or  

^  —  y  =  2  mM  Bec^yjl p- 

which  may  be  reduced  to  the  form 


or,  finally,  by  putting 
to  the  form 


=  2Mv^l  +(m'— l)8ecV 


(M) 


^  —  y  =  2J/"i/l-j-y'sec'i» 
r  varies  with  yi,  and  consequently  with  the  angle  lae^ 
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Ill 


The  effect  of  the  error  in  the  glaaa  is  evidently  less  for  small 
nines  of  ^  than  for  largo  onea.  Moreover,  the  enialler  the  angle 
Alhe  larger  the  angle  which  can  be  meaaureJ  with  the  sextant, 
for  all  reflection  from  tlie  index  glass  ceitsee  when  tp  =  90°,  and 
lim  wlue  gives  by  (65)  7-  =  180°  —  2^  a**  the  limit  of  possible 
measures  with  the  instrument. 

The  preceding  investigation  ia  confined  to  the  case  in  which 
botbiiujes  of  the  glass  are  perpendicular  to  the  sextant  plane; 
but  it  sutfiees  to  show  the  nature  of  the  effect  produced.  This 
cue  is,  moreover,  that  in  which  the  effect  is  greatest. 

The  glass  reflects  from  its  outer  face  as  well  as  from  its  silvered 
ice,  though  in  a  less  degree.  If  the  faces  are  parallel,  the  rays 
from  a  distant  object  reflected  from  the  two  faces  will  be  parallel 
ifter  leaving  the  glass;  they  will,  therefore,  be  converged  to  the 
nine  focus  in  the  telescope  and  produce  but  a  single  image  of 
the  object.  But  if  the  glasft  is  prismatic  there  will  be  two  images, 
ifunter  image  superposed  npon  the  stronger  one  and  not  quite 
Poincident  with  it.  The  effect  will  be  to  give  an  image  with  an 
indiBtinct  outline;  a  star  will  present  a  somewhat  enlarged  or 
elongated  image.  We  can,  therefore,  very  readily  determine 
whether  the  glass  ia  prismatic  by  examining  the  reflected  image 
of  a  star  when  tbe  index  is  set  upon  a  reading  of  about  120°. • 

The  best  makers  will  reject  a  glass  that  does  not  ctnnd  this 
lest  If,  however,  an  instrument  is  found  to  be  defectivo  in  this 
respect,  we  may  determine  the  error  produced  by  it  as  follows, 
After  carefully  adjusting  the  instrument  and  finding  its  index 
correction,  measure  a  large  angle  between  two  well  defined  ter- 
restrial objects.  Then  take  out  the  index  glass  and  invert  if 
(BO  that  the  edge,  which  was  before  uppermost,  may  now  be  next 
the  plan^  of  tbe  instrument),  readjust  the  instrument,  determine 
the  new  index  correction,  and  again  measure  the  angle  between 
the  two  objects.  Half  the  difference  of  the  two  measures  will  be 
the  error  in  either  measure  produced  by  the  glass.  The  same 
procefls  repeated  for  a  number  of  angles  of  various  magiiitudea 
will  furnish  a  table  of  errors,  from  which  the  error  for  any  par- 
ticular angle  may  be  obtained  by  interpolation. 

98.  A  prismatic  form  of  the  horiion  glass  affects  all  angles,  the 
iaiiex  correction  included,  by  the  same  quantity,  and  therefore 
|aodace0  no  error  iu  the  results. 


Fig.  2i. 


P 


99.  7b  determine  the  error  proditecd  by  a  smaU  mcHnation  (f  the 
sight  line  to  the  plane  of  the  8cxt(ml. — The  directions  of  lines  in 
space  are  most  clearly  represented  by  paints  on  the  surface 
of  a  sphere  described  about  an  aiisamed  centre  with  an  arbilmry 
radius  (Vol.  I.  Art.  1).  The  radii  dra^-n  parallel  to  any  given 
lincB  in  space  will  intersect  eat-h  other  under  ttie  same  angles  ait 
those  lines,  and  these  angles  will  be  measured  by  the  arcs  of 
great  circles  joining  the  extremities  of  the  radii  on  the  surface 
of  the  sphere.  Let  us  here  take  the  centre  of  the  sextant  are 
as  the  centre  of  such  a  sphere.  Let  0,  Fig.  25.  be  that  centre, 
.  OP  the  direction  of  the  perpendicular 
to  tlie  index  glass,  Op  that  of  the  per- 
pendicular to  the  !\ori:(ou  gbiss.  The 
points  P  and  p  are  the  poles  of  the 
great  circles  whoso  planes  are  parallel 
I  to  those  of  the  glasses,  and  may  bn 
I  called,  briefly,  the  polos  of  the  index 
'  glass  and  horizon  glass,  respectively. 
Let  OA  be  the  direction  of  the  sight 
line.  When  tlie  instrument  is  per- 
fectly adjusted,  the  lines  OP,  Op,  and 
OA  are  in  the  same  plane,  which  is 
parallel  to  that  of  the  sextant.  The  course  of  a  ray  which 
reaches  the  eye  will  be  most  readily  followed  by  tracing  it  hack- 
wards  from  the  eye.  Thus,  the  ray  OA  coinciding  with  the  sight 
line  is  reflected  from  the  horizon  glass  in  the  direction  BO,  so 
that  pB  ^=  pA.  It  is  then  reflected  from  the  index  glass  in  the 
direction  OC,  so  that  PB  —  PC;  and  OC  is  tlierefore  the  direc- 
tion of  an  object  whose  image  is  reflected  to  the  eye  in  the  same 
direction,  AO,  in  wliich  another  object  is  seen  directly..  Hence 
AOC,  or  AC,  is  the  angular  distance  of  the  objects.  From  this 
construction  we  ohtoiu  easily  AC ~  2Pp,  which  is  the  funda- 
mental property  of  the  sextant  (Art  79). 

But  if  the  sight  line  is  inclined  to  the  plane  of  the  instrnment, 
it  meets  the  epherc  in  a  point  A'  not  in  the  great  circle  Pp. 
The  inclination  is  measured  by  the  arc  AA'  poqtendicular  to 
Pp,  which  is  a  part  of  the  arc  QA'A  drawn  through  A'  and  the 
pole  Q  of  the  great  circle.  The  point  Q  may  be  called  the  pole 
of  the  sextant  plane.  Tracing  the  ray  OA'  backwards,  we  ob- 
serve that  the  plane  of  reflexion  from  the  horizon  glass  ia  repre- 
sented by  the  great  circle  A'pB',  determined  by  the  ray  and  the 
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nonn«]  Op.  bo  that  if  we  take^B'=  -pA',  the  reflected  ray  takes 
the  direct! OH  B'O.  The  plane  of  reflexion  from  the  index  gliisa 
will  be  represented  by  the  great  circle  B'PC,  and  by  taking 

I        PC'^PB'.   OC  will   be   the  direction  of  the  reflected   ray. 

I        Rwice,  A'C  will  be  the  trne  angnlnr  distance  of  the  two  objects 

I       obBetred  in  contact;  while  AC  ov  2Pp  will  be  the  angle  given 

I      If  the  sextant.     Let 

Tuevi 


J'  =  the  angle  given  by  the  sextant  ^  AC, 
/—  the  true  angle  —  A'C, 

t  :=  the  inclination  of  the  sight  line  =  AA'. 


levident  that  CC'=  BB'^  AA',  and  therefore  QA'C  is  an 
iiOKeles  triansjle  of  whieh  the  angle  Q  ^  j-^  the  side  A'C  =  y' , 
iBd  die  side  qA'  or  QC  =  90°  —  i.  If  then  we  divide  this 
tlttngle  into  two  rectangular  ones  by  a  perpendicnlar  from  ^, 
mobtaiu 

ainJ/^cos.Bin  \y  (67) 

for  which,  as  !  is  always  verj'  small,  we  may  take  the  approxi- 
mate equation* 

/  —  r  =  —  i'  sin  1"  tan  \  y  (6'*) 

According  to  the  second  method  of  adjustment  in  Art.  84,  if 
the  mark  is  placed  at  a  distance  of  20  feet,  and  if  the  error  of  its 
position  in  a  vertical  direction  is  not  more  than  \  an  inch  (which 
ie  a  large  error  in  such  a  case),  the  telescope  adjusted  to  it  will 
have  au  iticlinatioD  which  will  be  found  by  the  equation  einl 
=  '  ^.  whitih  givee  i  =  V  10".  Taking  this  value  of  i,  the 
formula  {67*)  gives  -f-y^—  0".897  tan  \  j-,  and  for  j  =  120°, 
y'  —  J  ^^  —  l^.S.  The  error  may  therefore  be  regarded  as  evan- 
escent when  ordinary  care  has  been  heatowed  upon  the  adjust- 
ment. ^^^len  the  error  exists,  the  observed  angles  are  always  too 
great. 

100.  If  the  contart  of  the  imagee  of  two  objects  is  mad©  on 
either  side  of  the  middle  of  the  field  of  the  telescope,  the  actual 
sight  line  is  inclined,  althongh  the  axid  of  the  telescope  may  be 
parallel,  to  the  sextant  plune. 

*  Tbii  •pproximMe  eqaftlion  oftii  be  deduced  from  (67)  or  taken  dir«ellf  teitm 
BpB.  Trig.  (112). 
Tou  II.— » 
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The  inclination  of  this  actual  sight  line  can  be  estimatGd  by 
the  aid  of  the  angular  diatanee  of  the  threads.  To  find  tliis 
distance,  place  the  threads  at  right  angles  to  the  plane  of  the 
sextant,  bi-ing  the  direct  image  of  a  distant,  well  defined  tine  on 
one  thread,  and  tlie  refleeted  image  on  the  other  thread,  and 
read  the  arc;  then  move  the  index  until  tlie  images  have 
exchanged  places  on  the  threads,  and  again  read  the  arc;  the 
half  difi'ereuce  of  the  two  readings  ia  the  angular  distuucc  of 
the  two  threads. 

Let  this  distance  of  the  threads  be  denoted  bj  S,  and  suppose 
an  angle  y  is  observed  by  making  the  contact  at  a  distauce  nd 
from  one  of  the  threads  (the  fraction  n  being  estimated  at  the 
time  of  making  the  observation);  then  the  inclination  of  the 
actual  sight  line  to  the  true  sight  line  corresponding  to  the 
middle  point  between  the  threads  will  be  i  —  ^d  —  n3,  with 
which  value  of  t,  the  correction  of  the  observed  angle  y,  will 
be  found  by  (67*). 

The  diebinee  3  in  the  best  sextant  telescopes  will  not  exceed 
30'.  When  the  instrument  is  held  in  the  hand,  we  cannot  make 
all  contacts  exactly  in  the  middle  of  the  field ;  but,  if  we  assume 
that  wo  can  always  make  them  at  a  distance  greater  than  J  5 
from  either  thread  (which  a  little  practice  will  enable  ua  to  do), 
we  shall  always  have  )  <  J^,  or  i  <  5',  and  hence  the  correction 
/  —  J-  <  0".44  tan  J;-.  For  any  tolerably  good  observer,  there- 
fore, tliis  correction  will  be  practically  inHensihle. 

At  the  same  time,  however,  we  see  the  importance  of  making 
the  contacts  as  near  to  the  middle  of  the  fiehl  as  possible,  since 
the  error  always  has  the  same  sign  and  all  the  measured  angles 
are  liable  to  be  too  great.  If  a  contact  is  made  on  either  thread, 
and  we  have  S  —  30',  the  error  in  ;•  will  he  3".93  tan  ^y,  or  6".8 
for  /  =  120°. 


101.  The  distance  d  of  the  threads  may  also  be  used  to  find 
the  inclination  of  the  axis  of  the  telescope,  nr  rather  of  the  true 
sight  lino.  Measure  an  angular  distance  of  120°  or  more,  be- 
tween two  well  defined  objects;  bring  the  images  in  contact  first 
on  one  thread  and  then  on  the  other  (the  threads  being  placed 
parallel  to  the  plane  of  the  instrument),  and  let  the  readings  on 
the  arc  be  ;■  and  ^i-  Then,  j-'  being  the  true  reading  in  either 
case,  aad  i  the  incliuation  of  the  true  sight  line,  we  have 


d 
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-f  —  /*  =;=  —  I  -  —  I  j  sin  1"  tan  }/ 

whence,  taking  tan  \if  ="  tan  \yy^  in  the  second  members, 

2  3  sin  1 ' 

It  is  evident  that,  when  i  is  positive,  the  greater  measure  is  7-,, 
taken  on  the  thread  nearest  the  plane  of  the  instrument,  and 

I  + 1  is  the  distance  from  this  thread  to  the  point  in  the  field 

which  represents  a  direction  parallel  to  the  plane  of  the  sextant. 
Hence  the  first  method  of  adjusting  the  telescope  given  in  Art.  84. 

102.  To  find  the  error  produced  by  a  small  inclination  of  the  index 
jiass. — The  horizon  glass,  being  ad- 
josted  by  means  of  the  index  glass 
(Art  83),  may  be  supposed  to  have  the 
same  inclination.  Let  pP  (Fig.  26)  be 
the  great  circle  of  the  sextant  plane ; 
Jet  the  poles  of  the  mirrors  be  at  P' 
and  p%  and  put 


/  =  the  inclination  of  the  index  glass  =  PP'  =  that  of  the 
horizon  glass  =:  pp'. 

If  we  suppose  that  the  sight  line  is  adjusted  by  the  first  method 
of  Art  84,  it  will  be  found  in  a  plane  perpendicular  to  both 
mirrors,  and  its  direction  will  be  represented  by  a  point  A'  in  the 
great  circle  />'P'.  The  direct  ray  from  the  eye  to  an  object  -4' 
will  be  reflected  in  the  direction  JB',  and  thence  to  C",  these  points 
all  lying  in  the  same  great  circle ;  -4'C"  will  be  the  true  distance 
f  of  the  objects  observed,  and  p'P'  =  ^y'  will  be  the  true  angle 
of  the  mirrors,  while  pP=  ^y  will  be  the  angle  given  by  the 
sextant  reading.  In  the  isosceles  triangle  P'Qp'y  we  have  the 
angle  ;>'C^'=ir  and  Qp' =  QP'  =  9Q''—l;  and,  dividing  it 
into  two  right  triangles  by  a  perpendicular  from  Q^  we  obtain 

sin  t  ;^  =  cos  lAii\r  (69) 


whence,  very  nearly, 


r*— r=  —  2PBin  r'tan  ir 


C69«) 


By  the  method  of  adjusting  the  index  glass  given  in  Art.  82,  it 
may  easily  he  placed  within  5'  of  ite  true  position,  and  for 
I  r=  5'  =  SOO",&nd  r  =  120°,  this  formula  gives  7^  —  7-=  — 0".5. 
Hence,  with  ordinary  care,  this  error  will  also  be  practically 
insigniiicaut. 

The  inclination  of  the  sight  line,  in  this  solution,  is  variable 
with  the  angle  measured.  Denoting  it  by  i'=  AA',  we  readily 
find,  by  the  aid  of  a  perpendicular  from  Q  upon  p'P\ 


in  which  fi 


tan  f  - 
-  Ap;  or 


tan  I 


dOfiHr  —  fi) 


(70) 


i'  ^  t  sec  }  J-  COB  (I  J-  —  j9) 


(70*) 

103,  If,  howe^ver,  the  sight  line  is  not  determined  as  above 
supposed,  but  has  a  constant  inclination  to  the  plane  of  the  sex- 
tant, denoted  by  i,  its  inclination  to  the  plane  of  reflection  p'P' 
will  be  i'  —  i,  and  the  additional  error  produced  by  this  inclina- 
tion will  be  found  by  (67*)  to  he 

—  (i'—  i')*8in  l"tan  ij- 

Combining  this  with  (69*),  the  complete  formula  is 
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ud  thenoe  to  C,  which  is  at  the  diatance  CC  - 

gmt  circle  pPC.     ^C=;-  is   the 

■ngle  given  by  the  sextant ;    and  ' 

IC'=  f  is  the   true  au^lar   dia- 

luw between  the  two  objects  whose 

imifieB    are    observed    iu    contact. 

PnttiDg 

k  :^  the  intilinatioD  of  the  horiaon  glaua  =  pp', 

m=CC'^BB\  fi^Ap, 

wabtve  &om  the  triangles  App'  and  ABB',  very  nearly, 
■nd,  from  the  triangle  A  C  C, 

OOB  y  ^=  COB  m  COS  ;■ 

thence 

/  —  ;■  =  1  m*  Bin  1"  cot  jr  =  2  A' sin  1"  COBV  cot  y  (72j 

ThiB  error  is  sensible  only  for  small  values  of  7-.  For ;-  =  0  the 
uxpresMon  beconics  infinite;  for  in  fact  it  is  inapplicable  in  this 
can?,  since  when  the  horizon  glass  is  inclined  it  is  impossible  to 
make  a  contact  of  two  Iniagea  of  the  same  point.  But  in  the  deter- 
mination of  the  index  correction  by  the  enn,  the  limbs  of  the 
[wo  images  will  be  brought  into  contait  alternately  on  each  aide 
of  the  true  zero  point  of  the  arc,  and  we  shall  have  7-  =  ±  0°  32'. 
For  this  case,  with  ^  —  30°  and  k  =  30"  (which  ought  to  be 
the  maximum  error  in  the  adjustment  by  Art.  83),  we  find 
/=)■=  ±  0".7;  and  even  this  error  is  eliminated  from  the 
index  correction  it«elf.  For  all  angles  greater  than  0°  32'  the 
orror  is  wholly  inappreciable. 

105,  To  find' the  eecmtrieity  of  the  sextant. — As  the  arc  of  the 
extant  is  limited,  the  method  of  determining  whether  the  centre 
about  which  the  index  arm  revolves  is  coincident  with  the  centre 
i)f  the  graduations  by  means  of  two  verniers  180°  apart  {Art.  2H| 
is  not  applicable.  We  can  lind  the  eccentricity  only  by  comparing 
various  angles  measured  with  the  sextant  with  their  known  \'aluo3 
fonnd  by  some  other  means.  Thus,  the  angular  distances  of  a 
number  of  terrestrial  points  situated  in  a  horizontal  plane  may 
be  accurately  determined  with  a  good  theodolite  and  then  also 
measured  with  the  sextant. 
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Or  we  may  measore  with  the  sextant  the  diBt&nce  of  two  well 
known  fixed  stars  and  compare  it  with  the  apparent  distance 
computed  from  their  right  ascensions  and  declinations.  The  re- 
fraction, however,  must  be  taken  into  account,  which  maj  be 
done  in  either  of  two  ways.  Ist,  The  true  distance  of  the  stars 
will  be  found  as  in  the  case  of  the  moon  and  a  star,  Vol.  I. 
Art.  255.  Then  the  apparent  distance  will  be  found  by  the 
formulae  {448)  and  (449)  of  Vol.  I.,  in  which  we  must  for  this 
case  suppose  A',  H\  d'  to  be  the  true  altitudes  and  distance,  and 
A„  if„  rf,  to  be  their  apparent  values  affected  by  refraction.  The 
altitudes  will  be  computed  by  Art,  14,  Vol.  I.,  the  local  time, 
and  consequently  the  hour  angles  of  the  stars,  being  given. 

2d.  We  may  compute  the  zenith  distances  and  parallactic 
angles  of  the  stars  for  the  time  of  the  observation  by  Vol.  I.  Art. 
15,  and  then  the  refraction  in  right  ascension  an^jl  declination  by 
Art.  120.  We  shall  then  have  the  apparent  right  ascensions  and 
decliuations,  from  which  the  apparent  distance  will  be  directly 
computed  by  the  method  of  Vol.  I.  Art.  255. 

Now,  let  J-  be  the  sextant  reading,  x  the  index  correction  (here 
supposed  to  be  unknown,  as  we  must  regard  the  zero  point  as 
likewise  affected  by  the  eccentricity),  f  the  true  value  of  the 
measured  angle,  e.  the  eccentricity;  then,  since  the  readings  of  the 
sextant  are  double  the  true  arcs,  we  have,  by  (9), 

r'-Cr  +  a:)  =  2e8in(ir'+^) 
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THE  SIMPLE   REPLECTINO   CIRCLE. 

IW.  If  the  arc  of  the  sextant  is  extended  to  a  wliolo  circum- 
ference, the  index  arm  may  be  produced  and  carry  a  vernier 
u[>ou  each  extremity.  Tiie  mean  of  the  readings  of  the  two 
tvniiers  may  then  )ie  taken  at  every  observation,  and  will  be 
*!ioIlr  free  from  the  error  of  eccentricity.  This  conatltntea  a 
Hiiipli'  reflecting  circle,  the  manipulation  of  which  la  in  every 
iMpect  the  same  as  that  of  the  eexbrnt.  It  has  not  only  the 
iidvuitage  of  eliminating  the  eccentricity,  but  at  the  same  time 
of  diminishing  the  eJfect  of  errors  of  reading  and  accidental 
limtra  of  graduation,  since  every  result  is  derived  from  the 
oeu  of  two  readings  at  two  different  divisions  of  the  arc.  The 
only  objection  to  the  instrument  is  found  in  the  slight  increase 
of  ]t»  weight. 

The  simple  reflecting  circles  of  TBOtrnHTOs  are  read  by  three 

Tcmiers  at  distances  of  120°  ;  but,  aa  the  eccentricity  is  already 

fiiily  eliminated   by  two   verniers,   the  third  can   increase   the 

Mcunwy  of  a  result  only  by  diminishing  the  effect  of  errors  of 

II     mdjpg  and  of  graduation.     If  e,  is  the  probable  error  of  the 

^^^^p  of  two  readings,  tliat  of  the  mean  of  three  readings  will  be 

w  that  if  two  verniers  reduce  the  error  to  5"  the  third  will  only 
further  reduce  it  to  4",  an  increase  of  accuracy  which  for  a 
■ingle  observation  is  not  worth  the  additional  complication  and 
weiglit  and  the  trouble  of  reading.  As  was  to  be  expected, 
these  inetmments,  thongh  of  very  refined  and  perfect  construc- 
tioii,  have  been  but  little  used. 
The  prismatic  reflecting  circles  of  Pistor  and  Martins  noticed 

Shave  but  two  verniers,  and  combine  many  practical  ad- 
In  the  repeating  reflecting  circle  the  small  mirror,  or 
boruon  glass,  is  not  permanently  attached  to  the  frame  of  the 
tUBtrument,  but  is  attached  to  an  arm  which  revolves  about  the 
centre  of  the  instrument.  As  the  telescope  must  always  be 
directed  through  this  glass,  it  is  also  attached  to  the  same  arm 
ttiui  revolves  with  it.    This  arm  also  carries  a  vernier  at  its 
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Fig.  18. 


IM  REPEATING   CIRCLE. 

L"}'  ETU  (Fig.  28)  be  the  rovolviiig  arni  to  which  are  attached 
the  amal!  mirror  m,  the 
telescope  T,  and  the  ver- 
uiei',  or  index  H ;  M  the 
central  mirror  which  is 
revolved  by  the  arm  MI, 
carrying  the  vernier,  or 
index  I.  In  acfonlance 
with  the  iionienclatin-e  in 
nautical  works,  we  shall 
call  II  the  koriztm  i»<iez, 
and  I  the  central  index. 

The  arc  ia  graduated 
from  0°  to  720°  in  the  di- 
rcL-tion  HIE. 

Let  A  and  B  be  the  objects  whose  angular  distance  is  to  be 
measured.  First:  lot  the  central  index  /  be  clamped  at  any 
assumed  pioint  of  the  arc.  Bring  the  plane  of  the  instrnmeut  to 
paes  tlirough  tbe  two  objects.  Direct  the  telescope  towards  the 
right  hand  object  -fi.  and,  without  touching  the  central  index, 
move  the  horizon  index  H  (or  rather  revolve  the  instrument, 
keeping  the  telescope  bearing  on  B},  until  the  image  of  the  lefl 
hand  object  A  is  reflected  from  the  central  mirror  M  to  the 
horizon  glass  m,  and  thenee  to  the  eye,  and  thus  into  coincidence 
with  the  object  B  seen  directly.  This  completes  the  first  part 
of  the  observation.  Now, 


Fig.! 


leaving  the  horizon  index 
H  clamped  in  this  posi- 
tion, unclamp  the  central 
index  /;  direct  the  tele- 
scope to  the  left  hand 
object  A,  Fig.  29,  and 
move  tbe  index  /  for- 
ward (in  the  direction  of 
the  graduations)  until  the 
reflected  image  of  the 
right  hand  object  B  is 
brought  to  eoincide  with 
the  direct  image  of  A. 
This  completes  the  second 
part  of  the  observation. 
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Wen,  the  difemwe  between  the  readings  of  the  central  htdex  in  its  two 
foa6ons  ia  inner  the  angular  distance  of  the  objects.  For  let  Ji,  Fig. 
29,  be  the  point  of  reading  of  the  central  index  before  the  first 
contact,  and  Ji'  that  after  Iho  Becond  contact.  At  each  contact 
the  angle  of  the  mirrors  ia  equal  to  ouc-haU'the  angle  measured 
(Alt  80);  and  it  ia  evident  that  the  points  It  and  R'  are  at  equal 
diitiuiceB  on  each  side  of  thiit  point  of  the  arc  at  wliicli  the  een- 
tral  index  would  have  stood  had  we  stopped  its  motion  when  the 
mimire  were  parallel.  Hence  the  angle  HMR'  is  twice  the 
ingle  of  the  mirrors  at  either  contact.  Denoting  the  angle 
niBaeored  by  j-,  and  the  readings  by  R  and  R',  we  have,  there- 
fine, 

•ir  =  R'~R 

The  half  difference  of  the  two  readings  ia  then  the  mean  of 
to)  measures  of  the  required  angle ;  while  with  tlie  sextant  two 
observations  are  necessary  to  furnish  one  measure  of  an  angle, 
ance  one  observation  must  be  made  to  determine  the  index  cor- 
tection,  which  is  here  dispensed  with. 

If  we  now  recommence  the  observations,  starting  from  the 
lart  position  of  the  central  index,  this  index  will  be  found  after 
the  fourth  contact  at  a  reading  R",  which  differs  from  R'  by 
tlrice  the  angle  ;-:  bo  that  we  have 


W 


2r  =  R" 

insequently, 

4r=R" 


(74) 


CoDticuing  tliia  process  as  long  as  we  please,  we  shall  have,  after 
any  even  number  n  of  contacts,  a  reading  R^  of  the  central 
index,  and 

nr  ^  fl,  —  « 

1^^  R.-  R 

^HRe  it  is  necessary  to  read  off  the  arc  only  before  the  fii'St  and 
ifter  the  laat  observed  contact,  which  is  one  of  the  greatest 
advantages  of  this  instrument  for  use  on  board  ship  in  night 
observations. 

108.  If  the  distance  of  the  objects  is  changing,  aa  in  the  case 
hlunar  distance  or  an  altitude,  the  difference  between  the 
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first  and  last  readings  will  be  the  sum  of  all  the  individual 
measures,  and  the  value  of  ;•  found  by  dividing  this  sum  by  the 
number  of  observations  will  be  the  mean  of  all  these  measures. 
The  time  of  each  observation  having  been  noted,  this  value  of  j- 
will  be  the  value  of  the  observed  angle  at  the  mean  of  these 
times,  provided  the  angular  distance  is  changing  uniformly. 

109.  We  have  thus  far  supposed  the  telescope  to  be  directed 
alternately  towards  each  object ;  hut  (as  in  the  measurement  of 
a  lunar  distance,  for  example)  it  is  expedient  to  look  directly  at 
the  fainter  object  and  reflect  the  brighter  one.  This  can  be  dotie 
by  reversing  the  face  of  the  instrument  after  each  contact ;  for 
the  relative  position  of  the  mirrors  will  thus  be  inverted  without 
requiring  the  line  of  sight  to  be  shifted  from  one  object  to  the 
others- 
It  is  convenient  in  practice  to  distinguish  the  two  kinds  of 
observation  by  the  relative  positions  of  the  mirrors.  For  this 
purpose,  let  a  plane  be  conceived  to  be  passed  through  the  axis 
of  the  telescope  at  right  angles  to  the  plane  of  the  circle ;  the 
instrument  is  thus  divided  into  two  portions,  of  which  that  which 
is  on  the  same  side  of  the  perpendicular  plane  as  the  central 
mirror  will  be  called  the  right,  and  that  which  is  on  the  opposite 
side,  the  left;  these  designations,  however,  having  no  reference 
to  the  right  and  left  of  the  observer  when  the  instrument  is  held 
in  various  positions. 
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Mope  18  directed  to  the  image  in  the  artificial  horizon.  The 
eentraj  index  is,  for  convoiiienee,  set  upon  zero,  and  we  com- 
rneuce  with  an  observation  to  the  left,  as  iu  Fig.  28,  holding  the 
initroment  in  the  left  hand.  The  next  observation  is  to  the 
tight,  aa  in  Fig,  29,  and  the  instrument  ia  held  iu  the  right  liand. 

111.  In  order  to  facilitate  the  repetition  of  the  obeervatlonB, 
fl»  horizon  glass  and  telescope  carry  with  them  an  inner  circular 
ire,  which  is  called  the  finder.  This  finder  moves  under  the 
iTOtral  index  arm  alternately  backwards  and  forwards  in  the  auc- 
cwwve  observations;  and,  consequently,  when  the  two  places  of 
the  index  arm  have  been  once  noted  on  the  finder,  it  can  be 
bnugbt  approximately  to  these  places  for  the  succeeding  obser- 
vatioiw,  whereby  the  images  will  be  already  approximately  iu 
vDDtact.  Two  sliding  stops  arc  usually  plueed  on  the  finder,  and, 
ifheii  once  set,  serve  to  indicate  the  two  positions  of  the  central 
index.  The  finder  is  also  roughly  graduated  for  the  same  pur- 
pone, 

112.  The  adjustment  and  verification  of  the  glasses  and  tele- 
wope  are  in  evei-y  respect  the  same  as  for  the  sextant.  The 
theory  of  the  errors  is  also  similar,  only  we  have  a  compensa- 
tion of  some  of  them  which  is  worthy  of  notice  and  will  be 
considered  below. 

Dark  glaasea  or  sliades  are  placed,  as  in  the  sextant,  behind 
tie  horizon  glass  and  between  the  horizon  glass  and  central 
mirror,  for  observations  of  the  sun.  In  cross  observations,  the 
eirors  of  these  glasses  are  eliminated,  since  their  positions  with 
respect  to  Ilie  incident  rays  are  reversed  at  each  alternate  contact. 
In  obson-ations  to  the  left,  however.  Fig.  28,  it  is  evident  that 
when  the  angular  distance  between  the  objects  A  and  B  is  small, 
colored  glasses  midway  between  M  and  m  would  intercept  a 
portion  of  the  direct  rays  from  A  on  their  way  to  M.  In  this 
Mae,  therefore,  it  becomes  ncccasaiy  to  substitute  for  them  a 
large  shade  immediately  in  front  of  the  central  mirror.  The 
same  eiiade  serves  for  the  observation  to  the  right;  hut,  as  tlie 
BBgle  of  incidence  of  rays  failing  upon  it  is  no  longer  the  same 
u  in  the  observation  to  the  left,  the  error  of  the  shade  is 
not  wholly  elimniated.  Uowever,  as  the  angle  of  incidence  is 
small  in  both  positions,  the  errors  produced  by  a  prismatic  form 
of  the  shade  will  he  small,  and  the  pai-tial  compensation  of  these 
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errora  which  occurs  will  leave  a  residual  error  mostly  inappre- 
ciable. 

113,  To  determine  ike  error  produced  by  a  prismatic  form  of  the 
central  mirror  m  a  cross  observation  wUk  the  circle. — ^Let  us  consider 
the  two  contacts  separately. 

Ist.  The  observation  to  the  right  ie  the  same  as  with  the  sextant, 
and  hence  we  have,  for  this  observation,  by  (66), 

r  —  z'  =  2 3f  [|/l  +  3'Bec'(i;-  +  jS)  —  i/l  +  ^'sec'^J       (75) 

in  which  M^  q,  j9,  x,  and  f  ^^^^  the  same  signification  as  in  Art.  97. 

2d.  In  the  observation  to  the  left,  the  central  mirror  is  reversed 

■g.    jj  with  respect  to  the  incident  ray,  and 

therefore    the   sign   of    M  must    be 

changed.     But  the  angle  of  incidence 

,  <p  is  also  changed.  Let  JIf  and  m.  Fig'. 

30,  be  the  positions  of  the  mirrors, 

AM&  ray  from  the  left-hand  object  A 

reflected  from  the  central  mirror  to  m, 

and  thence  to  S  in  coincidence  with 

the    direct  ray  from  the  object  B.    Producing  the  faces  of 

the  mirrors,  we  readily  find,  from  the  triangle  MCm, 

f  =  ir  —  fi 

This  value  ia  to  be  used  in  the  equation  (64).  The  error  in  the 
measured  angle  will  be  the  difference  of  the  values  of  (64)  for 
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BoBDA,*  to  whom  we  owe  the  most  important  improvementa  in 
the  reflcLtinfr  cin-lo,  gave  t!ie  miiiu'n<;:il  vahioa  of  the  fonnulre 
(Ta),  (Tti),  and  (77),  in  a  snmll  tabiij  with  tue  argument  j;  for  a 
drcie  ill  which  ^  =  10°.  Tuble  XXXIV.  of  Bowditch's  Navi- 
gator is  dorived  i'rom  similar  fui-muhe. 

Tiie  eiTor  produced  by  the  central  mirror  for  a  given  angle 
mar  be  found  hy  Art.  97,  and  then  by  means  of  Bordas  table 
ire  may  infer  the  correction  for  any  other  angle,  by  gimiile  jiio- 
]xirtioa. 

114.  Tlie  errors  of  reading,  of  imperfect  graduation,  and  of 
Mcentricity  are  all  nearly  eliminated  by  taking  a  sufficient  num- 
ber of  cro39  oh8er^■atio^3,  For  these  errors  afl'wt  only  the  first 
ind  last  readings,  and  are  divided  by  the  number  of  observations, 
ff  file  eum  of  all  the  measures  is  very  nearly  720'*  or  1440°,  &c,, 
ntbat  the  central  index  has  made  one  or  more  complete  revo- 
btions,  the  eccentricit)'  is  wholly  eliminated. 

The  error  resulting  from  an  inclination  of  the  sight  line  of  the 
telescope  is  not  reduced  by  repetition,  since  it  makes  every 
measDrc  too  great.     (Art.  99.) 

In  theory,  therefore,  the  repeating  circle  is  very  nearly  a  peN 
feet  instrument,  capable  of  eliminating  its  own  errors.  As,  how- 
ever, we  cannot  pretend  to  measure  "what  we  cannot.  Sfe,"  the 
refinement  of  the  circle  may  really  be  thrown  away,  so  long  as 
the  optical  power  of  its  telescope  is  so  feeble.  In  fact,  the  results 
obtained  with  the  circle  do  not  appear  to  have  Burpassed  those 
obtained  with  the  sextant  so  much  ae  was  expected  from  its  theo- 
reUi-al  perfection.  This  may,  however,  be  due,  in  a  degree,  to 
tUo  mechanical  imperfections  arising  from  the  centring  of  two 
axes  one  within  another.f 


•  Dact^iion  tl  utage  du  CrreU  rfr  Ri^i 
t  It  veeniH  (iiitl  Lhe  inalrument  make 
kith  lb*  bortton  and  Lbo  central 
cinlm  lli«  Hii*  of  the  cenlrsl  ini 


l^*^t  of  the  latter  is  aommunioated  [o  (he  fomivr.     But.  if 
pnaorilied  in  the  teil,  reaiiing  off  only  Iht 


par  Cb.  Dt  Boroa,  J""  ed.  Paris,  IBIG. 
makers  baie  suppoeed  that  it  iras  Deceeariry  Ihat 
idices  eliould  be  perfecllj  oenlred.  In  Oahbev'b 
X  lurnn  wfriiin  ihal  or  I)ie  huriion  indci.  and  an; 


la  (he  ii 


i«dix.   : 


vhctker  the  hoi 
■hoaM  revolre  in  a  plane  parallel  to 
Irnlj  ot«nip«d  Ihroughout  each  iroa 
it  k  broad  bearing  about  the  ccntt 
IIBttrMll;  into  (he  nalii)  frame  o 
n  a  filed  collar,  wliich  irni 


in  quite  unimportant 
y  centred  or  not.  It  il  onl;;  necessary  that  it 
ibe  plane  of  the  Inntmnient,  and  should  reninia 
□bserTation  ;  and  liiis  will  be  secured  b/ giving 
'.  The  axis  of  the  ci-nlral  index  ought  Ihm  to 
tbe  in^lriiment.  and  the  boHion  index  should 
d   cnllrdy  Bi'piirnli-  il  frum  the  former.       From 
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115.  Tlie  circle,  as  above  described,  is  capable  of  measiinng — 
no  angles  greater  than  about  140°.  In  this  respect,  therefore, 
it  doee  not  excel  the  sextant.  A  very  simple  addition  proposed 
by  M.  Daussy  obviates  this  difficulty.  On  the  horizon  index 
arm  Ell,  Fig.  31,  he  places  a  second  small  mirror  n,  which 
is  of  only  one-half  the 
^'«-  ''•  height  of  the  silvered 

partof  the  horizon  glass 
m.  The  angle  at  which 
it  stands  is  more  or  less 
arbitrary,  but  it  is  con- 
venient to  have  it  make 
an  angle  of  about  45" 
B  with  the  mirror  m.  Let 
A  he  any  distant  object, 
and  let  the  instrument 
he  held  so  that  a  ray^n, 
falling  upon  w,  shall  be 
reflected  in  the  line  nm 
to  wi  and  thence  to  the  eye  at  E.  Now  move  the  central  index 
until  the  ray  AC,  from  the  same  object,  is  reflected  from  the 
central  mirror  MNm  the  line  Cm,  passing  over  the  small  mirror 
n  to  the  horizon  glass,  and  thence  to  the  oye  in  coincidence  with 
the  first  ray.  (This  observation  is  like  the  ordinary  one  of  deter- 
mining the  zero  point  of  a  sextant  or  circle,  only  the  line  of  sight 
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Ntdlng.  The  angular  motion  of  the  mirror  MN  being  always 
•qui  to  one-half  the  angular  distance  of  the  objects,  R'  —' R  is 
tbe  required  angle.  M.  Daubsy  calls  this  contrivance  a  dipressio- 
witrt,  or  dip-measarcr,  from  its  application  to  the  mciLSurcment 
of'die  dip  of  the  sea  horizon,  hy  measuring  the  angular  distance 
between  two  diametrically  opposite  points  of  the  horizon,  tliiB 
ug^ttlar  distance  being  180°  plus  or  minus  twice  the  dip  nceord- 
ing  w  we  measure  through  the  zenith  or  through  the  nadir.  It 
findfi,  however,  another  impoi-tant  application  in  observations 
with  t}ie  artificial  horizon  when  the  altitude  exceeds  65°  or  70°. 
ud  the  double  altitude  is  consequently  too  great  to  be  measured 
ill  the  usual  manner.  The  additional  mirror  is  usually  furnished 
with  tiio  Gambfif  circles,  and  is  readily  applied  to  any  instru- 
ment. Since  the  angle  at  which  it  stands  is  not  required  to  bo 
found,  the  only  adjustment  necessary  i^to  make  it  perpendicular 
to  the  plane  of  the  instrument,  which  is  done  hy  the  aid  of  the 
mne  leut  as  that  which  is  used  in  adjusting  the  horizon  glass; 
re  have  only  to  observe  that  the  two  images  of  the  same  object 
A  (which  for  this  purpose  may  he  a  bright  star)  reflected  from 
JfJVand  n  can  be  brought  into  coincidence  in  the  middle  of  the 
field  of  the  telescope ;  the  miironj  MN  and  m  having  of  course 
Wri  previouBly  adjusted.* 

THE   PRISMATIC   REFLECTINO   CIRCLE   ASD  SKXTANT. 

il6.  The  prismatic  reflecting  circle,  constructed  byPisTOR  and 
Martins  of  Berlin,  diftcrs  from  the  simple  reflecting  circle 
(Art.  lOfi)  by  the  substitution  of  a  glass  prism  for  the  horizon 
gins,  and  by  the  position  of  this  prism  with  respect  to  the  cen- 
tnl  mirror. 

ABC,  Fig.  32,  represents  the  circle;  M  the  central  mirror 
upon  the  index  arm  ac,  which  carries  a  vernier  at  each  end  a 
and  e;  m  the  prism,  which  is  nearer  the  telescope  T  than  the 
central  miiTor,  and  is  pemnmenfly  attached  to  the  frame  of  the 
instruraeut.  The  prism  has  two  of  its  faces  nearly  perpendicular 
to  each  other,  and  the  third  face  acts  as  the  reflector.  A  ray 
from  the  central  mirror  entering  one  of  the  perpendicular  faces 
is  totnlly  reflected  at  the  inner  face  and  piksses  out  through  the 

*8peoiaJ  indmrnenU  formeuuring  ih«dip  of  thensft  horiton  liavc  been  eonlrWcd. 
Fn  kn  aecount  or  TwiifaBTOa'e  DifSeeior,  im   Sihui'i  TVtatiu  m  MalAimatiMi 
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other  perpendicular  face  in  the  dir«ctioii  of  th«  eight  line  of  the- 
telescope.  The  height  of  the  priem  ie  only  (Mie-half  the  diametei~ 
of  the  object  lena  of  the  telescope,  and  therefore  direct  rays 
from  any  object  pasBiog  over  the  priam  enter  the  telescope  aud 
are  brought  to  the  same  focus  as  the  reflected  rays.  When  the 
central  mirror  is  parallel  to  the  longer  side  of  the  prism,  as  in 
Fig.  S2,  two  images  of  the  same  object  are  in  coincidence,  and 
the  index  correction  is  determined  as  in  the  sextant,  except  that 
every  reading  is  here  the  mean  of  the  readings  of  the  two 
verniers. 
Now  revolving  the  index  into  the  position,  Fig.  38,  an  object 


Tig.  31. 
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Continuing  the  motion  of  the  index,  we  see,  hy  Fig.  35,  that 
angles  greater  than  180°  can  now  be  obtained  until  the  index 
arm  comes .  against  the  prism,  which  occurs  when  the  angle  is 
about  280°.  The  angles  thus  measured  may  be  reckoned  either 
as  between  280°  and  180°  or  between  80°  and  180°.  Of  these, 
the  angles  falling  between  80°  and  130°  may  be  observed  in  two 
reversed  positions  of  the  instrument,  constituting  a  cross  obser- 
vation, as  ^vith  the  repe.ating  circle,  whereby  the  index  correc- 
tion becomes  unnecessarj^  and  the  errors  arising  from  a  prismatic 
fonn  of  the  central  mirror  are  partially  eliminated^ 


Fig.  34. 


Pig.  35. 
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When  the  index  is  on  zero.  Fig.  32,  the  rays  incident  upon 
the  central  mirror  make  an  angle  with  it  of  20°,  and  in  this  posi- 
tion we  obtain  the  feeblest  reflected  images.     When  the  index 
is  at  130°,  the  incident  rays  make  an  angle  with  the  mirror  of 
85°,  and  we  obtain  the  brightest  reflected  images.     In  the  com- 
mon sextant,  the  reverse  takes  place ;  the  feeblest  images  occur 
for  the  angle  130°  when  the  incident  rays  make  an  angle  of  only 
10°  with  the  central  mirror ;  and  the  brightest  images  when  the 
index  is  on  zero  and  the  rays  make  an  angle  of  75°  with  the 
mirror.     Tlie  angles  of  incidence  in  the  prismatic  instruments 
are,  therefore,  more  favorable   for  the  production  of  distinct 
images  than  in  the  common   sextant,  since  even  the  smallest 
angle  which   the   incident   rays  make  with  the  mirror  in  the 
former  is  double  the  corresponding  angle  in  the  latter. 

Vol.  II.— « 
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The  adjustments  of  the  prism  ami  central  mirror  are  similap  to-" 
those  of  the  horizon  and  index  glasaee  of  the  sextant 

The  theory  of  the  errors  is  also  similar  to  that  ahove  giveii  - 
for  tho  sextant  and  circle. 


117.  The  advantages  of  these  instrumeiits  over  the  common 
sextants  are:  Ist.  Angles  of  all  magnitudes  can  be  measured; 
2d,  the  eccentricity  is  completely  eliminated  by  always  employ- 
ing tlie  mean  of  the  readings  of  tlie  two  verniers;  3d,  the  re- 
flected iraagea  are  brighter  than  in  other  reflecting  instruments, 
both  because  the  angles  of  incidence  upon  the  central  mirror  are 
more  favorable,  and  because  tho  inner  face  of  a  glass  jirism  is  a 
much  better  reflector  than  a  silvered  glass;  4th,  tho  errors 
arising  from  a  prismatic  form  of  the  central  mirror  are  much 
less  than  in  the  sextant.  The  instruments,  as  made  by  Pistob 
and  Maktiss  combine  also  other  improvements  which  might  he 
introduced  into  the  common  sextant.  Thus,  the  shade  glasses 
admit  of  reversal,  by  which  their  errors  are  wholly  eliminated ; 
a  revolving  disc,  containing  small  colored  glasses  or  shades,  is 
adapted  to  the  eye  piece  of  the  telescope,  for  use  in  taking  alti- 
tudes of  the  snn  with  the  artilicial  horizon ;  all  lost  motion  is 
avoided  in  the  taTigent  screw,  by  causing  it  to  act  against  a 
spring ;  the  arc  is  read  ofl'  at  night  by  the  aid  of  a  lantern  which 
is  placed  over  the  centre  of  the  instrument  and  the  light  of  which 
is  concentrated  upon  the  arc  by  a  lens. 

The  prismatic  sextant  differs  from  the  circle  only  in  dispensing 
with  the  second  vernier  (the  vernier  a  in  the  above  figures),  and 
that  portion  of  the  arc  upon  which  it  reads,  Tho  same  angles 
can  be  measured  with  this  instrument  as  with  the  circle,  but 
without  the  advantage  of  eliminating  the  eccentricity. 

For  au  extensive  series  of  observations,  illustrating  the  capa- 
bilities of  the  sextant  iu  the  hands  of  a  good  observer,  and  espe- 
cially demonstrating  the  excellence  of  the  prismatic  sextants,  see 
air  article  of  ScHUMACUna,  iu  the  Astroti.  AocA.,  Vol.  XXIII.  ji. 
S2L 
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CHAPTER  V. 


THE  TRAKSIX  IMSTKUMENT. 


118.  The  transil  instrument  \s  an  instrument  for  determining 
the  instant  of  a  star's  passage  througli  any  given  vei-tical  plane ; 
OT(ffhieIi  is  the  same  thing)  the  time  of  a  star's  transit  over  any 
given  vertical  circle.  For  this  purpose,  it  is  necessary  that  tho 
notion  of  the  telescope  be  confined  to  the  vertical  plane  :  and  tliis 
i)  effected  by  attaching  the  tube  to  a  horizontal  axis  and  perpen- 
dicular to  it,  ao  that  by  revolving  the  instrument  upon  thia  axis 
the  principal  sight-line  of  the  telescope  describes  a  plane  passing 
thttitigh  the  zenith.  The  common  theodolite  may  therefore  bo 
used  as  a  transit  instrument  when  i\&  telescope  admits  of  a  com- 
plete revohitiiin  upon  its  horizontal  axis. 

The  time  of  transit  over  the  assumed  vertical  circle  is  deduced 
from  the  time  when  a  star  passes  a  given  thread  placed  in  the 
focae  of  tlie  objective. 

The  instrument  may  be  mounted  in  any  vei-tical  plane,  but  is 
cViefty  used  either  in  tlie  meridian  or  in  the  prime  %'ertical :  in 
the  6r8t  position,  for  finding  either  the  true  local  time  or  the 
right  ascensions  of  stars ;  in  the  second,  for  finding  eitlier  the 
latitude  of  the  place  of  observation  or  the  declinations  of  stars. 
ffhen  spoken  of  simply  as  "the  transit  instrument,"  hovrever, 
it  b  nsually  understood  to  be  in  the  meridian. 

It  admits  of  some  varietj'  of  form.  In  the  old  and  still  most 
common  form,  the  telescope  and  horizontal  axis  bisect  eocli 
otlicr,"  and  the  two  ends  of  the  axis  are  supported  on  (uTlara 
between  which  the  telescope  revolves. 

A  second  form  ia  that  in  which,  starting  from  the  first  form, 
one-half  the  telescope  tube  is  dispensed  with,  tliat  half  which 
contains  the  object  glass  being  retained,  while  the  horizontal  axis 
is  made  to  perform  the  part  of  the.  other  half.     At  tlie  interaec- 

•  b  HAL^«T'>  i™n«it  Ingtrutoonl  (Will  prpserreil  »i  a  relic  in  th«  Oremwieh  Ob- 
tj)  tbc  piTOls  of  the  axil  are  iX  unequal  diitancM  from  Uie  telescope. 
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tiou  of  the  tube  with  the  axis  ib  a  gloss  prism  which  bends  the 
niya  from  the  object  glass  at  right  aiiyli.>s,  and  tmnsniits  tlteni 
through  the  hollow  axis  to  the  eye  piece  which  is  placed  at  the 
cud  of  this  axis.  The  chief  advantage  of  this  construction  is 
that  tilt  observer  does  not  have  to  change  hia  position  to  ohaervo 
all  the  stars  which  cross  the  plane  of  the  telescope.  It  has  also 
(he  advantage,  for  a  portable  instmmont,  of  diminished  weiglit 
and  a  more  compact  form. 

In  a  third  form,  proposed  by  STEiNHEn,*  of  Munich  the 
telescope  tube  is  dispensed  with  entirely,  or  rather  the  horizontal 
axis  is  converted  into  a  telescope,  by  starting  from  the  second 
form  just  described  and  shortening  the  tube  until  the  object 
glass  is  brought  next  to  the  prism,  so  that  the  rays  are  hent 
immediately  after  entering  the  instniment.  This  is  therefore, 
practically,  an  instrument  of  the  second  form  with  the  telescope 
tube  reduced  to  its  minimum  length ;  but,  to  gain  suflicient  focal 
length,  the  object  glass  and  prism  {which  are  connected  together) 
are  placed  near  one  end  of  the  axis.  This  form  evidently  offers 
the  greatest  advantages  for  a  portable  instrument;  its  want  of 
symraetry,  and  the  loss  of  light  incurred  by  the  introduction  of 
the  prism,  seem  to  prevent  itB  adoption  for  the  larger  instruments 
intended  for  the  more  refined  purposes  of  the  observatory. 

The  principles  governing  the  use  of  such  instruments  being 
essentially  the  same  as  those  which  apply  to  the  transit  instru- 
ment of  the  common  form,  I  shall  here  treat  exclusively  of  the 
latter. 

119.  Plato  rV^.  represents  the  meridian  transit  instrument  of 
the  Washington  Observatory,  made  by  Eutel  and  Sons,  Munich. 
It  has  a  focal  length  of  8!>  inches,  with  a  clear  aperture  of  5.3 
inches.  The  dimensions  of  all  the  pai-ts  may  be  found  from  the 
drawing.  The  portions  of  the  telescope  tube  TT,  which  are 
made  conical  to  prevent  flexure,  are  screwed  to  the  hollow  cube 
M.  The  conical  portions  of  the  horisiontal  or  rotation  axis  A7V 
are  also  screwed  to  this  cube ;  this  axis  is  hollow,  and  tcrtninates 
in  two  steel  cylindrical  pivota  which  rest  inVs  at  VV.  It  is 
highly  important  that  these  pivots  bo  perfect  cylinders  aj>d  of 
precisely  equal  diameters. 

If  the  whole  weight  of  an  instrument  of  this  size  wore  per- 
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mitted  to  reat  upon  the  Vb,  the  friction  would  soon  destroy  the 
perfect  form  of  tlie  pivota,  and  hence  a  portion  of  this  weight  is 
rDUiitcrpoised  by  the  weights  WW,  which,  by  means  of  levcra, 
aclm  .rX,  where  there  are  friction  rollers  upon  which  the  axis 
Umi*.  Ity  this  iirraiigeraent,  only  so  much  of  the  weight  of  the 
inatnimuttt  is  allowed  to  reat  upon  the  Vs  as  19  nccesBary  to 
insure  a  perfect  contact  of  the  pivots  with  the  Vs.  This  aot  only 
«ve8  the  pivots,  but  gives  tlie  greatest  possible  freedom  of 
notiati  to  tiie  tcleseope.  the  lightest  touch  of  the  finger  being 
noWHuffieient  to  rotate  the  instrument  upon  the  axis. 

Tlie  counterpoises  may  be  made  to  perform  another  important 
wvice  in  diuiiniahi'ng  thsjlexure  of  the  horizontal  axis,  which  they 
will  evidently  do  if  they  are  applied  nearer  to  the  cube  than  in  this 
iiwtraiDcnL  With  cones,  such  aa  AW,  of  very  broad  base,  the 
Btiiount  of  flexure  must  be  extremely  small ;  still,  with  connter- 
poinea  properly  placed,  the  necessity  of  making  the  cones  so 
large  and  heavy  would  be  obviated.  (8ee  the  arrangement  of 
the  count erjioises  in  the  meridian  circle,  Plate  VII.) 

la  tlie  principal  focus  of  the  objective,  at  m,  is  the  reticule,  eon- 
OBting  of  seven  parallel  transit  threads;  these  are  parallel  to  the 
vertical  jilaue  of  tlio  telescope  and  perpendicular  to  its  optical 
axis  (Art.  5).  These  threads  and  the  images  of  stars  in  their 
[jiaue  are  observed  with  the  eye  piece  E.  Eye  pieces,  or  oculars, 
of  various  magnifying  powers  are  usually  supplied,  to  he  used 
according  to  the  nature  of  the  object  observed  and  the  state  of 
the  atmosphere,  the  highest  powers  being  available  only  in  the 
most  favorable  circuinstauces.  One  of  these  eye  pieces  (and 
DBUally  one  of  the  lowest  powers)  is  fitted  with  a  mirror  to  throw 
light  down  the  tube  in  observations  for  collimation,  aa  will  be 
fully  GX[>laiued  hereafter.  This  constitutes  what  is  called  the 
nUimatinff  et/e  piece ;  but  the  plan  of  placing  a  small  piece  of  mica 
outside  the  eye  piece  (Art.  47)  converta  any  one  of  the  eye  pieces 
into  a  coUimating  eye  piece. 

There  is  alao  a  micrometer  thread  which  moves  bo  nearly  in 
the  plane  of  the  transit  threads  as  to  be  sensibly  in  the  same 
fncua.  This  thread  may  be  either  parallel  or  at  right  angles  to 
tlie  transit  threads  according  to  the  application  of  it  intended : 
bat  ill  the  simple  tr.msit  instrument  its  use  will  be  chiefly  to 
dotemiine  the  collimation  with  the  mercury  eolHmator,  and  then 
it  will  be  most  convenient  to  make  it  parallel  to  the  transit 
tlireads.    I'or  this  purpose,  it  will  be  still  better  to  substitute  for 
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the  single  movable  thread  a  eroes-thread  or  two  reiy  cloee  pard!e1 
liireada. 

The  transit  threads  are  rendered  visible  at  night  by  light 
thrown  into  the  interior  of  the  telescope  through  the  hollow 
rotation  axis  ti-oin  a  lamp  on  either  side.  The  light  is  refleot*U 
down  the  telescope  tube  by  a  Bmall  silver  mirror  in  the  cube  M, 
in-  by  an  open  metallic  ring,  which  does  not  interfere  with  rays 
from  the  object  glasB.  The  amount  of  light  can  easily  be  regu- 
lated by  a  coutrivfluee  which  it  is  not  necessary  to  describe.  The 
color  of  the  light  may  be  varied  by  passing  it  through  glass  of 
the  desired  shaile. 

The  light  thus  thrown  down  the  tube  illuminates  thu  Jteld.,  and 
the  transit  tlireads  appear  as  blaik  lines  upon  a  bright  ground. 
For  very  fuiiit  stars  it  may  W  nec-essary  to  reduce  this  field 
illumination  t.)  such  an  extent  that  the  threads  cease  to  be  dis- 
tinctly visible,  and  then  the  direri  illumination  of  the  threads  is 
to  be  resorted  to.  This  direct  illumination  of  the  threads  is 
effected,  in  the  instrument  here  represented,  by  two  small  lampa 
(omitted  in  the  drawing)  suspended  upon  the  telescope  near 
the  eye  piece,  which  throw  their  light  obliquely  upon  the  threads 
without  illuminating  the  field.  The  lamps  are  so  suspended  that 
their  flames  occupy  the  same  position  relatively  to  the  threads 
for  all  positions  of  the  telescope.  The  threads  are  thus  made  to 
appear  as  bright  lines  on  a  dark  ground.  Two  lamps,  one  on 
each  side,  are  used  in  order  to  produce  symmetrical  illumination 
of  the  threatla.  TIio  threads  may  also  be  illuminated  by  light 
admitted  through  the  axis,  but  so  brought  down  the  tube  (by  the 
aid  of  a  small  lens)  as  not  to  illumiuate  the  field ;  this  light  being 
Anally  received  by  small  reflectors  near  the  eyo  piece,  and  by 
them  thrown  upon  the  threads  in  such  a  manner  as  to  produce 
the  required  symmetrical  illumination. 

At  J' and  i-'are  two  small  _/indi*»(/  <tirclrs,  r\bo  caWcd  finiiin'/ lecels, 
or  Bimplyjimiers,  which  serve  in  setting  tlie  telescope  at  any  given 
elevation  or  zenith  distance.  They  will  ho  more  fully  explained 
in  connection  with  the  portable  transit  instrument  in  the  next 
article. 

The  handles,  A  and  B,  which  are  within  reach  of  the  observer's 
hand,  act  upon  a  clamp  and  fine  motion  screw  by  which  the  tole- 
Bcope  is  fixed  and  accurately  set  at  any  zenith  distiince. 

The  incliuatiou  of  the  rotation  axia  to  the  horizon  is  measured 
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■itli  the  striding  level  L,  (Art.  51),  which  ia  applied  to  the  pivots 
IT.  The  feet  of  the  level  Iinve  also  thy  form  of  Vs. 
The  piers  are  80  nearly  adjusted  in  the  first  place  that  the  Vs 
srsneiirly  in  a  true  east  and  west  lino,  hut  a  small  tiual  eorrec- 
tirtii  Ih  still  possible  by  means  of  screws  which  act  horizontally 
Hpon  one  of  the  Vs.  In  the  same  manner,  the  inclination  of  the 
axis  to  tho  horizon  is  made  as  small  as  we  please  by  screws 
tfling  vertically  upon  the  other  V.  These  screws  are  not  shown 
in  the  drawing. 

In  order  to  eliminate  errors  of  the  iuBtrument,  it  is  necessary 
to  reverse  the  rotation  axis  from  time  to  time,  that  is,  to  make 
llie  cast  and  west  ends  of  tlio  axia  change  places.  The  reversing 
nfpvratia  or  car  for  this  pui-poae  is  shown  at  B.  It  runs  upon 
proved  wheels  which  roll  upon  two  rails  laid  in  the  observatory 
floor  between  the  piers  PP,  and  is  thus  brought  directly  beneath 
the  axis.  By  the  crank  h  acting  upon  the  beveled  wheels  e  and 
/,  two  forked  arms  aa  are  lifted  and  brought  into  contact  with 
the  axis  at  AW;  then,  continuing  the  motion,  the  telescope  la 
lifted  just  sulJicienlly  to  clear  the  Va,  and  the  fi-iction  rollers  at 
XJT;  the  ear  is  then  rolled  out  from  between  the  piers,  bearing 
the  telescope  upon  its  arms :  a  semi-revolution  is  given  to  the 
arms,  the  exact  eemi-tevolution  being  determined  by  a  stop  d, 
tiiecaris  rolled  back  between  the  piers,  and  the  telescope  lowered 
into  the  Vs.  It  is  hardly  neeesaary  to  observe  that  the  telescope 
\a  placed  in  a  horizontal  position  during  this  operation. 

An  ohffrrmff  couch  C  runs  on  the  rails  between  the  piers.  It 
I»90  arranged  that  the  oh8er\'er  reclining  upon  it  may  give  his 
head  any  required  elevation,  and  thus  be  able  to  observe  stars  at 
high  altitudes  without  the  discomfort  which  would  destroy  the 
Mcuracy  of  hia  observations. 

The  pieraPPare  of  granite,  and  rest  upon  a  foundation  of 
rtone  sunk  ten  feet  below  the  surface  of  the  ground.  They  are 
wholly  insulated  from  the  walls  and  floor  of  the  building. 

Between  the  piers,  a  granite  slab  about  a  foot  broad  and  ten 
ftet  long  is  placed  on  a  level  with  the  floor.  This  rests  firmly 
Upon  the  foundation  which  supports  the  instrument,  and,  like 
the  piers,  is  insulated  from  the  floor.  On  this  slab  may  he 
plaeed  a  basin  of  mercurj-  at  various  distances  from  the  instru- 
hient.  fbr  observing  stars  by  reflexion. 
irfo  not  propose  to  enter  into  the  details  of  constructing  the 
Itoiy  itself,  as  many  of  these  details  will  varj-  according  to 
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the  taste  and  nieaus  of  the  Iiuilder;  but  it  is  essential  to  remark 
that  the  opeiiing  hi  the  roof  and  sides  of  the  building  tlirough 
which  the  obsorvatious  are  to  be  made  should  be  muth  n-ider 
thau  the  mere  aperture  of  the  telescope;  for  tliere  are  aiwaya 
currents  of  air  of  various  temperatures  near  the  edges  of  the 
openings,  whieh  produce  uusteadiuess  iu  the  images  of  sturs,  A 
width  of  two  feet  at  least  should  be  allowed. 

It  18  also  well  to  observe  that  the  observing  room  should  be 
large  and  high,  that  the  radiation  fi-om  the  walls  may  not  have 
too  mueh  eft'ect  upon  the  iuBtrument.  No  artificial  heat  should 
be  permitted  iu  it  or  near  it.  Its  temperature  at  the  time  of  au 
obser\'atiou,  and  that  of  the  whole  instrument,  should  be  as 
nearly  as  possible  the  same  as  the  temperature  of  the  atmosphere 
outside  the  observatory. 

The  indispensable  forapanion  of  the  transit  instrument  iu  the 
observatory  is  the  sidereal  clock,  which  is  to  be  secured  to  a 
stone  pier,  resting  upon  a  fouudution  which  is  insulated  from  the 
Boor,  and  so  placed  that  its  dial  may  be  seen  by  the  obsei'ver 
from  any  position  he  may  occupy  at  the  telescope.  If,  however, 
the  transits  are  recorded  by  the  chrouogniph  {Arts.  71-77)  the 
clock  may  be  in  any  pait  of  the  observatory,  and  a  single  clock 
may  be  used  for  all  Ike  ohseri-alioiis  with  all  the  iustruments.  It 
will  only  be  neeessai'y  that  each  instrument  should  have  its  owu 
thronographic  register,  which  is  graduated  into  seconds  by  the 
one  standard  clock.  However,  a  clock  in  the  room  with  the  in- 
strunieut  is  still  necessary  to  enable  the  observer  to  prepare  for 
his  observations  at  the  proper  time;  but  this  may  then  be  re- 
garded as  a  sort  ofjitukr  merely,  and  it  will  be  necessary  to  regu- 
late it  only  approximately. 

120,  Plato  V.  represents  a  jiortablo  transit  instrument  as  con- 
structed by  Mr.  W.  Wi'iKDEMANN  {Washington,  D.  C).  The  focal 
length  of  such  au  instrumcut  is  usually  from  24  to  36  inches. 

The  letters  common  to  Plate  V.  and  Plate  IV.  represent  the 
same  parts.  The  peculiar  feature  is  the  portable  frame  PP,  which 
here  takes  the  plhice  of  the  piers.  It  is  made  of  iron,  and  is  made 
as  light  as  possible  without  the  sacrifice  of  strength  and  stability. 
Tha  screws  tt  being  removed,  the  inclined  supports  pp  fold  iu 
against  the  upright  ones,  and  then  the  latter  fold  down  upon  the 
horizoutal  frame;  and  the  whole  frame  can  be  placed  in  a  box. 
This  box  is  deep   enough  to  receive   the  teliiscope  also.     The 
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Instraineiit  can  thus  be  conveniftntly  traneported  and  set  up  in  a 
rev  miDutPfi  upon  any  teinporaiy  [»illar  y.  In  the  field  it  will 
oiUuberouvenieiit  to  mount  the  instrument  upon  the  trunk  of 
A  trw  cut  oft'  to  the  rerpiired  heij!;lit.  The  i'mnie  is  quickly 
terdied  approximately  by  the  foot  screws  S,  <S,  >S. 

k^ngmtnl  eife  pure  £  (Art.  12)  is  necessary  for  observing  starB 
it  cunsiderable  altitudes. 

The  eye  tube  of  the  teleacope  is  moved  out  and  in  by  a  rack 
ind|Muion  r,  to  bring  the  tlircade  precisely  into  the  focus  of  the 
object  glii«>s.  The  rat-k  and  pinion  h  carry  the  eye  piece  to  the 
right  and  left  so  as  to  bring  it  opposite  each  thread  in  succession 
y  ft  star  crosses  it. 

The  iiuder  f  consists,  Ist,  of  a  small  graduated  circle  whieh  is 
pemaDently  attached  to  the  telescope;  2d,  of  a  spirit  level  g 
sttftched  to  an  arm  which  revolves  about  the  centre  of  the  circle. 
Thin  arm  carries  a  vernier,  and  has  a  clump  and  fine  motion 
Kttw  at/.  When  tlie  vernier  reads  0°.  the  axis  of  the  level  is 
parallel  to  the  optical  axis  of  the  telescope;  consequently,  if  we 
Kt  the  vernier  to  this  reading,  0",  and  then  revolve  the  tele- 
scope nntil  the  bubble  stands  in  the  middle  of  the  tube,  the 
optical  axis  will  be  horizontal.  If  then  we  set  the  vernier  at 
any  other  given  reading  li,  and  revolve  tJie  telescope  until  the 
bubble  stands  in  the  middle  of  tlie  tube,  the  inclination  of  the 
telescope  to  the  horizon  will  be  =  M.  The  altitude  of  a  star 
»iM>se  transit  is  to  be  observed  is  known  from  its  declination 
and  the  latitude  of  the  place  of  observation,  and  it  is  usually 
ueeessary  to  prepare  for  the  obsei'%'ation  by  setting  the  telescope 
at  the  proper  altitude  by  means  of  the  finder. 

A  rack  and  piniou  (not  shown  in  the  drawing)  serve  tp  revolve 
the  eye  piece  and  micrometer  so  as  to  make  the  threads  vertical, 
or  ratlier  parallel  to  the  vertical  plane  of  the  telescope. 

The  illuminating  lamps  are  shown  in  their  position.  Their 
lijrht  is  thrown  into  the  axis  in  nearly  parallel  lines  by  means  of 
a  lens  in  the  lantern  opposite  the  middle  point  of  the  flame,  the 
ftune  being  nearly  iu  the  focus  of  the  lens. 


120*.  A  small  altitude  and  azimuth  instrument  so  constructed 
that  it  may  bo  used  also  as  a  transit  instrument  is  called  a  uuwersal 
mtrumtnL  The  horizontal  graduated  circle  renders  such  an  in- 
Womeut  very  convenient  for  observations  out  of  the  meridian, 
hapter  VII. 
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121.  Method  of  observation. — In  al!  cafles,  the  pelestial  observa- 
tion made  with  the  transit  inetrument  consiBta  only  in  noting,  by 
a  clock  or  chronometer,  the  several  instants  when  a  star  or  other 
object  croBSDH  the  thrtiuls.  The  method  of  doing  this  with  pre- 
L-irfion  18  as  follows.  The  instrument  remaining  stationary,  the 
dinrnal  motion  causes  the  star  to  pass  across  the  field  of  the 
telescope.  As  it  approaches  a  threat],  the  observer  looks  at  the 
clock  and  begins  to  count  its  beats;  and,  keeping  the  count  in 
his  head  by  the  aid  of  the  audible  beats  of  the  clot-k,  he  then 
turns  his  eye  to  the  telescope  and  notes  the  beat  when  the  star 
appears  an  the  thread.  The  trausit  over  the  tlircad  may,  how- 
ever, fall  between  two  beats;  and  then  the  fraction  of  a  beat  is 
to  be  estimated.  This  estimate  is  made  rather  by  the  eye  than 
the  ear.  Suppose  the  clock  beats  seconds.  Let  a,  Fig.  36,  bo 
the  position  of  the  star  at  the  la^t  beat 
before  the  star  comes  to  the  thread,  and  b 
its  position  at  the  next  following  beat. 
The  observer  compares  the  distance  from 

a  to  the  thread  with  the  distance  from  a  to 

b,  and  estimates  the  fraction  which  ex- 
presses the  ratio  of  the  former  to  the  latter 
in  tenths ;  and  those  tenths  are  then  to  be 
added  to  the  whole  number  of  seconds 
counted  at  a,  to  express  the  instant  of  transit.  Thus,  if  he  counts 
20  seconds  by  the  clock  at  a,  and  estimates  that  from.fl  to  the 
thread  is  j'^  of  ab,  the  instant  of  trausit  is  20* .4,  which  he  records, 
together  with  the  minute  aud  hour  by  the  clock. 

In  the  transit  of  the  sun,  the  moon,  or  a  planet,  the  instant 
when  tho  limb  is  a  tangent  to  the  thread  is  noted.  The  mode 
of  inferring  the  time  of  transit  of  the  centre  from  that  of  the 
limb  will  he  explained  hereafter. 

The  most  accurate  method  of  observing  transits  is  by  the  aid 
of  the  chronograph.  At  the  precise  instant  when  the  star  is  on 
the  thread,  the  observer  presses  the  signal  key  and  makes  a 
record  on  the  register,  which  is  read  off  at  his  leisure,  according 
to  the  niethods  explained  in  Arts,  71-77,  The  record  of  several 
transits  of  stars  over  the  five  threads  of  the  Cambridge  telescope 
is  shown  in  Plate  I.  Fig,  6.  Each  transit  is  preceded  by  on 
irregular  signal,  produced  by  a  rapid  snccessiou  of  taps  on  the 
signal  key,  by  moans  of  which  the  place  of  the  observation  on 
the  register  is  afterwards   readily  found.     As  the  observer  is 
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nlierod  by  the  chronograph  from  the  neceaaity  of  oonnting  the 
teconds  and  vstimating  tlie  fractions,  the  transit  threads  may  be 
[Jm«1  much  closer  to  each  other  and  their  number  greatly  in- 
vrciued.  In  the  transit  inatrnmeiits  used  in  tlie  United  States 
Cottt  Survey  for  the  telegraphic  determination  of  differences  of 
Idngitnde  («ee  Vol.  I.  Art.  227),  the  diaphragms  contain  tweiily- 
five  threads,  arranged  in  groups,  or  "tallies,"  of  five,  as  iu  Plate 
I.  Fig.  1. 


OBKERAL  FOEMCLJE  OF  THE  TRANSIT  IXSTEDMEXT. 
122.  In  whatever  position  the  transit  instrument  may  be  placed, 
WG  may  consider  its  tvfalion  axis  as  an  imaginary  line,  passing 
(brough  th«  ceutral  points  of  the  pivots,  which,  produced  to  the 
eel«stiai  sphere,  becomes  a  diameter  of  the  sphere ;  and  the  axi-n 
nf  follitnalian  as  an  imaginary  line,  drawn  from  the  optical  centre 
of  the  object  glass  perpendicular  to  the  rotation  axis,  and  de- 
»pribing  a  great  circle  of  the  sphere  as  the  telescope  revolves. 
The  position  of  this  great  circle  in  the  heavens  is  fully  deter- 
mined wlien  wo  liavo  given  the  position  of  the  rotation  axis; 
and  the  position  of  the  rotation  axis  is  given  when  we  know  the 
altitude  and  azimuth  of  either  of  the  points  in  which  it  meets 
the  celeetial  sphere. 

The  Biijht-Une  marked  by  a  thread  in  any  part  of  the  field  is 
a  line  drawn  from  the  thread  through  the  optical  centre  of  the 
object  glass.  The  angle  which  this  line  makes  with  the  axis  of 
collimation  does  not  cliange  as  the  telescope  revolves:  so  that, 
while  tlie  axis  of  collimation  describes  a  great  circle,  the  sight- 
line  describes  a  small  circle  parallel  to  it  whose  distance  from  it 
il  everywhere  the  constant  measure  of  the  inclination  of  the 
right-line.  If  then  a  star  is  observed  on  the  thread,  the  position 
of  the  star  with  respect  to  the  great  circle  of  the  instrument 
becomes  known  when  we  know  the  inclination  of  the  sigbt-liue 
or  the  angular  distimce  of  the  thread  from  the  axis. 

The  general  problem  to  which  the  use  of  the  transit  instru- 
ment gives  rise  is  the  following: 

123.  Thfind  the  hour  angle  of  a  star  observM  on  a  giren  thread  of 
Ox  transit  uistrumnit  in  a  given  •position  of  the  rotation  axis. — Let 
Fig.  37  represent  the  sphere  stereographically  projected  upon 
the  plane  of  the  horizon,  NS  the  meridian,  WE  the  prime 
vortical.     Suppose  the  axis  of  the  instrument  lies  in  the  vertical 
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Fig.  3T. 


plane  ZA,  and  tliat  A  is  the  point  in  which  this  axis  produced 
towards  the  west  meets  the  celestial 
sphere.  Let  N'Z'S'  be  the  great 
circle  described  by  the  axis  of  colli- 
matioi) ;  A  is  the  pole  of  this  circle. 
Let  nOs  be  the  small  circle  described 
J  by  the  sight-line  drawn  through  a 
thread  whose  constant  angular  dis- 
tance from  the  colliniation  axis  ia 
given  =  c.  Let  b  denote  the  altitude, 
90°  ->ra  the  azimuth,  90°  —  m  the 
hour  angle,  n  the  declination  of  th& 
point  A;  tp  the  latitude  of  the  observer;  S  the  declination  of  a 
star  observed  at  0  on  the  giveu  thread.  Join  PA,  PO,  AO. 
We  have 

NZA  =  90"  +  a,  ZPA  =  90°  ~m 

ZA  =  90"  ~b,  P^  =  90"  —  n 

AO  =  90"  +  c,  PZ=  90"  —  <f 

PO  =  90"  —  a 

and  the  triangle  PZA  gives  the  equations  [Sph.  Trig.  (6),  (3),  (4)] 

(78) 
which  determine  m  and  n  when  a  and  b  are  given.     Now  let 


cos  n  sin  m  =  sin  b  coa  f  -f-  cos  b  sin  a  sin  ^ 
coa  n  cos  m  =  cos  6  coa  a 

sin  n  =:  ain  6  sin  ip  —  cob  b  sin  a  cos  ^ 
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The  axis  of  rotation  ia  then  perpcndifular  to  the  plane  of  the 
DU-riilian.  and.  i-(rii8i'{iieiit!y.  life  in  llie  iiitorBection  of  tlic  ppime 
riTtifal  and  lliu  hoiizou.  If,  fuithfr,  the  tliretid  on  wliich  the 
(tor  is  observed  is  in  the  axis  of  c-otliiiiation,  the  time  of  obser- 
rafioii  i«  that  of  tlie  star's  transit  over  the  nieridiun  ;  and,  eince 
titlut  instant  the  eidureal  time  is  equal  to  the  star's  right  ascen- 
lioii,  the  en-or  of  the  clock  on  sidereal  time  is  olitained  nt  once 
bji  taking  the  ditl'ereiicu  between  thut  right  ascension  and  the 
obMrred  clock  time  of  transit.     (Vol.  I.  Art.  138.) 

Pnctically,  however,  we  rarely  fulfil  these  conditions  exactly, 
but  mast  correct  the  time  of  ohaorvation  for  the  small  deviations 
cxpre-Bscd  by  a,  b,  and  c,  of  M'hich  a  U  the  excess  of  the  azimuth 
oflbe  west  end  of  the  axis  above  90°  (reckoned  from  the  north 
point),  and  is  called  the  azimuth  eavstant ;  b  is  the  elevation  of  the 
west  end  of  the  axis,  and  is  called  the  level  consUmt;  and  e  is  tlie 
inclination  of  the  sight-Hue  to  the  collimation  axis,  and  is  called 
the  mllimation  constant. 

We  must  first  show  how  to  adjust  the  instrument  approxi- 
mately, or  to  reduce  a,  b,  and  c  to  small  quantities. 

125.  ApjTTorimofe  adjustment  in  the  meridian. — Ist.  The  middle 
thread  of  the  diaphragm  should  coincide  a»  nearly  as  po.'*sible 
with  the  collimation  axis.  This  adjustment  can  be  approxi- 
mately  made  before  putting  the  instniraent  in  the  meridian,  by 
moving  the  thread  plate  laterally  until  the  middle  thread  cuts  a 
veil  defined  distant  point  in  both  positions  of  the  rotation  axis 
in  the  Vs. 

Sd.  The  middle  thread  (and,  consequently,  all  the  transit 
%eads]  should  be  vertical  when  the  rotation  axis  is  horizontal ; 
llist  is,  it  should  be  pei-pendicular  to  the  rotation  axis.  This 
MB  be  verified  while  adjusting  the  sight-line,  by  obsciTiug 
whether  the  distant  point  continues  to  appear  on  the  thread  as 
the  telescope  is  slightly  elevated  op  depressed.  After  the  instru- 
ment has  been  placed  in  the  meridian  and  the  axis  levelled,  the 
Terticality  of  the  threads  may  aUo  be  proved  by  an  equatorial 
liar  running  along  the  horizontal  thread,  which  is  at  right  angles 
to  tlie  transit  threads. 

The  axis,  being  placed  nearly  east  and  west  (at  first  bycstima- 
tiofl),  is  k'velled  by  means  of  the  striding  level.  Thus  c  and  b 
.   IMeaaily  reduced  to  small  quantities. 

^^To  reduce  a  to  a  small  quantity,  or  to  place  the  instrument 
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very  near  to  the  meridian,  we  must  have  recourse  to  the  obser- 
vation of  stars.  The  following  proceas  will  bo  tbimd  as  simple 
as  any  other  with  a  portiible  instrument. 

Compute  the  mean  time  of  transit  of  a  slow  moving  stitr  {one 
near  the  pole),  and  bring  the  telescope  upon  it  at  that  time.  For 
the  first  approximation,  tho  time  may  bo  given  by  a  common 
watch,  and  the  telescope  may  be  brought  upon  the  star  by 
moving  the  frame  of  the  instrument  horizontally.  Then  level 
the  axis,  and  note  the  time  by  the  clock  of  the  transit  of  a  star 
near  the  zenith  over  the  middle  thread.  It  is  evident  that  the 
time  of  transit  of  a  star  near  the  zenith  will  not  bo  much  affected 
by  a  deviation  of  the  instrument  in  azimuth,  and  therefore  the 
difference  between  the  star's  right  ascension  and  tho  clock  time 
will  be  the  approximate  error  of  the  clock  on  sidereal  time. 
With  this  error,  we  are  prepared  to  repeat  tne  process  with 
another  alow  moving  star,  this  time  employing  the  clock  and 
cauaiug  the  middle  thread  to  follow  the  star  by  moving  only  the 
aEimuth  V.  When  the  clock  correction  has  been  previously 
found  by  other  moans  (as  with  the  sextant),  the  first  approximation 
will  usually  be  found  sufficient.  The  instrument  is  now  suffi- 
ciently near  to  the  meridian,  and  the  outstanding  small  deviations 
can  be  found  and  allowed  for  as  explained  below. 

In  mounting  a  large  transit  instrument  in  an  obeerN-atory,  it 
will  be  convenient  flret  to  establish  the  approximate  direction  of 
the  meridian  with  a  theodolite,  and  to  sot  up  a  distinct  mark  at 
a  sufficient  distance  to  be  visible  in  the  large  telescope  without 
ft  change  of  the  stellar  focus.  The  middle  thread  of  the  inatru- 
ment  can  then  he  brought  upou  this  mark  before  proceeding  to 
the  observation  of  stars. 

4th.  Fiually,  it  is  necessary  to  adjust  tho  Jiiuier  whereby  the 
telescope  is  to  be  directed  to  that  point  of  the  meridian  through 
whicli  a  given  object  will  pass.  If  the  tinder  is  intended  to  gix$k 
the  zenith  distance  {Z)>  ^^  take  ^^ 


-  r  -f  p  for  an  object  soath  of  the  zenith, 

-  r  +  p       "  "       north      "  " 


in  which  r  is  the  refraction,  and  p  the  parallax  of  the  object  for 
the  zenith  distance  (".  But,  for  tiie  purpose  of  Jiiidiiiq  an  object 
merely,  we  may  neglect  r.  except  for  very  low  altitudee,  and  p 
may  be  neglected  for  all  bodies  except  the  moon. 

To  adjust  the  fijider,  we  have  only  to  clamp  the  telescope  when 
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rame  known  star  la  on  tlie  horizontal  thread,  and  in  tliatpoeition 
cause  the  liniliug  circle  to  read  correctly  for  that  etar,  by  means 
of  the  proper  adjusting  screws.  It  will  then  read  oorrectlj  for 
all  other  etars.  In  large  instruments  the  finder  is  sometimes 
psdnated  from  0°  to  360°. 

With  respect  to  the  time  when  a  star  is  to  be  expected  on  the 
oaridiati,  the  ejdei-eal  clock  or  chronometer  answere  as  a  finder, 
liou  (after  allowing  for  its  error)  it  bLowb  the  riglit  ascenaionn 
of  the  stars  that  are  on  the  mcndian. 

126.  Equations  of  the  transil  instnimcDl  in  the  meridian, — By  the 
preceding  proooas  we  can  always  easily  reduce  a,  6,  and  c  to 
■joantities  eo  siiIhU  that  tlielr  squares  will  be  altogether  insensible, 
or,  which  is  the  same  thing,  we  can  substitute  them  for  their 
nines,  and  ]>ut  their  cosines  equal  to  unitj'.  And,  since  m,  n,  and 
rwill  be  quantities  of  the  same  order  as  a,  b,  aad  c,  the  general 
fonnnlie  (7s)  will  become 


Mid  (79)  gives 


m  =  b  cos  ^  -\-  It  §in  p 
n  =;  &  Bin  <p  —  a  COB  p 


-  n  tan  I*  +  c 


(80) 


(81) 


ffliich  is  Bessel's  formula  for  computing  the  correction  to  be 
added  to  the  observed  sidereal  clock  time  of  transit  oi'  a  star 
over  the  middle  thread  to  obtain  tlie  clock  time  of  the  star's 
tnuisit  over  the  meridian.  It  is  hardly  necessary  to  observe  tliat 
the  unit  of  all  the  quantities  a,  b,  c,  m,  n,  r  should  be  the  second 


of  time. 
^^^  now  we  put 


the  observed  cluck  time  of  the  star's  transit  o 

middle  thread, 

the  correction  of  tho  clock, 

the  star's  apparent  right  a 


,e  sidereal  time  of  transit  will  be  T+  z  +  aT,  and  this 
quantity  must  be  equal  to  a.     Hence  wc  have 

=  T+ aT+  r 

~  T  +  &T  -\-  m  +  n  tan  d  -\-  c  at 

nich  formula  tlie  right  asi-ension  of  an  unknown  star  can  be 
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found  when  &  T  and  the  constants  of  the  instrument  are  known. , 
Prom  the  transits  of  known  stars,  on  the  other  hand,  this  equa^ 
tion  enables  us  to  find  i  T,  when  the  constants  of  the  instrument: 
are  given. 

The  apparent  right  ascension  in  this  equation  should  be 
afl^ected  by  the  diurnal  aberrjition,  which,  by  Vol.  I.  Art,  398,  is 
0".311  cosy  8ec5  ^  O'.0'21  co3fsec5  when  the  etar  is  on  the 
meridian.  If  then  a  denotes  the  right  ascension  as  given  in  the 
Ephemeris,  the  first  member  of  (82)  ought  to  be  a  +  0",S11 
cos  yi  sec  5,  80  that  the  equation  becomes 

o=  r-j-Ar+)Ji  +  ntanJ  +  (c  —  0'.021  cob  j>)  sec  S      (83) 

Hence,  if  instead  of  c  we  take 

<f=  c  — 0*.021  COB  f 

we  may  use  (82)  without  further  modification,  and  the  diurnal 
aberration  will  be  fully  allowed  for.  Since,  for  each  place  of  ob- 
servation, the  quantity  0".021  cosy  is  constant, there  ia  no  reason 
for  omitting  to  apply  this  correction,  although  its  influence  ia 
scarcely  appreciable  except  with  the  larger  instruments  of  the 
observatory. 

127,  Bessel's  form  for  the  correction  t  is  usually  the  most 
convenient;  but  other  forms  have  their  advantages  in  certain 
applications.    From  (80)  we  deduce 
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B  r  =  „■'''"■' -'^+l,.'°'^'~'^  +  -L-  (87) 

^^F  cos  S  cos  J  cos  d 

which  is  known  as  Mayer's  formula.  Tbia  is  the  oldest  form  ; 
kt  where  many  stars  arc  to  be  reduced  for  tho  same  values  of 
Ihe  conetaats,  it  is  much  less  conveuicnt  than  the  preceding.  It 
iax  itfl  udvantages,  however,  in  cases  where  the  constant  a  is 
directly  given,  or  in  discusaioiis  in  which  this  constant  is  directly 
lougbt 

128.  These  formulfe  apply  directly  to  the  case  of  a  star  at  its 
upper  culmination.  To  adapt  them  to  lower  culminations  {that 
is,  of  circumpolar  stars  at  their  traiisits  below  the  pole),  wo 
ob«erve  that  in  the  general  investigation  Art.  123,  3  represents 
the  distance  of  the  star  from  the  equator  reckoned  towards  the 
lenitb  of  the  place  of  observation,  and,  consequently,  the 
fomiula  will  be  applicable  to  lower  culminations  if  we  stiU  repre- 
Beat  by  3  the  distance  of  the  star  from  the  equator  thraugh 
thu  zenith  and  over  the  pole ;  tliat  ia,  if  wc  take  for  d  the  supple- 
ment of  the  declination.  This  being  understood,  we  shall  be 
saved  the  necessity  of  duplicating  our  formnlte. 

Again,  the  time  of  the  lower  culmination  differs  by  12*  of 
sidereal  time  from  that  of  the  upper  culmination  of  the  same 
itor.  Hence,  to  apply  the  formulic  to  the  case  of  a  lower  cul- 
mination, it  is  also  necessary  to  suppose  that  a  represents  the 
star's  right  ascension  increased  by  12*. 

Ill  short,  for  lower  culminations,  we  must  substitute  12*  +  a. 
ind  180°  —  5  for  a  and  3. 

129.  Since  the  instrument  may  bo  used  in  two  positions  of  the 
ntatioii  axis,  it  is  necessary  to  distinguish  these  positions.  We 
shall  suppose  that  the  clamp  is  at  one  end  of  the  axis,  and  shall 
ilistinguisli  the  two  poeitionsby  "olamp  weM"  and  "clamp' east," 
If  tlie  value  of  c  has  been  found  for  clamp  west,  its  value  for- 
elamp  east  will  be  numerically  the  same,  but  will  have  a  different, 
lign;  for.  since  in  reversing  the  collimation  axis  remains  in  the- 
lame  plane,*  any  thread  will  be  at  the  same  absolute  distance 
from  tliis  axis,  but  on  opposite  sides  of  it  in  the  two  positions. 

*  Eucpt  oheD  tbe  pivoU  tn  ddmiu*],  th«  eormtion  Tor  whicik  will  b*  ■omidered 
kera*ner. 
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For  example,  if  we  have  found  for  clamp  west  c  —  —  0'.292,  we 
must  take  for  damp  east  c  =  +  0'.292. 

If,  however,  we  take  the  diurnal  aberration  into  account,  we 
must  obaerve  that  c'  is  not  numerically  the  same  in  the  two  posi- 
tions of  the  axis.  For  example,  if  y  =  38"  59',  the  correction 
0'.021  cos  f  is  0".O16 ;  and  if  for  clamp  west  we  hiive  c  —  —  fr.Sili, 
we  shall  have  for  this  poeition  c'=~  0'.292  —  O.Oie  =  —  CSOS, 
but  for  clamp  east  c'  ^  +  0'.292  —  O-.Oie  =  +  0'.276. 


N 


130.  In  the  above,  we  have  assumed  that  the  star  has  been 
observed  on  a  single  thread  whose  distance  from  the  collimation 
axis  is  known.  The  same  method  may  be  applied  to  each  thread ; 
but  when  the  intervals  between  the  threads  are  known,  each 
observation  may  be  reduced  to  the  middle  thread  or  to  a  point 
corresponding  to  the  "mean  of  the  threads,"  ami  the  correction 
r  will  then  be  computed  only  for  this  middle  thread  or  this  mean 
point.  I  proceed  to  show  how  these  intervals  are  to  be  deter- 
mined  and  applied.  ^^H 
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131.  An  odd  number  of  threads  is  always  used,  and  they  are 
placed  as  nearly  equidistant  as  possible,  or,  at  least,  they  are 
symmetrically  placed  with  respect  to  the  middle  one,  and  this 
middle  thread  is  adjusted  as  nearly  as  possible  in  the  collimation 
axis.  If  the  threads  were  exactly  equidistant,  the  mean  of  the 
observed  times  of  transit  over  all  of  them  could  be  taken  us  the 
time  of  transit  over  the  middle  one,  and  this  with  the  greater 
degree  of  accuracy  (theoretically)  the  greater  the  number  of 
threads.*  But  since  it  rarely  happens  that  the  threads  are  per- 
fectly equidistant  or  symmetrical,  it  becomes  necessaiy  to  deter- 
mine their  distances ;  and  this  is  usually  the  first  business  of  the 
observer  after  be  has  mounted  Lis  instrument  and  brought  it 
apprexi mutely  into  the  meridian. 

Let  i  denote  the  angular  interval  of  any  thread  from  the 
middle  thread  ;  I  the  time  required  by  a  star  whose  declination 
is  J  t9  pass  over  this  interval.  Then  f,  being  expressed  in 
seconds  of  time,  will  also  denote  the  interval  of  sidereal  time 
required  by  a  star  in  the  equator  to  describe  the  space  between 
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the  threads ;  for  this  is  the  case  in  which  the  apparent  path  of 
the  star  is  a  great  circle.  Our  notation,  therefore,  may  be  ex- 
pressed by  putting 

i  z=  the  equatorial  interval  of  a  thread  from  the  middle  thready 

1  =  the  interval  for  the  declination  d.    . 

If  now  c  denotes  the  coUimation  constant  for  the  middle  thread, 
the  distance  of  the  side  thread  from  the  coUimation  axis  is  i  +  c; 
and  if  r  is  the  hour  angle  of  a  star  when  on  the  middle  thread, 
/+  r  is  its  hour  angle  when  on  the  side  thread.  Hence,  by  our 
rigorous  formula  (79),  applied  to  each  thread,  we  have 

sin  (/  -J-  T  —  m)  =  tan  n  tan  d  -|-  sin  (i  -|-  c)  sec  n  sec  d 
sin  (t  —  m)  =  tan  n  tan  d  -{■  sin  c  sec  n  sec  d 

the  difference  of  which  is 

2  cos  {il  -{•  T  —  m)  sin  }  7=  2  cos  (}  i  -f-  c)  sin  }  i  sec  ft  sec  ^ 

for  which,  since  r  —  m,  c,  and  n  are  here  very  small  quantities, 
we  may  write,  without  sensible  error, 

2  cos  1 7  sin  }  7  =  2  cos  }  i  sin  }  t  sec  d  ^ 

or  y     (88) 

sin  7  =  sin  i  sec  d  \ 

From  this,  /can  be  found  when  i  is  given.  On  the  other  hand, 
if  7  is  observed  in  the  case  of  a  star  of  known  declination,  we 
deduce  i  by  the  formula 

sin  i  =  sin  7  cos  d  (89) 

If  the  star  is  not  within  10*^  of  the  pole,  it  is  quite  accurate  to 
take  for  these  the  more  simple  forms 

7=1  sec  d  i  =  I  cos  d  (90) 

These  formulie  show  that  the  observed  interval  will  be  the 
greater  the  nearer  the  star  is  to  the  pole.  Hence,  for  finding  i 
from  observed  values  of  J,  it  is  expedient  to  take  stars  near  the 
pole,  since  errors  in  the  observed  times  will  be  reduced  in  the 
ratio  1 :  cos  8. 

When  the  star  is  so  near  to  the  pole  that  either  (88)  or  (89^.18 
to  be  used,  it  will  be  found  convenient  to  substitute  for  thenpn 
the  follo^viug : 

7=iscc^.A:  i  =  — r —  QIH) 


14t) 

ID  which  k 


transit  instbuhxht  in  ide  ueridiah. 
/bid  15" 


-^—^ —  and  its  logarithm  may  be  readily  taker 
from  the  following  table : 


/ 

lot  .'••<< 

lo,» 

1- 

1.778 

'0.00000 

2 

2.079 

.00001 

B 

2.255 

.00001 

4 

2.380 

.00002 

5 

2.477 

.00003 

6 

2.556 

.00006 

7 

2.62S 

.00007 

8 

2.681 

.00009 

g 

2.732 

.00011 

10 

2.778 

.00014 

11 

2.819 

.00017 

12 

2.867 

.00020 

18 

2.892 

.00023 

14 

2.924 

.00027 

15 

2.954 

.00031 

/ 

lo,.-™,* 

l.gi 

16- 

2.954 

0.00031 

16 

2.982 

.00035 

17 

8.008 

.00040 

18 

8.038 

.00045 

19 

8.056 

.00050 

20 

a.079 

.00055 

21 

8.100 

.00061 

22 

8.120 

.00067 

23 

3.139 

.00073 

24 

8.158 

.00080 

25 

8.176 

.00086 

26 

8.192 

.00093 

27 

3.209 

.00101 

28 

3.224 

.00108 

29 

3.239 

.00116 

80 

3.264 

.00124 

Example  1. — If  for  a  star  whose  declination  ia  5  =  88°  83'  wt 
have  observed  the  Interval  between  a  side  thread  and  the  middh 
thread  to  be  1=  25"  17'.6,  required  the  value  of  t. 
We  have 

log  I   3.18116 
log  COB  J    8.40320 
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Out  over  the  micrometer  thread,  aud  then  it  may  be  employed 

w  measure  the  thread  intervals. 

BEDUCTIOK   TO   THE   MIDDLE  THREAD. 

188.  Suppose  that  the  reticule  contains  five  transit  threads, 
mil  that  they  are  numbered  conBeeutively  trom  the  side  next  to 
tlic  clamp:  so  that  for  "clamp  west"  stars  at  their  upper  cul- 
niiimtiouB  cross  the  threads  in  the  order  of  their  numbers.  Then, 
if  we  denote  the  observed  clock  times  of  a  transit  over  them  by 
(,,  (p  (,,  f„  i„  and  the  equatorial  intervals  of  the  side  threads  fram 
the  middle  thread  by  !„  i^,  i^,  i^  (observing  that  i,  and  I'j  will  be 
esteutially  negative),  the  time  of  passing  the  middle  thread 
ikcording  to  the  five  obBer\-ations  is  either  t^  +  i,  sec  3, 1^  +  i,  sec  3, 
ly  l,+  I,  sec  5,  or  (j4-  i,sec5,  which,  if  the  observations  were  per- 
fect, would  be  equal  to  each  other.  Taking  their  mean,  which 
we  shall  denote  by  T,  we  have 


If  we  put 


'■  +  '■  +    '4  +  h 


ud  denote  the  mean  of  the  observed  times  by  JJ,,  we  have 


see  9    for  clamp  west, 
sec  i    for  clamp  east 


If  the  threads  are  equidistant,  L.i  vanishes;  otherwise  Aisecd 
i»  tbe  correction  to  be  applied  to  what  is  called  the  mean  of  the 
Oatads,  to  obtain  the  time  of  passage  over  the  middle  thread. 

If  there  are  seven  threads, 


_  (',  +  '.  +  '.)  +  (',  -1 


till 


(92) 


and  so  on  for  any  number  of  threads. 

At  tlie  lower  culmination,  a  star  crosses  the  threads  in  the 
reverse  order,  and,  consequently,  the  sign  of  the  correction 
iieec  i  must  he  changed ;  but  this  change  of  sign  is  effected  by 
hiking  for  3  the  supplement  of  the  declination,  according  to  the 
raetliod  pointed  out  in  Art.  128.  \Vc  shall,  therefore,  regard 
the  above  formnlie  as  entirely  general. 

A  h-ohn  transit  {one  in  which  the  transits  over  some  of  the 
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t^treftds  have  not  been  observed)  is  reduced  in  the  same  manner  ; 
that  is,  we  take  the  mean  of  the  observed  times  and  apply  to  if 
a  correction  which  is  the  mean  of  the  equatorial  intervals  of  the 
observed  threads  maltiplied  by  seed.  Thus,  if  only  the  1st,  3d, 
and  4th  of  five  threads  have  been  observed,  we  have  for  Tthe 
several  values  (,  +  i,  see  d,  1^  t^+  ?,seci,  the  correspondiug 
thread  intervals  being  i„  0,  i^ :  so  that  we  have 

In  general,  if  we  put 

M^  the  mean  of  the  observed  times  on  any  number  of 

threads, 
/  =  the  moan  of  the  equatorial  intervals  of  those  threads, 

the  time  T  of  transif  over  the  middle  thread  will  be 

r  =  3r  +  /  sec  a  (93) 

If  the  clock  rate  is  considerable,  the  reduction  of  JK"  to  7 
must  be  corrected  accordingly.     Thus,  if 

&T  ^  the  clock  rate  per  hour, 
the  reduction /see  3  becomes/sec^i  1  —  5^,);  or,  putting 


RliDIIC'TION    TO    TUB    MEAN    THREAD. 


REDUCTION    TO   THE    MEAN    OF   THE   THREADS. 

lU.  Another  mode  of  reduclug  transits  is  commonly  ueed  in 
[he  obatTvatory.  Wo  may  suppose  an  imaginary  thread  so 
plaml  in  the  field  that  the  time  of  transit  over  it  will  be  tho 
same  as  the  mean  of  the  times  on  all  the  threads,  and  for  brevity 
liii»  iDiaginary  thread  is  called  the  mean  of  the  threads,  or  tho 
BMW  tkreiul.  Then  all  observations  are  reduced  to  this  imaginary 
thread,  and  the  constant  e  as  well  as  the  inter%'als  of  the  several 
threads  are  referred  to  it,  precisely  as  if  it  were  a  real  thread. 
.  It  ia  evident  that,  where  many  complete  transits  are  to  be  re- 
duced, tills  method  saves  labor,  as  the  correction  ai  sec  S  is  avoided. 

185.  Example  1. — The  upper  transit  of  Polaris  was  observed 
TJtb  the  meridian  instrument  of  the  Naval  Academy  on  Jan. 
%,  1859,  as  in  the  second  column  of  the  following  table : 

Clamp  Erut.     i  =  %S,°  83'  64".8 


^ 

aid.  dock. 

I 

l"«' 

k>R^ 

IOf!( 

TIE 

VWOW 

-as-i* 

n3.15G03 

0.00079 

»1.61i2B0 

—  Bfr-iao 

VI 

53   56 

—  16    48 

n2.07e81 

S4 

nl.a76l8 

-  28 ,721 

V 

1    e  U 

—    T    60 

n2. 07210 

09 

nl.0706T 

-  11 .767 

IT 

8    44 

ra 

10    32 

+    7    48 

2,611125 

00 

1. no  882 

+  11  ,717 

u 

21    81 

+  15    47 

2.07(i35 

34 

1.37467 

+  28  .606 

1 

S3    80 

-|-2!{    46 

3,IS412 

7B 

1.55200 

+  86 -IMS 

The  table  exhibits  the  computation  of  the  equatorial  intervals 
of  the  side  threads  from  the  middle  thread.  The  values  of  log  k 
»re  taken  from  the  table  in  Art.  131,  and  each  value  of  log  i  ia 
found  by  the  formula  log  i  —  log /+ log  cos  J  —  log  A.  The 
sipifl  of  /and  i  are  given  for  clamp  iccsi. 

The  values  of  the  inter^-ala  must  be  found  from  a  number  of 
observations  of  this  kind,  and  the  mean  of  all  the  determina- 
tions should  be  finally  adopted. 

According  to  this  single  observation,  the  value  of  ai  for  this 
ilutrament  will  be 
^B  i,i      -  0'.021 

^Hptiie  reductions  are  to  be  made  to  the  mean  of  the  threads, 
we  find  the  values  of  /  by  taking  the  diflerenoe  between  the 


152  TRANSn   INSTRUMENT  IN   THE   MEEIOIAN. 

mean  of  all  tl.6  observed  times  and  the  time  on  each  thread, 
and  compute  i  as  before.  The  values  of  i  that  would  result  in 
the  ubpve  ez-juple  may  be  immediately  inferred,  since  thej 
will  be  equal  to  those  above  found  diminished  bj  &i.  Thus, 
arranging  the  values  in  their  order  for  clamp  west,  we  have — 


Thread. 

Int*rT«lB  to 
middle  thread. 

meen  thread. 

I 

+  Sb-Mt 

+  ss-.eee 

II 

+  23.696 

+  23 .717 

III 

+  11.717 

+ 11 .738 

IT 

0. 

+    0.021 

V 

- 11 .767 

- 11 .746 

TI 

-23.721 

-  23 .700 

VII 

-35.720 

-35.699 

Example  i.. — With  the  same  instrument  on  the  same  date,  the 
LAQsit  of  a  Arkiis  was  observed  as  follows  {clamp  east): 


Til 

1»  58"  58-.2 

VI 

lost 

V 

1    59    24.1 

IV 

30  .9 

LSVSL   CONSTANT. 


15S 


i;=  P  59-  41'.28  —  ??jI22  gee  «  =  1*  59-  37'.00 

6 

136.  Having  shown  how  the  quantity  T  in  (82)  or  (83)  is 
found,  I  now  proceed  to  show  how  to  determine  the  constants 
w,  n,  and  c.  Since  m  and  n  both  involve  6,  let  us  begin  with  the 
inyestigation  of  this  quantity. 


THE   LEVEL   CONSTANT. 

137.  The  inclination  of  the  rotation  axis  to  the  horizon  is 
usually  found  by  applying  the  spirit  level  as  explained  in  Art. 
52;  and  this  inclination  expressed  in  seconds  of  time  is  the 
value  of  the  level  constant  6,  positive  when  the  west  end  of  the 
axis  is  too  high. 

But  the  spirit  level  applied  to  the  outer  surface  of  the  cylinders 
which  form  the  pivots  does  not  directly  determine  the  inclina- 
tion of  the  rotation  axis  which  is  the  common  axis  of  these 
cylinders,  unless  the  pivots  are  of  equal  diameters. 

To  find  the  correction  for  inequdUiy  of  the  pivots^  let  C,  Fig.  38, 

Fig.  30. 


JS 

c 

F 


O 

A 


be  the  centre  of  a  cross  section  of  a  pivot,  A  the  vertex  of  the  V 
in  which  the  pivot  rests,  B  the  vertex  of  the  V  of  the  spirit  level 
applied  to  it.    Put 


2i  =  the  angle  of  the  V  of  the  level, 

2i  ==   "        **         "       V     "       transit  inst., 

r  =  the  rsdins  of  the  pivot, 

d  =  the  vertical  distance  of  B  above  C, 
ii  «  c      "      Af 


we  have 


d,=  « 


d  = 


Bin  } 


d  = 


Sin  t. 


If  now,  in  Fig.  89,  CC  is  the  rotation  axis,  A  and  B  the 
vertices  of  the  transit  and  level  V6  at  the  end  next  the  clamp, 
^*  and  B'  the  vertices  of  the  Vs  at  the  other  end  of  the  axis, 
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r'  the  radiaa  of  the  pivot  at  that  end,  then  we  have  for  the  dis- 
tances B'C  A'C, 


d,'  = 


81D  ^ 


The  level  ^ves  the  inclination  of  the  line  BB'  to  the  horizon, 
and  we  wish  to  find  that  of  CO".  Let  us  suppose  the  clsmp  at 
tirst  is  west,  and  afterwards  ea«t,  and  that  in  both  positions  of 
the  axis  the  inclination  g^ven  by  the  level  is  obsen'ed.    Let 

S,  B'  ^  the  inclinations  given  by  the  level  for  elamp  west 

and  clamp  east,  respectively, 
b,  b'  ^:  the  true  inclinatioDS  of  the  rotation  axis  for  clamp 

west  and  clamp  east, 
j9  =  the  constant  inclination  of  the  line  AA'. 

Also  draw  CE  and  CF  parallel  to  BB'  and  AA',  and  pat 

p  =  ECC  p,=  FOC' 

then,  L  being  the  length  of  the  level,  we  have 


nn^  : 


J  — d_  r'—r 
X  X  sin  t 

f  —  T 

Xsini, 


d,'-d. 


for  which  we  may  take 
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aod,  oonsequently, 

B'—Bi       sin  I,        \  ,^.. 

P  =  —^—     .     .  ^\     .  1  (95) 

By  this  formula,  when  i  and  i^  are  known,  we  can  directly  com- 
pute the  value  of  p  from  the  level  indications  B  and  B\  observed 
Id  the  two  positions  of  the  axis. 

If  the  angles  of  both  the  transit  and  the  level  Ys  are  equal  to 
each  other,  which  is  usually  the  case,  we  have  sin  i  =  sin  i^ ;  and 

then  we  have 

B'—B 

P  =  —^  (96) 

The  value  of  p  thus  found  is  called  the  correction  for  inequality 

of  pivots.     It  is  to  be  carefully  found  by  taking  the  mean  of  a 

great  number  of  level  determinations  in  the  two  positions  of  the 

axis.    By  determining  it  according  to  the  above  formula,  it  is  a 

correction  algebraically  additive  to  the  level  indication  for  clamp 

west:  so  that  the  true  level  constant  in  any  case  is  found  by  the 

formulsB 

b  =  B  -{-  p    for  clamp  west,  1 

h'=B*—p    for  clamp  east.  -  J       ^'^^ 

138.  The  inequality  of  the  pivots  may  also  be  found  without 
feversing  the  axis,  by  using  successively  two  spirit  levels,  the 
angles  of  whose  Vs  are  quite  different.  Let  2i  and  2i'  be  their 
angles,  and  B  and  -B'  the  apparent  inclination  of  the  axis  given 
by  the  two  levels  respectively.  If  then  b  is  the  true  inclination, 
and  we  put 

^""X  sin  15" 
we  have,  by  the  preceding  article, 

b  =  B+JL^ 
sm  t 


6  =  J5'+- 
whence 


sm  a 


sin  }  sin  f 


q^{B-B').  ..'.\  (98) 

.  sm  1  —  sm  V 

and  the  correction  of  inclinations  found  with  the  level  the  angle 
of  whose  Ys  is  2i  will  be 
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=  (_B-B')- 


If  we  construct  the  levels  so  that  their  angles  are  supplements 
of  each  other,  that  is,  make  2 1'  =  180°  —  2i,  the  formula  becomes 


For  example,  if  27  =  157°  23' and  2i'  =  22''87',  we  have 
7)  =  i  (5  —  S') :  so  that  as  accurate  a  determination  of  p  may 
be  found  in  this  wa;  as  by  reversing  and  employing  the  formula 
(96). 

139.  Example  1. — The  following  example  of  a  case  in  which 
the  angle  of  the  level  V  difiered  from  that  of  the  transit  V  is 
given  by  Sawitbch.  A  portable  instrument  was  mounted  in  the 
meridian,  and  three  sets  of  observations  were  made  consecutively 
for  tlie  determination  of  p,  as  in  the  following  table ; 


No.  of  Jefer- 

Cl>«.p. 

LsTol  readings. 

Bandff 

B--B 

WeBl. 

East. 

1 

W.  J 
E. 

B.     18.2 
A.     U.O 

A.  18.4 

B.  17-9 

IS.l 
12.4 

8.4 
8.2 

dir. 
B  =  -{-  0.42 

-ff  ^  +  4.92 

div. 
4-4.50 

S9 

■ 
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and  hence,  by  (95), 

If  we  had  assumed  i  =  I'l,  we  should  have  found,  by  (96), 
p  =  -\-  O'.IS,  very  nearly  the  same  as  by  the  complete  formula, 
although  there  is  a  considerable  difference  between  i  and  ii. 

To  find  the  true  inclination  of  the  axis  during  these  observa- 
tions, we  hav«,  by  taking  the  mean  of  the  values  of  B  and  B\ 

div. 

B  =  +  0.46  =  +  0*.05 
J?'=  + 5.19  =  +  0.58 

whence 

b  =  +  0'.05  +  0M4  =  +  O-.ie 
i/rrr  +  0  .58  —  0 .14  =  +  0 .46 

Example  2. — In  October,  1862,  the  pivots  of  the  Repsold 
meridian  circle  of  the  U.S.  Naval  Academy  were  examined  by 
twentj'-four  determinations  of  the  inclination  of  the  axis,  twelve 
in  each  position,  and  the  means  were 

div. 

Clamp  west,     B  =  +  0.68 
•  «      east,      B'=  +  0.74 

One  division  of  the  level  was  equal  to  0*.079 ;  and  hence 

div. 

p  =  +  0.015  ==  +  0'.0012 

which  was  neglected,  as  of  no  practical  importance.  Indeed,  it 
i8  hardly  to  be  presumed  that  the  level  readings  were  sufficient 
to  determine  so  small  a  quantity  with  certainty ;  nevertheless 
they  suffice  to  prove  the  same  excellence  of  workmanship  in 
these  pivots  as  in  those  of  other  instruments  of  Repsold's.  In 
the  meridian  circle  of  Pulkowa,  made  by  the  same  distinguished 
artist,  Struvb  found  an  inequality  of  pivots  of  only  0*.0025. 

140.  The  linear  difference  of  the  radii  of  the  pivots  may  also 
be  found ;  for,  by  the  above  formulae,  we  have 

^  T    •    •  •    1  ;^^r     (B'—  B)Lmn  15" sin  t  sin i      .- ^^ 

r^r=  pL  sm  i  sm  15" =^ ^  ^  .     r-; — ; — rr (100) 

^  2  (sm  I  +  sm  ti)  ^ 

The  value  of  L  in  the  Example  1  of  the  preceding  article  was 


Pig.  *0. 
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10.85  inehes,  and  hence  r'  —  r  =  0.000075  inch.     Small  as  thia 
difference  appears,  it  is  eatisfactorilj'  determined  by  the  level. 

141.  The  level  constant  may  also  be  found  by  the  aid  of  the 
mercury  collimator  (Art.  47)  and  the  micrometer.  For  large 
instruments,  it  is  convenient  to  have  the  mercury  basin  perma- 
nently placed  immediately  under  the  instrument,  a  little  below 
the  level  of  the  floor,  and  covered  only  by  a  small  movabU 
trap-door  in  the  floor. 

Let  CC,  Fig.  40,  be  the  rotation  axis  of  the  instrument;  EC 
the  collimation  axis,  perpendicular  to  CC'i 
3/A'^the  surface  of  mercury.  There  will  be 
formed  in  the  field  of  the  telescope  a  reflected 
image  of  each  thread  of  the  reticule;  bul 
we  shall  here  use  only  the  movable  micro- 
meter thread  (wljich  wilt  be  assumed  to  be 
parallel  to  the  transit  threads).  Let  thit 
micrometer  thread  be  brought  into  coinci. 
dence  with  its  own  reflected  image,  which 
occurs  when  it  is  at  that  point  a  of  the 
tield  which  lies  in  the  line  bO  drawn 
through  the  optical  centre  of  the  objedtive, 
perpendicular  to  the  horizontal  surface  of 
the  mercury;  and  hence  it  follows  that,  in 
this  position,  the  angle  nO^is  equal  to  the 
inclination  of  the  rotation  axis  CC  to  the  surface  MN,  or  that 
aO^is  equal  to  the  required  level  constant.  Now,  let  the  rota- 
tion axis  he  reversed ;  the  directions  CC  and  EO  remain  un- 
changed (provided  the  jiivots  are  equal),  and  the  micrometer 
thread  is  now  at  a\  at  the  same  distance  ag,  before  from  the  coi- 
limation  axis;  if  then  the  thread  is  again  brought  into  coinci- 
dence with  its  image,  it  must  be  moved  over  a  distance  a'a 
^  twice  the  required  level  constant.     If  then  wc  put 

M  =  the  micrometer  interval  (expressed  in  seconds  of  time), 

positive  or  negative  according  as  the  micrometer  tlireait^H 
is  east  or  west  of  its  image  aflcr  reversal,  ^^| 

we  shall  have 


M 


(101) 


and  b  will  thus  be  positive  when  the  west  end  ia  elevated, 


vated.      ^1 
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Vthe  pivots  Kfe  unequal,  b  and  b'  being  the  true  iuclinatioDS 
cf  the  axia  for  clamp  west  and  clamp  east  respectively,  we  ehall 
lave,  after  reversal,  EOa'  ^  b,  and  after  making  a  coincideneo 
tgsin,  EOa  =  b' ;  and  hence 

nod,  from  (96)  and  (97), 

b'  —  b^2p 
whence 

It  appears,  then,  that  the  mercury  collimator  alone  is  not  ade- 
quate to  the  determination  of  the  level  constant  when  the  pivots 
arennequal,  einco  the  quantity  p  must  be  otherwise  determined. 
The  only  independent  method  of  finding  ;j  is  by  the  spirit  level ; 
but  we  shall  see  hereafter  how  the  level  may  be  dispensed  vrith 
(or  its  indications  verified)  by  means  of  the  mercury  collimator 
m  combination  with  coUimating  telescopes. 

142.  The  pivots  may  be  not  only  unequal,  but  also  of  irregular 
Ejrntvs*  To  determine  the  existence  of  irregularities  of  form, 
fte  level  should  he  read  off  with  the  telescope  pla^'ed  successively 
It  every  10°  of  zenitli  distance  on  eaeh  side  of  the  zenith.  Tlie 
mean  of  all  the  inclinations  found  being  called  B„,  and  B'  being 
that  found  at  a  given  zenith  distance  z,  B^~  B'  is  the  correc- 
tion to  be  applied  to  any  level  reading  afterwards  taken  in  the 
tame  position  of  the  rotation  axis  and  at  the  same  zenith  dis- 
tance. The  level  readings  are  thus  freed  from  the  irregularitka 
of  the  pivots,  but  we  still  have  to  apply  the  correction  for  vi- 
tqunlity  of  the  two  pivots;  and  this  inequality  will  be  deter- 
mined by  taking  one-fourth  of  the  difference  of  the  mean  values 
of  B,  (found  as  just  explained)  in  the  two  positions  of  the  rota- 
tion axis. 

For  the  examination  of  the  form  of  the  pivots  of  the  great 
Transit  Circle  of  Greenwich,  "each  is  perforated,  and  within 
tbe  hollow  of  the  eastern  pivot  is  fixed  a  plate  of  metal  perforated 
with  a  very  small  hole,  behind  which  a  light  can  be  placed  for 
illumination ;  and  in  the  hollow  of  the  western  pivot  there  is 
fixed  an  object  glass  at  a  distance  from  the  perforated  plate  equal 
to  its  focal  length.  Tins  combination  forms  a  collimator  re- 
volving with  the  instrument  It  is  viewed  by  a  telescope  of  7 
feet  focal  length,  which,  when  required,  is  placed  on  Vs,  one  of 
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them  planted  in  the  opening  of  the  western  pier,  and  the  othor 
in  a  hole  made  for  that  purpose  in  the  western  wall  of  the  rooni^ 
By  a  series  of  most  careful  obBorvationa  in  1850,  '51,  and   '52,  ncr 
appreciable  error  could  be  discovered  in  the  form  of  the  pivota."* 
These  pivots  are  six  inches  in  diameter. 
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143.  The  constant  c  may  express  the  distance  from  the  colH- 
mation  axis  either  of  the  middle  thread  or  of  the  tictitious  thread 
denoted  by  the  "mean  of  the  threads;"  the  former,  when  T\n 
(82)  is  the  time  of  transit  over  the  middle  thread,  and  the  latter 
when  T'm  the  time  of  transit  over  the  mean  of  the  threads 

Let  us  tirst  determine  c  for  the  middle  thread;  its  value  for 
the  mean  of  the  threads  cau  afterwards  be  found  by  adding  the 
quantity  Ai  (Art.  133) ;  thus,  denoting  the  latter  by  f„  we  shall 
have 

c,=  c  -f-  Al"  (lOS) 

144.  I\rsC  Method. — Place  the  telescope  in  a  horizontal  position, 
and  select  any  terrestrial  object  that  presents  some  well  deSned 
point,  and  so  remote  that  the  stellar  focus  of  the  telescope  need 
not  be  changed  to  obtain  a  good  definition  of  the  pointf  Mea- 
sure with  the  micrometer  the  distance  of  the  point  from  the 
middle  thread.  Reverse  the  rotation  axis,  and  again  measure 
this  distance.  If  it  is  the  same  as  before,  the  thread  is  in  tin, 
coUimation  axis,  and  c  —  0 ;  otherwise  c  is  one-half  the  difference 
of  the  micrometer  measures.  To  obtain  a  simple  practical  ruU 
which  will  fix  the  sign  of  c  for  clamp  west,  piit  

M,  M'  =  the  micrometer  distances  of  llio  mitlOie  thread  from  f^H 
the  point,  positive  when  the  thread  appears  in  tba  ^H 
field  to  be  nearer  to  tlio  clamp  than  tho  point;  '^^ 

then,  for  clamp  west, 

c=iiM+M-)  (104) 

This  gives  c  with  the  positive  sign  when  the  thread  is  nearer 
to  the  clamp  than  the  coUimation  axis,  in  which  case  stars  at 

•  Qrceniriob  Obs.  Tor  1862.     tnlrod.  p.  i». 
t  Tha  meridlBn  mark,  if  one  hu  been  estabnihed,  wiU,  of 
this  poiDt.  '  See  Art.  l&O. 
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tbeir  tipper  cnlniinations  arrive  at  tbe  thread  before  they  reach 
UtBaxie,  and  the  correction  cseciJ  mast  be  additive. 

By  this  method,  no  correction  for  the  inequality  of  the  pivots 
is  required,  sitice  tlic  telescope  is  horizontal, 

Insteud  of  a  distant  terrestrial  point,  we  may  BubBtitute  the 
intersection  of  two  tlireada  in  the  focus  of  a  horizontal  coUi- 
matiiip  telescope,  placed  north  or  south  of  the  instrument.  To 
Moid  reversing  the  axia,  two  such  collimators  are  used,  as  in 
the  following  method. 

U5,  Sfcond  Method. — Let  two  horizontal  collimating  telescope* 
flttid  F.  Fig.  41,  be  mounted  on  piers  in  the  transit  room,  one 


north  and  Hje  other  south  of  the  transit  instrument,  in  the  same 
plane  with  ila  rotation  axis,  tbeir  objectives  turned  towards  this 
ude,  and,  consequently,  towards  each  other.  Suppose,  for  aim- 
plidty,  that  the  collimators  have  each  a  single  veitical  thread 
JVor  S  in  the  principal  focus.  The  transit  instrument  being  at 
fiiHt  removed  bo  as  not  to  obstruct  the  view  of  one  colhmator. 
from  Uie  other,  an  image  of  the  thread  of  either  collimator  will 
be  formed  at  the  focus  of  the  otlier,  and  either  thread  may  be 
adjusted  so  as  to  coincide  exactly  with  the  image  of  the  other. 

Then  the  two  sight  lines  of  the  collimators  are  in  the  same 
line,  or  at  ieast  are  parallel  to  each  other,  and  their  tlireada 
wbeu  viewed  by  the  transit  telescope  represent  two  infinitely 
distant  objects  whose  difference  of  azimuUi  is  precisely  180°. 
Replacing  the  transit  instrument,  direct  it  first  towards  the 
north  collimator.  T^et  CC  be  its  rotation  axis,  AA'  perpendi- 
cular to  CC  its  coUimatiou  axis,  T  the  middle  thread  of  the 
diaphrof^  at  the  distance  AT  —  c  west  of  the  axis.  An  image 
of  J\rwiU  be  formed  at  N'  at  a  distance  AN'  from  the  coUima- 
tion  Axis,  which  ia  the  measure  of  the  dif,:renee  of  directions  of 
Tot.  n— 11 
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the  common  sight  line  of  the  collimators  and  the  axis  AA'. 
Measure  with  the  transit  micrometer  the  distance  (=:  M)  of  T 
from  N'.  Next  revolve  the  telescope  upon  its  rotation  axis  and 
direct  it  towards  the  south  collimator.  The  axis  VC"  is  un- 
changed, and  the  point  A  of  the  focus  which  represents  the 
collimation  axis  is  now  found  at  A'.  The  image  of  iS  is  formed 
at  N'  at  a  distance  A'S'  from  the  collimation  axis,  which  ia  again 
the  measure  of  the  difference  of  directions  of  the  common  eight 
lino  of  the  collimators  and  the  axis  AA':  so  that  we  have  AN' 
=  A'S';  but  the  points  S'  and  J\"  are  on  opposite  sides  of  the 
axis.  The  middle  transit  thread  is  now  at  T'  on  the  same  side 
of  the  collimation  axis  and  at  the  same  distance  from  it  tts 
before:  so  that  we  have  aieo  A' T'~c.  Ilence,  rerftembering 
that 

M,  M'  ^  the  micromoter  distaneca  of  the  midUlo  thread  west 
of  tho  Dorth  and  south  collimator  threads,  respect- 


■ 

I 


we  evidently  have  ^^| 

To  give  this  method  the  greatest  degree  of  precision,  it  wiH 
not  Buflice  to  use  single  vertical  threads  in  the  collimators,  on 
account  of  the  difficulty  of  estimating  the  coincidence  of  two 
superposed  threads.  It  is  also  clear  that  the  sight  lines  of  the 
two  collimators  must  not  be  marked  by  two  entirely  similar  and 
equal  systems  of  threads,  since  to  bring  the  sight  lines  into  coinci- 
dence we  should  still  have  to  superpose  one  system  upon  the  other. 
A  simple  method  is  to  substitute  for  the  single  thread  in  the 
north  collimator  two  very  close  parallel  vertical  threads,  and  iii 
the  south  collimator  two  threads  intersecting  at  an  acute  angle 
and  making  equal  angles  with  the  vertical.  Then  the  middle 
point  between  the  close  parallel  threads  marks  the  sight  line  of 
the  north  collimator,  and  the  coincidence  of  the  intersection  of 
the  cross  threads  of  the  south  collimator  with  this  point  can  ha 
judged  of  by  the  eye  with  great  delicacy.  It  will  assist  the  eye 
somewhat  if  the  collimatoi's  have  also  two  parallel  horizontal 
threads  equidistant  from  the  middle  of  the  field,  hut  not  at  the 
same  distance  from  each  other  in  both  telescopes. 

In  the  large  transit-circle  of  the  Greenwich  Observatory  the 
whole  system  of  transit  threads  is  moved  by  the  micrometer 
screw.     In  this  case  let  M  and  M'  be  the  micrometer  readmgi 


JOLLIMATION    CONSTANT. 


163 


when  the  middle  thread  is  in  coincidence  with  the  two  colli- 
BHtore  respectively;  then  3/„  —  A  {M  +  M')  is  the  reading  wlicii 
Ihemiddle  thread  in  in  the  uxia  of  eoliimation,  and  c  =  0 ;  and 
if  during  any  subsequent  observations  the  micrometer  is  placed 
ataiilFereut  reading  w),  we  must  talce  for  the  reduction  of  such 
otiKrvatioDs  c  =  M,  ~  m. 

EUMPLB. — On  Feb.  7,  1853,  the  collimators  of  the  Greenwich 
tmnait-eircle  having  been  brought  into  coincidence,  the  middle 
transit  thread  was  brought  successively  npon  each  collimator, 
ud  the  reading  of  the  micrometer  for  the  north  collimator  waa 
31'.800,  and  for  the  south  collimator  31'.521.  Hence,  the  micro- 
meter being  set  at  the  mean  31''.411,  the  middle  thread  would 
be  in  the  collimation  axis,  and  then  c  =  0.  But  if  tlie  transit  of 
ittsr  was  obaor\'ed  on  that  date  with  the  micrometer  set  at 
tl'Jb,  we  should  have  c  =  31'.411  -  31'.5  =  —  0'.089,  or,  since 
r=0'.985,  <;--0-.088. 

148.  For  merely  determining  the  collimation  constant,  it  is 
not  Decesaaty,  as  hus  been  above  supposed,  that  the  coUiuiators 
^  in  the  same  horizontal  plane  with  the  axis  of  the  transit 
inttrnmeiit  They  may  be  in  a  plane  so  far  above  (or  belowj 
ftat  of  the  transit  instrument  that  the  telescope  of  the  latter 
*lien  horizontal  will  not  intercept  the  view  from  one  to  the 
other.  If  then  each  collimator  is  mounted  a^  a  transit  instru- 
ment and  its  rotation  axis  ie  level,  it  can  be  depressed  (or 
vicvatcd)  until  its  threads  can  be  viewed  by  the  transit  tele- 
Be»pe.  If  the  inclination  of  each  collimator  to  the  horizon  is 
tiie  same,  and  the  measures  of  the  dis^tances  of  the  middle  transit 
threads  from  the  two  collimating  threads  are  as  before  M  and  M', 
wortill  have  c  =  J  (3/ -h  iV).  The  objection  to  this  arrange- 
meat  '3  that  tlie  Biglit  lines  of  the  collimators  must  l»e  made  per- 
pendicular to  their  rotation  axes,  and  these  axes  must  he  levelled, 
adjustments  which  are  unnecessary  when  they  are  iu  the  aamo 
or  very  nearly  the  aamo  Iiorizontul  plane  as  the  axis  of  the  prin- 
cipal instrument. 

To  avoid  the  necessity  of  raising  the  transit  instrument  out 
of  the  Vs  (when  tlic  tbivo  instruments  are  in  tlio  same  horizontal 
plane),  two  apertures  may  he  made  in  the  cube  of  the  telescope, 
through  which,  when  the  teleseopo  is  vertical,  the  horizontal 
rays  from  the  collimatoi-s  may  pass. 
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147.  Third  Method, — ^Direct  the  instrument  vertically  4owar< 
the  mercury  collimator,  and  measure  with  the  micrometer  tl 
distance  of  the  middle  thread  from  its  image ;  put 

3f  =^  the  micrometer  distance  of  the  thread  from  Its  image, 
positive  wben  the  thread  is  aest  of  its  image; 

then  it  is  evident  that,  if  the  rotation  axis  is  horizontal,  we  shf 
have  M  ==  2c;  but,  if  the  west  end  ia  elevated  by  the  quantity 
the  apparent  distance  of  the  thread  and  its  image  will  be  dimi 
iahed  hy  2 b:  so  that  we  shall  then  have  M=  2c  —  26,  whence 

c  =  ^M+b  (10 

which  g^ves  e  with  its  proper  sign  for  the  actual  position  of  tl 
rotation  axis. 

If  we  wish  to  determine  the  level  constant  at  the  same  tim 
we  reverse  the  axis,  and  again  measure  the  distance  of  the  midd 
thread  from  its  image.     Then,  putting 

M,  M'=  the  distances  of  the  thread  west  of  its  image  for 
clamp  west  and  clamp  east,  respectively, 
b,  b'  =  the  level  constants  in  the  two  positions, 

we  have,  for  clamp  west, 

e=iM+b 
and  (mnce  the  mgn  of  e  is  changed  by  the  reversal),  for  claa 
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"be  Dsed  for  determinitig  the  small  quantities  e  and  b  according 
to  the  above  method,  as  follows.  Let  AB,  Fig.  42, 
be  the  middle  trausit  thread,  A'B'  its  reflected 
imige  iti  the  collimator,  CD  the  micrometer  thread. 
Jfove  the  micrometer  thread  CD  uutil  the  diatnnce 
tntween  it  and  its  imago  CD',  estimated  by  the 
eye,  is  equal  to  the  distance  between  the  transit 
^ad  AB  and  its  image,  that  is,  until  the  two  threads  and 
their  images  form,  to  the  eye,  a  perfect  square.  This  square  in 
ilwaj'B  verj-  small  in  a  tolerably  well  adjusted  instrument,  and 
can  be  very  accurately  formed  by  estimatiou.  We  have  then 
unly  to  measure  the  distance  of  CD  and  CD'  to  obtain  the 
ft-quired  distance.  Now,  if  we  move  CD  we  also  cause  the 
imageCX''  to  move;  but  it  is  evident  that  (the  telescope  not 
bcJDg  disturbed)  if  CD  is  moved  to  CD',  the  image  will  be  seen 
It  CD,  and,  in  passing  from  one  position  to  the  other,  the  thread 
«nd  its  image  will  be  in  coincidence  at  the  point  midway  between 
the  two  positions.  If  this  coincidence  could  be  observed  with 
peifect  accuracy,  we  might  read  the  micrometer  head  first  when 
Ibe  square  was  formed,  and  secondly  when  the  coincidence 
occurred  and  the  difference  of  the  readings  would  be  one-half 
the  required  measure  of  the  side  of  the  square.  But,  as  the 
tbreada  have  sensible  thickiicsB,  it  is  difficult  to  estimate  the 
(obctdence  of  the  middle  of  the  thread  with  the  middle  of  its 
image,  and  therefore  it  will  be  better  to  read  the  micrometer, 
first  when  the  square  is  formed  by  the  thread  at  CD  and  its  image 
AC'D',  and  secondly  when  the  square  is  again  formed  by  the 
duead  at  CD'  and  its  image  at  CD.  The  difference  of  the 
mdings  will  then  be  the  required  measure  of  the  side  of  the 
Ijnre  or  of  the  quantity  above  denoted  by  M. 

ExAMPLK  1. — In  1857,  June  28,  at  the  Naval  Academy,  to  find 
the  collimation  constant  of  the  meridian  circle,  the  distance  of 
the  image  of  the  middle  thread  from  it«  image  in  the  mercury 
colHmalorwafl  measured,  by  forming  a  square,  as  above  explained, 
with.ihe  declination  micrometer  thread,  alternately  north  and 
Krath  of  ita  own  image.  The  readings  of  the  micrometer  were 
53.8  div.  and  59.5  div.  The  middle  thread  was  west  of  ita  image. 
The  value  of  one  division  of  the  micrometer  was  0'.0618.  The 
level  conataut  found  by  the  spirit  level  was  b  =  —  0'.247.  Clamp 
West. 
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We  find 


+  6.0  =  +  0'.371 
J  Jtf  +  6  =  +  fr.ise  - 


Example  2. — In  1855,  May  11,  with  the  same  inatrumen 
Biniilar  observation  was  made,  both  with  clamp  west  aud  cli 
east,  and  there  were  found 


Clamp  W., 
"     E., 


-  fi.4    (Thread  east  of  its  image) 


Hence,  since  for  this  instrument  jj  =  0,  wo  find 

c=       {(M—  ]!£•')=  —  0'.042  for  clamp  W, 
b  =  —  liM+M')=  +  0 .125 

148.  By  combining  the  collimating  telescopes  with  the  v 
cury  collimator,  we  can  deduce  both  the  collimation  and  1< 
constants  without  reversing  the  rotation  axis  and  without 
volving  the  inequality  of  the  pivots.  For,  by  the  collimai 
telescopes,  we  deduce  the  value  of  c,  and  by  the  mercury  c- 
mator  in  the  same  position  of  the  axis,  tlie  value  of  6  =  c  —  j 
This  is  the  method  now  employed  at  the  Greenwich  Observat 
where  the  transit  circle  is  never  reversed ;  but  it  is  better  i 
to  reverse,  and  thus  obtain  two  independent  determination! 
our  constants  for  verification, 

If  wo  reverse  the  instrumeut  and  determine  the  level  const 
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more  of  the  same  side  threads  again.  Let  T  and  T'  be  the 
mean  of  the  clock  times  of  transit  over  the  middle  thread, 
deduced  from  the  several  observations  for  clamp  west  and  clamp 
east  respectively  (Art.  133) ;  b  and  b'  the  level  constants  in  the 
two  positions  (the  pivots  being  supposed  unequal) ;  then,  by  (82), 
(83),  and  (87),  we  have,  for  clamp  west, 

g^  r+  AT  +  g  "'"^^  ^^^  +  b  ^^^^^  -^^  +  _£_  ^O-'Q^lcosy 

cos  d  cos  d  COB  d  COS  d 

and,  for  clamp  east, 

i=r|    aT  I    a^^^^'P  —  ^)    I   yCQ8(s^r-^ i 0v021co8st> 

cos  d  COS  d  cos^         cos  d 

From  the  diff3rence  of  these  equations  we  deduce 

c  =  ^  (2"  —  T)  cos  ^  +  p  cos  (sP  —  d)  (108) 

in  which  we  have  substituted  p  for  \{b'  —  6).     If  the  pivots  are 
equal,  the  ternx.2)cos(^  —  d)  will  disappear. 

If  Tand  T^  are  the  times  of  passing  the  mean  thread  (Art.  134), 
then  e  is  the  coUimation  of  this  fictitious  thread. 

150.  If  the  equatorial  intervals  have  not  been  previously  well 
determined,  the  mean  of  the  transits  over  the  same  thread  in  the 
two  positions  must  be  compared  with  the  transit  over  the  middle 
thread.  Thus,  if  T^  and  T*/  are  the  clock  times  on  the  same 
thread  for  clamp  west,  and  clamp  east,  we  have,  for  this  thread, 
\  being  its  equatorial  interval  (omitting  the  diurnal  aberration^ 
which  would  be  eliminated), 


^       .         .   .      m  ,      sin  (tf>  —  ^)   .    ,  cos  (0  —  S)  ^      c 

cos  d  COS  d  COS^ 

rwy»  .  ...  rwn     X  8111  (tf>   ^)       .       ,-COS(«>   ^)  C 

•  =  T/— t\sec^  + A!r+ a — +  b'       ^^        ^ 


cos  d  COS  d  cosd 

and,  for  the  middle  thread,  supposed  to  be  observed  with  clamp 
west, 

COS  d  COS  d  cosd 

The  difference  between  the  last  equation  and  the  mean  of  the 
irst  two  gives 

^  ^lTjL±_Ii,  _  T'jcos  a  +  ;>  cos  (f»  —  d)  (109) 
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but,  since  the  error  of  observation  in  T  will  appear  in  all  ■ 
vftluee  of  c  thus  found  from  the  sGveral  threads,  their  mean  v 
also  involve  this  error,  so  that  bat  a  slight  increase  of  accun 
will  he  gained  by  observing  more  than  one  side  thread.  Hen 
for  the  greatest  precision,  it  is  indispensable  that  the  thn 
intervals  should  be  previously  well  determined,  and  that  seve 
threads  should  he  used  aa  prescribed  in  the  preceding  article. 
These  forniulfe  apply  without  modification  to  the  case  ol 
lower  transit,  if  for  3  we  use  the  supplement  of  the  star's  dei 
nation  {Art.  128). 

Example. — On  Sept.  30, 1858,  the  lower  transit  of  Polaris  v 
observed  with  the  meridian  circle  of  the  Naval  Academy  on  1 
three  side  threads  and  the  middle  thread  with  clamp  east,  a 
on  the  same  side  threads  with  clamp  west,  aa  below : 

PolarU  (lower  eulm.)  6  =  91"  20'  84". 


Thread. 

Clack. 

Reduolion  to 

middle  thread. 

Clock  time  on 
middlB  thread. 

•  ' 

CLE. 

I 
II 
III 
IV 

I2»  44"  45'. 

12  52    41 

13  0    S9 
13     8    24.5 

■i-  23-  39'.2 
+  15    44,8 
+    7    47  6 

13*  8-  24'.2 
25.8 
26.5 
24.5 

Moan  r  = 

13   8    25.25 

TIT 

1.<l     1«     91 

7     d7    .1 

i.q  «    -i-A  .-^ 

■ 
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image  in  the  mercury  collimator  was  found  with  clamp  east  tq 
be  - 19.9  div.  =  — 1*.230,  and  by  the  spirit  level  there  was  found 
i  =  +  0'.621,  whence  c  =  —  O-.eiS  +  0'.521  =  —  0'.094  (CI.  E.), 
agreeing  almost  exactly  with  the  value  found  by  Polaris. 


THB   AZIMUTH   CONSTANT. 

151.  To  find  the  azimuth  constant,  we  must  have  recourse  to 
the  observations  of  stars,  since  it  is  only  by  a  reference  to  the 
heavens  that  the  direction  of  the  meridian  can  be  determined. 
We  can  either  find  a  directly,  or  first  find  n  and  m,  from  jvhich 
a  can  be  deduced. 

To  find  a  directly. — Observe  the  transits  of  two  stars  of  different 
declinations  d  and  d'.  Let  Tand  T'  be  the  clock  times  of  transit 
reduced  to  the  middle  thread  (or  the  mean  thread),  b  the  level 
constant,  c  the  collimation  constant  for  the  middle  thread  (or 
the  mean  thread),  and  put  c'  =  c  —  0*.021  cosy>  (Art.  126).  Let 
Af,  be  the  clock  correction  at  any  assumed  time  T^  dT  the 
hourly  rate ;  then  the  clock  corrections  at  the  times  of  observa- 
tion are 

A!r=  a7;+  dT{T-^  To) 

Then,  if  a  and  a'  are  the  apparent  right  ascensions  of  the  stars 
at  the  time  of  the  observation,  as  found  from  the  Ephemeris, 
we  have,  by  (82)  and  (87), 

a=r-f  ^T  -^  a  sin(^  —  d)  sec  d  -{-  b  cos  (^  —  d)  sec  ^  -|-  c'  sec  d 
a'^  T+  A  T'+  a  sin  (^  —  ^)  sec  d'+  b  cos  (^  —  /)  sec  5'+  (/  sec  3' 

If  in  these  we  substitute  the  above  values  of  a  T  and  a  T',  and 
suppose  the  rate  of  the  clock  to  be  given,  every  thidg  in  the 
equations  will  be  known  except  aTJ  and  a.     To  abbreviate,  put 

• 

f  =  T'+  aT(r'—  T,)  +  b  cos  (sP  —  ^)  sec  d'+  (/  sec  ^  )     ^^^^^ 

that  is,  let  t  and  t'  denote  the  observed  clock  times  reduced  to 
the  assumed  epoch  T^  and  corrected  for  level  and  collimation ; 
then  we  have 

e  =  f  -f  A  T^  -f  a  sin  (f  —  ^  )  sec  ^ 

a'=  t'+  A 7;+  a  sin  l^  —  ^')Bee  a' 
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which  givQ 

L       cos  i'  GOB  d       J 


whence 


cos  d  COS  d' 


=[(.■-.)-(,'-,)]- '""'°"' 


^  COS  y  sin  (i  —  3') 


COB  f  (tan  ^  —  tan  d') 


(HI) 


From  these  formulfe  we  learn  the  conditions  accessary  for 
the  accurate  determination  of  a.  In  the  first  place,  if  the 
rate  of  the  clock  is  not  well  determined,  the  interval  between 
the  observations  must  be  as  brief  as  possible,  so  that  t  and  I' 
will  be  but  little  aftected  by  the  eiror  in  3T.  The  right  ascen- 
sions of  the  two  stars  must  therefore  differ  as  little  as  possible; 
or,  if  one  of  them  is  observed  at  its  lower  culmination,  they 
must  differ  by  nearly  12*.  In  the  next  place,  it  ia  evident  that 
the  larger  the  factor  tan  3  '—  tan  3'  in  the  denominator  of  (111), 
the  less  effect  will  errors  in  ('  and  I  have  upon  the  deduced 
value  of  a.  Therefore,  if  both  stars  are  observed  at  the  upper 
culminations,  one  must  be  as  near  to  the  pole  and  the  other  as 
fiir  from  it  as  possible.  Finally,  the  right  aBcensions  a  and  a' 
must  be  accurately  known,  and,  therefore,  only  fundamental 
slioiil,]   l.e 
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a  =  —- 5^ -^  (112) 

2  cos  f  tan  d 

where  a'  is  the  apparent  right  ascension  of  the  star  at  the  lower 
culmination  increased  by  12*,  and  ('  is  the  corrected  time  for  the 
lower  culmination. 

If  the  object  of  the  observer  is  to  re-determine  the  right 
ascensions  of  the  fundamental  stars  themselves,  it  is  plain  that 
he  must  have  an  instrument  of  the  greatest  stability,  and  for 
the  determination  of  the  azimuth  must  rely  upon  upper  and 
lower  culminations  of  the  same  star;  for  the  difference  a'  — a 
in  (112)  may  be  accurately  computed  by  the  formulse  for  pre- 
cession and  nutation,  although  the  absolute  values  of  a  and  a' 
may  be  but  approximately  known. 

Tofnd  n  directly. — Having  observed  two  stars  under  the  con- 
ditions above  given,  let  t  and  V  be  the  clock  times  reduced  for 
rate  to  the  assumed  epoch  T^  as  before,  but  further  corrected 
only  for  collimation ;  that  is,  put 


}    (113) 


t  =  T  +  dT (^T ^  T^)  -{■  (/seed 
t'=  r'+  dT{T—  tJ)  +  (/sec  d' 

then,  by  Bessel's  formula,  Art.  126, 

tt  =  f+AT^+m-|-n  tan  d 

a'=f+  a7;+  m+  ntand' 
whence 

„  =  (t'-t)-(a'-a)  jj^^ 

tan  d  —  tan  d' 

For  a  single  circumpolar  star  observed  at  its  upper  and  lower 
culminations, 

2  tan  <>  ^      ^ 

Ve  then  find  m  by  (85) ;  namely, 

m  =  6  sec  f»  —  n  tan  ^  (116) 

K  we  reduce  our  observations  by  Bessel's  or  Hansen's 
formula,  it  will  be  unnecessary  to  find  a.  K  it  is  required,  how- 
ever, it  may  now  be  found  by  the  equation 

a  =  b  tan  ^  —  n  see  ^  (H*^) 
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Example. — On  May  25,  1854,  with  the  meridian  circle  of  i 
U.  S,  Naval  Academy,  the  upper  and  lower  transits  of  Polaris  e 
the  transit  of  aArieiia  were  observed,  and  the  clock  times  redu( 
to  the  middle  thread  were  aa  follows : 
T 
Polaris  U.  C.       1*  14"  48'.24    (CUmp  East) 
^Arietta  2     8     9.13  " 

Polaris  h.C.      13   14    40.12  " 

With  the  spirit  level  and  mercury  collimator,  there  were  fou 
b  =  +  0'.004,  e  =  —  0'.203.  The  hourly  rate  of  the  clock 
sidereal  time  was  57"—  —  0'.224.  The  longitude  of  the  iust 
ment  was  5*  5"  55"  W.  of  Greenwich,  and  the  latitude  y  =  38° 
52".5.    Find  the  constants  a,  m,  and  n. 

From  the  Nautical  Almanac  for  tliis  date  the  right  ascensit 
and  declinations  of  the  stars,  reduced  to  the  time  of  the  obe 
vations,  are 

a  »  N»(.  Un  6 

Polaris  V.  C.      1»    5-  29'.41        88°  31'  39"  88.902 

aAridis  1   58    56.05        22    46    7  0.420 

Polaris  L.  C.     IS     5    29 .75        91    28  21  —  38.902 

TVe  find  for  the  constant  of  diurnal  aberration  for  the  gi% 
latitude,  O'.021cosyi  =  0'.016,  and  hence  c'=  —  O-.SOS  —  CI 
=  —  0'.219.  Computing  c'  sec  d,  b  cos  (p  —  3)  sec  d  for  each  st 
and  reducing  the  times  for  rate  to  0*,  the  values  of  t,  accord! 
to  (110),  are  found  as  follows: 
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To  exemplify  the  use  of  (111)  in  the  case  of  two  stars,  one 
above  and  the  other  helow  the  pole,  we  will  take  a  Arietis  and 
Polaris  L.  C,  for  which  we  find 


a'-a  =  lP6-'33'.70 

whence 

a  = 


r— f  =  11*6*37-.17 
tan  <>  —  tan  <>'  =  39.322 


—  3-.47 


39.322  cos  ^ 


=  —  0M14 


To  exemplify  the  use  of  (112),  we  will  take  Polaris  II.  C.  an<? 
1.  C,  for  which  we  have 


a'  —  a  =  12*  0*  0'.34 


whence 


a  = 


—  5M0 
77.80  cos  ^ 


2tan  <) 


12*  0*  6*.04 
77.80 


We  adopt  this  last  determination  of  a,  and  then,  by  (80),  we  find 


m  =  —  0-.066 


n  =  +  0'.076 


Bat,  where  m  and  n  are  required,  it  is  preferable  to  find  n 
directly  from  the  observations,  and  for  this  purpose  we  do  not 
correct  the  times  for  level.  Thus,  correcting  the  times  according 
to  (118),  we  find  t  as  follows : 


T 

Red.  for 
rate  to  0*. 

Corr.  for 
ooU. 

t 

Polaris  U.  C. 
o  Arietis, 
Polaris  L.  C. 

1*  14*  48'.24 

2     8     9.13 

13  14   40.12 

0'.28 

—  0.48 

—  2.97 

-  8*.52 

—  0.24 

+  8.62 

V 14-  39'.44 

2     8     8 .41 

13  14   45.67 

Taking  Polaris  U.  C.  and  a  ArieiiSy  we  find,  by  (114), 

n  =  i?::^  =  +  0..061 

88.482        ^ 

Taking  a  Arietis  and  Polaris  L.  C,  we  find,  by  the  same 
formula, 

+  3-.66 


n  = 


39.322 


=  +  0^.091 
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Finally,  from  PolarisV.  C.  and  L.  C,  we  find,  by  (115), 

77.804 

agreeing  exactly  with  the  value  above  found  from  the  same 
oloervationa.  We  now  find  m  by  (116),  which  gives  as  before 
m  =  —  0".056.  And  then,  if  a  is  required,  we  find,  by  (117), 
a  =  -  0'.094. 

THE  CLOCK   CORRECTION. 

152.  Having  determined  all  the  instrumental  constants,  the 
clock  correction  is  found  from  the  transit  of  any  known  star  by 
the  formula 

4r=  o— (r+  t) 

in  which  T  is  tlie  clock  time  of  the  star's  transit  over  the  middle 
thread,  or  the  mean  thread,  and  r  is  the  reduction  of  this  thread 
to  the  meridian,  computed  byeithcr  (81),  (86),  or  (87). 

The  finally  adopted  value  of  ^T^will  be  the  mean  of  all  the 
values  thus  found  from  a  number  of  stars  ;  and  this  mean  will 
be  the  value  corresponding  to  the  mean  of  all  the  times  of  obser- 
vation. But  the  observations  thus  grouped  together  for  a  deter- 
mination of  A 7"  should  not  extend  over  so  great  a  period  of  time 
that  the  clock  rate  cannot  be  regarded  aa  constant  during  that 
period. 

Tlie  clock  rate  is  found  by  comparing  the  corrections  aT,  &T\ 
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of  the  latitade,  the  mean  value  of  iTwill  be  wholly  free  from 
iny  error  in  n. 

An  error  in  c  will  be  eliminatej,  either  wholly  or  in  part,  by 
taldnpthe  mean  of  the  two  values  of  a  7"  found  in  the  two  posi- 
tioMof  the  rotation  axis,  since  the  sign  of  c,  and,  eonsequfntly, 
aliOtliRt  of  any  error  in  c,  is  changed  by  reversing  the  axis.  An 
Srrnr  in  the  aaaumed  value  of  the  correction  p,  for  inequality  of 
pirots,  will  also  be  removed  in  this  manner;  but,  since  the  co- 
efficient of  It  does  not  change  its  sign  for  different  stars,  nor 
nlieii  the  instrument  ia  revursed,  there  is  no  method  of  elimi- 
Ditiit^  an  unknown  error  of  b.  It  ia  necessary,  therefore,  that 
tbe  utronomer  give  particular  attention  to  the  precise  determi- 
ution  of  this  constant. 

(For  the  determination  of  the  clock  correction  by  a  transit  of 
the  sun,  see  Art.  155). 

DETBRUIKATIOX   OF  THE   RIGHT  ASCENSIONS   OP   STARS. 

158.  The  principal  application  of  the  transit  instrument  in  the 
(Asen-atory  is  the  determination  of  the  apparent  right  ascensions 
oT  Ihe  celestial  bodies.  The  instrumental  eonstanta  and  the 
clock  correction  and  rate  being  found  from  known  stars  as  above 
£xpluned,  the  right  ascension  of  any  other  star  is  immediately 
deduced  from  the  time  of  its  transit  by  (82),  in  which  we  may 
lubstitute  (86)  or  (87).  The  form  in  which  the  obsorvationa  are 
reduced  will  be  beat  loaniod  by  referring  to  any  of  the  printed 
obaervations  of  the  principal  observatories. 

In  making  a  catalogue  of  stars,  the  instrnment  ia  clamped  at 
a  certain  declination,  and  all  the  stars  within  a  zone  of  the 
breadtli  of  the  field  of  the  telescope  are  observed  as  they  cross 
the  threads.  In  this  case,  it  will  be  expedient  to  find  the  clock 
correction  from  fundamentid  stars  nearly  in  the  parallel  of  deeli- 
sation  npon  which  the  instrument  ia  set.  For  if  we  have  found 
iTfrom  a  star  whose  right  ascension  is  a,  by  the  formula 

AT-^a-Cr  +  T) 

the  right  ascension  of  another  star  will  be 

•  a'^  T'+  a 7"+  3T(T'—T)+i' 

^a      +iT'-   T){\   +JT)  +  (r'-r> 

that  is,  it  will  be  equal  to  the  right  ascension  of  the  fundamental 


IT6 
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star  increased  by  tho  clock  interval  corrected  for  rate,  ond  for 
the  difference  r'  —  r  of  the  instrumental  corrections ;  and  if  the 
declinations  are  the  game,  we  shall  have  r*  —  r  —  0,  and  all  the 
errors  of  tho  instrument  will  he  eliminated.  Since,  in  this  appli- 
cation, the  absolute  clock  correction  is  not  required,  we  niny 
sabstjtute  in  (82)  m'  for  aT-f  m,  and  m'  will  be  found  diroetly 
froin  the  fundamental  stars  by  the  formula 

m' ^  B  —  (  T  +  n  tan  iJ  +  p"  see  a) 

The  right  ascensions  will  then  be  obtained  by  adding  to  the 
observed  times  the  correction  m'  +  ntan  3  +  e'  see  3,  and  it  will 
not  be  necessary  to  separate  m'  into  its  constituents  aT'and  m. 
Since  m'  involves  the  rate  of  the  clock,  its  hourly  variation  will 
be  taken  into  account  in  precisely  the  same  manner  as  that  of 
&T.  This  mode  of  reduction  was  adopted  by,  Bessel  for  his 
Konigsberg  Zone  obsen^atlons. 

The  mean  right  ascensions  for  the  beginning  of  the  year  or 
for  any  assumed  epoch,  are  found,  from  the  apparent  right 
ascensions,  by  the  formula  (692)  of  Vol.  I. 

For  the  determination  of  the  absolute  right  ascensioiis  of  tlw 
fundamental  stars,  see  Chapter  XII.  Vol.  I. 
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154.  T)-ansil3  of  the  moon. — The  hour  angle  of  the  moon's  limb, 
when  on  a  side  thread,  is  affected  by  parallax;  and  the  time 
required  by  the  moon  to  pass  from  this  thread  to  tho  nicridiaa 
differs  from  that  required  by  a  star  in  consequence  of  the  moon's 
proper  motion  in  right  ascension.  If  o  is  the  true  declination  of 
the  moon,  8'  the  apparent  declination  as  affected  by  parallax,  &' 
the  apparent  east  hour  angle  of  the  moon's  limb  at  the  instant 
of  the  observed  transit  over  a  thread  whose  equatorial  interval 
F%.  4S.  from  the  middle  thread  is  t,  then,  since  S'  is  the  decli- 
nation of  the  observed  point  on  the  thread,  we  have 

-?'  —  m  +  n  tan  J'  -f-  (i  -\-  if)  soc  S' 

Thus  (?'  is  known,  but  to  reduce  the  obser\'ation  we 
must  find  the  true  hour  angle  (?.  Let  PM,  Fig.  43,  be 
the  meridian,  P  the  pole,  Z  the  geocentric  zenith  of  the 
place  of  observation,  0  the  true  place  of  the  moon,  f 
its  apparent  place;  and  denote  the  true  and  apparent 


TRANSITS  OP  THE  MOON.  177 

zenith  distances  ZO  and  ZO'  by  z  and  z'.  We  have  MPO  =  tf, 
MP(y^  ^y  and  drawing  OMj  CyM'  perpendicular  to  the  meri- 
diaD,  we  find 

sin  MO       sin  JlfO' 


or 


whence 


sin  MZO  = 

sin  ZO        sin  ZO' 

sin  ^  cos  d sin  Hf  cos  d' 

sin  ^  sin  sf 


^  __  ^,  ;^in  z  cos  ^' 
sin  /  cos  d 


Now,  if 


i  =  the  moon's  increase  of  right  ascension  in  one  second  of 
sidereal  time, 

the  sidereal  time  required  by  the  moon  to  describe  the  hour 

angle  ^  is j ;  and,  therefore,  iTbeing  the  clock  time  of  transit 

of  the  limb  over  the  thread,  the  right  ascension  of  the  limb  at 
the  instant  of  its  transit  over  the  meridian  will  be 


\  —  X 

and  if  we  put 

8  ==  the  moon's  geocentric  apparent  semidiameter, 

the  hour  angle  of  the  moon's  centre  when  the  limb  is  on  the 

meridian  will  be  ±:  77 ?  and  the  time  required  by  the  moon 

15cosd  ^  -^ 

to  describe  this  hour  anffle  will  be  db  z—z, -.    Hence  the 

^  15  (1  -—  X)  cos  d 

fonnula  for  computing  the  right  ascension  of  the  centre  at  the 
instant  of  the  transit  of  the  centre  over  the  meridian  is 


1  — ;  ""  15  (1  — ;)  cos  ^ 

in  which  the  upper  or  the  lower  sign  will  be  used  according  as 
the  first  or  the  second  limb  is  observed.  If  then  we  substitute 
the  values  of  t?  and  t?',  and  put 


2P_?1BJ: 1 ^  (118) 

siny  (1  — il)cos<>  ^      ^ 
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we  have 
^=T+^T-\-iF+(m-\-nt&n9'-i-<f 


cd')Fcoai'± 


15(1— i)  COS  a 


(119;- 


To  compute  the  factor  F  conveniently,  put 


_  BID  Z 


=  AB  see  d 


The  value  of  A  may  he  developed  in  a  simple  form.    If  we  pu'" 
y>'  =  the  reduced  or  geocentric  latitude  of  the  place  of  obaerva-^ 
tion,  p  =  \ta  geocentric    distance,  it  =  the  moon's  equatoriaT- 
horizontal  parallax,  we  have  z  =^  ip'  —  S,  and 


whence 


sin  (/  —  1)  ^p  sin  IT  sin  / 
COB  (/  —  z)- 


sin/ 


-  /)  Bin  H 


or,  neglecting  the  square  of  the  parallax, 

A  =  \  —  /»  Simr  COB  (/  —  S) 

which  is  the  form  employed  hy  Bessel,  who  gives  the  valne  or 
log  A,  in  Table  XIII.  of  the  Tabtdm  SegiomoiUana,  with  the 
argument  log  [/>  sin  ff  cos  {ip'  —  8)'].  For  a  particular  observatory, 
where  these  reductions  are  frequent,  it  is  more  convenient  to 
prepare  a  special  table,  adapted  to  the  latitude,  giving  log  A  with 
the  arguments  d  and  rr.     In  Bessel's  table,  there  are  a 
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As 

lae^ 

Aa 

%a 

&s 

1»bS 

I'K 

0.01208 

2-.05 

0.01506 

2-.45 

0.01806 

1.70 

0.01245 

2.10 

0.01543 

2.50 

0.01843 

l.TS 

0.01282 

2.15 

0.01580 

2.55 

0.01881 

1.10 

0.01319 

2.20 

0.01618 

2.60 

0.01919 

1.85 

0.01356 

2.25 

0.01655 

2.65 

0.01956 

1.90 

0.01394 

2.30 

0.01693 

2.70 

0.01994 

1.85 

0.01431 

2.35 

0.01730 

2.76 

0.02032 

!.00 

0.01468 

2.40 

0.OIT68 

2.80 

0.02070 

^  table  will  be  useful  also  in  computing  the  term 

— ■ ^^  ,',  SB  sec  3 

15(,1  — -!)C09  J        '* 

Sie  reduction  of  an  observed  transit  of  the  moon  is  then  a 
fallows.  The  transit  over  each  thread  is  reduced  to  tlie  middle 
liiread  (or  mean  thread)  by  a<lding  the  correction  iF  to  tho 
observed  timee,  and  the  mean  of  the  several  results  ia  taken 
B  Ihe  clock  time  of  transit  of  the  limb  over  the  middle  (or 
mean)  thread;  or  this  time  may  he  found  by  multiplying  the 
mean  of  the  ipquatnrial  intci-vals  of  the  observed  threads  by  jP 
«nd  adding  the  product  to  the  mean  of  tho  observed  times. 
This  time  is  then  reduced  to  the  meridian  by  adding  the  correc- 
tion (ni  +  71  tan  J'+  c'  aeo3')Fcon3'  or(incoA3'  +  ?tsin5'  +  c')JP, 
in  which  we  miiy  take  S'  =  3  ~7z  sin  {tp'  —  3).  Tlien,  adding  the 
clock  correction,  we  have  the  right  ascension  of  the  limb  at  the 
loetant  of  its  traueit  over  the  meridian.     Finally,  adding  or  aub- 

ttacting  tlie  terra  -rrjz — '-7 r  *^e  liave  the  right  ascensionof 

llie  moon's  t-entrc  at  the  instant  of  its  transit  over  the  meridian. 
Wlien  tho  moon  lias  been  observed  on  all  the  threads,  the 
computation  of  F  by  the  above  metliod  may  be  dispensed  with, 
uan  approximate  value,  euflicient  for  computing  the  reduction 
to  the  meridian,  may  be  inferred  from  the  observed  times  on  the 
first  and  last  thread.  For,  calling  the  observed  interval  between 
these  threads  I,  and  the  equatorial  interval  i,  we  have  /=  iP, 
Vbeuce 
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If  we  omit  the  factor  1  —  i  throughout,  the  right  ascensica 
obtained  ie  that  whieh  correapoiids  to  the  instant  of  the  observa 
tion  instead  of  the  inataut  of  meridian  p 


Example. — The  transit  of  the  moon's  6rst  limb  was  obaerve  — ■ 
at  the  U.  8.  Naval  Academy  on  May  29,  1855,  as  follows : 


Thread. 

Clock. 

I 

15"  3-  6?.5 

II 

4    10.3 

(Clamp  east.) 

ni 

4    23.2 

IV 

4    36.2 

V 

4    49.0 

VII 


I 


For  the  Naval  Academy  we  have  y'  =  38"  47'  38",  and  logp 
=  9.99943;  and  the  longitude  from  Greenwich  is  5*  5""  57', 

Tho  constants  of  the  transit  instrument  were  m  —  +  0".251, 
n  =  —  0'.162,  c  =  +  C.OgS;  and  hence  (Art.  126)  c'=  +  O-.OOS 
—  0".016  ^  +  0'.077.  The  clock  correction  to  sidereal  time  was 
+  l"  25M1,  The  equatorial  intervals  of  the  threads  from  the 
middle  thread  were 


+  35'.65       +  23".72       +  11*.78      —  llv77       —  23'.77       —  SS-.eT 
From  the  American  Ephemerla  we  find  for  the  culmination 
at  the  Naval  Academy  on  May  29,  1855, 

,:^5r46".l  S=15'46".6 

d  =  —  17=58'  53"  Aa  ^  2'.2147 

To  ilhistrate  the  method  of  reducing  the  observations  to  the 
middle  thread,  we  will  first  find  tho  factor  Fhy  direct  computa- 


tion.    We  have 
7.96355;  and  hence 


3  ^=  56°  46'  31",  log  p  ain  n  c 


-<J)  = 


log  J  = 

log  5  = 

log  sec  i  = 

logF  = 


^  0.01629 
0.02175 
■-  0.0340a 


Multiplying  the  equatorial  intervals  by  F,  we  find  the  reductii 
of  the  several  threads  to  the  middle  thread  to  be 


t!^^ 


-I-  88'.56       +  25'.65       +  12*74 
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The  dock  timea  of  transit  over  the  middle  thread,  acoording 
to  the  observations  on  the  several  threads,  were,  therefore, 


I 

i6»  4-  se-.oe 

II 

36.95 

ni 

85.94 

IV 

36.20 

Y 

36.27 

VI 

86.09 

VII 

36.02 

Mean  T  =  15  4    36 .08 

To  compnte  the  iilstrumental  correction,  we  have  ;r  sin  (y'  —  d) 
=  48'.8,  whence  *'  =  —  18^  47'.2,  m  +  n  tan  ^'  +  c'  sec  *'  = 
+  O-.SST,  and  therefore 

(m  +  n  tan  a'  +  (/  sec  d')  Fcoq  d' =  +  0*.40 
Applying  this  term  to  the  above  mean,  we  have 

Clock  time  of  transit  of  the  limb  =  15*  4*  36*.48 
Clock  correction,  a  T   =  +    1    25.11 

R.  A.  of  the  limb  at  transit  =  15~6     1.59 

S 


15  (1  —  >i)  cos  <> 


=        1      8 .88 


B.  A.  ofmoon's  centre  at  transit,  a  =  15  7    10.47 

The  factor  F  might  have  been  approximately  deduced  from 
the  first  and  last  observations,  which  give  the  interval  J=  77M, 
and  the  equatorial  interval  between  the  extreme  threads  is 
i=  Sff.eS  +  85'.67  =  71*.32,  whence 

log  F  =  log  ^^  ==  0.0338 
^  ^  71.32 

which  is  sufficiently  accurate  for  reducing  the  instnimental  cor- 
rection. 
The  "  sidereal  time  of  the  semidiameter  passing  the  meridian," 

or  Tz-n r: V  niay  be  taken  from  the  table  of  Moon  Culmi- 

15  (1  —  i)  cos  ^       "^ 

nations  given  in  the  Ephemeris. 

The  clock  correction  employed  in  deducing  the  moon's  right 
ascension  should  be  deduced  from  stars  as  nearly  as  possible  in 
tbesame  parallel  of  declination.  (See  Art.  153.)  The  ^^  moon  cul- 
minating stars*'  are  stars  lying  nearly  in  the  moon's  path  whose 


182  TRANSIT   IN8TRDHBNT   IS  THB   HEKIDIAN. 

positioiiB  have  been  carefully  determined  for  this  purpose.  (See 
Vol.  1.  Art.  229.) 

155.  TVaTisils  of  the  sun  or  a  ■pUinet. — The  formula  (119)  is  applic- 
able in  general  to  any  celestial  body ;  but,  in  the  case  of  the  RUii 
and  planets,  the  parallax  is  so  small  that  its  effect  upon  the  time 
of  transit  over  a  side  thread  is  inappreciable:  so  that  we  may 
take  simply 

F  = =  jB  800  a 

(1  —  X)  cos  a 

and.  consequently,  also  put  d  for  8'.  The  formula  for  computing 
the  right  ascension  of  the  centre  of  the  sun  or  a  planet  over  any 
g^ven  thread  is,  therefore, 


=  T-\-i>.T-\-iB6Wd-\-(m 


ntan«  +  c'8oca)5±^jSS8eca   (120) 


in  which  {X  denoting  the  change  of  right  ascension  in  one  sidereal 
second)  we  have 


The  logarithm  of  B  may  be  readily  computed.  Putting  aa  for 
the  change  of  right  ascension  in  one  hour  of  mean  time  (which 
change  is  given  in  the  Ephemeris  for  the  sun),  we  have,  since 
one  mean  hour  is  equal  to  3610  sidereal  seconds, 
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■s  =  i  +  ^ 


ithm  of  which  may  also  be  found  by  (121)  with  auffi- 
rienl  accuracy,  that  is,  within  a  unit  of  the  fifth  decimal  place. 

Thelerm  f^  fiB sec 3, or  "the  sidereal  time  of  thesemidiamoter 
fming  the  meridian,"  ia  given  in  the  Ephemeris  for  the  sun  and 
Mchcflhe  planets.  When  both  limbs  have  been  observed  on 
il!  the  threads,  this  term  is  not  required,  since  the  mean  of  alt 
flieo!)8er\'ation9  is  evidently  the  time  of  the  passage  of  the  centre 
over  the  mean  of  the  tlireads.  If  this  mean  is  to  be  reduced  to 
tlie middle  thread,  there  will  remain  the  small  correction  ikiBaccd 
to  he  applied  (Art.  133),  for  whieh  we  may  take  Aiaecd.  We  may 
ilsopntm  -f  n  tan  5  +  c'  sec  i  instead  of  (m  +  ntan^  +  c'Becd)B, 
imless  m,  71,  and  c'  are  nnnsnally  great. 

The  reduction  of  transits  of  the  snn  ohaerved  with  a  sidereal 
clock  ia  greatly  facilitated  by  the  use  of  Table  XII.  of  Bessbl's 
THSute  I{rgiomonlav<E,  which  contains  every  thing  necessary  for 
the  purpose,  for  each  day  of  i\i.e  fictitious  year  (Vol.  L  Art.  406). 

156.  Transits  of  the  sun  obscrccd  with  a  mean  ftVne  chronometer. — 
A  mean  time  chronometer  is  often  used  witli  the  portable  transit 
itutraraent,  and  transits  of  the  sun  are  then  observed  solely  for 
the  purpose  of  determining  the  chronometer  correction.  In  this 
cate,  the  mean  motion  of  the  sun  corresponds  with  that  of  the 
chronometer,  and  therefore  the  factor  B  may  be  put  equal  to 
unity,  unless  we  wish  to  obtain  extreme  precision  by  taking  into 
account  the  small  difference  between  the  mean  motion  of  the  sun 
and  its  actual  motion  at  different  seasons  of  the  year,  a  degree 
of  precision  quite  superfluous  in  the  use  of  a  portable  instrument. 
If  we  put 

£:=  the  eqaation  of  time  for  the  instant  of  tranBit,  positive 

when  additive  to  apparent  time, 
S'  ^  j'j  S  sec  S  =  the  mean  time  of  the  aun's  scmidiamotor 
passing  the  meridian,  which  may  bo  taken  from  the 
Ephemeris, 
=  the  reduction  to  the  meridian,  found  cither  by  (82),  (86), 

or  (87), 
=  the  observed  chronometer  time  of  the  transit  of  the 
gan'n  limb  over  a  thread  whose  equatorial  inter^'al  is  i, 
r^  the  chronometer  correction  to  mean  time, 

=  the  chronometer  time  of  tlie  transit  of  the  sun's  centre, 
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then  we  have 
and 


er 


(=  T+iEQcd±:  S'+T 
&T=12^  +  E  —  t 


(122- : 


(123;^ 


Example. — On  May  17,  1856,  tiie  tranait  of  the  ean  was  ob-  - 
served  at  the  Kaval  Academy  with  a  portable  inetnuuent  as  belo\^ 
(Clamp  West): 


lat  Limb. 

2d  Linb. 

I 

11'  66-  42-.2 

11»  57-  b&.6 

II 

65    67.4 

loit 

III 

66    12.0 

68    26.7 

IT 

loat 

68    41.7 

V 

53   42.3 

loit 

There  had  been  found  a  =  +  (V.SS,  b  =~  0'.27,  c  =  —  0'.12. 
The  thread  intervals  from  middle  thread  were 


+  28'.25 


it 

+  14M5 


The  longitude  being  5*  5"  57'  west  of  Greenwich,  we  find  from 
the  Ephemeris  for  the  transit  over  this  meridian, 
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I 

11»  57-  19' .41 

u 

19.05 

III 

19.24 

V 

19.51 

Mean  ^11   57    19.42 


Tbe  latitude  being  ip  - 
ydheuce,  finally, 


!  find,  by  (87),  r  - 


--  11'  57"  19'.15 


12»  +  £  ^  11   56    10  i 


^7-=—  1  8.86 
157.  Correction  of  the  irunail  of  the  moon  or  a  planet  when  the 
i^eetice  limb  has  been  obsirird. — Let  iia  coneider  the  general  case 
ofaephtiroidiil  plunet  partially  illuminated.  The  transit  of  the 
observed  limb  ia  reduced  to  that  of  the  centre  by  employing 
hutead  of  A'in  (119)  tbe  perpendicular  distance  from  the  centre 
of  the  planet  to  that  tangent  to  the  limb  which  lies  in  the  direc- 
^on  of  the  transit  threads,  or,  in  the  case  of  meridian  ti^msits, 
the  perpendicular  upon  the  decUnation  circle  wliich  ia  tangent 
to  the  limb.  The  formul:E  for  computing  this  pei-pcndicular,  in 
geueral,  are  discussed  in  Vol.  I.,  Occiiltathnu  of  Planets,  where  we 
have  found  that  in  all  practical  casca  the  formula;  (628)  of  p.  580 
w,y  be  considered  aa  rigorous.  In  thoac  formulaa  the  angle  & 
i»  the  angle  which  the  required  perpendicular  makes  with  the 

gf  the  planet,  so  that,  p  being  the  angle  which  this  axis 
with  a  declination  circle,  we  have  here 
ing  aa  the  first  or  second  limb  ia  observed.     The  values 

of  p  aa  well  aa  of  V  and  c  required  are  found  as  in  Vol.  I.  Arta. 
351.  352. 

But  this  rigorous  process  will  seldom  be  required ;  and  when 
we  regard  the  planet  aa  spherical,  the  formulae  can  bo  simplified 
as  follows.  For  a  spherical  planet  we  make  c  =  1,  and  substi- 
tute the  value  90°  — p  for  &,  which  applies  to  the  2d  limb, 
whence,  by  Vol.  I.  formula  (628)  and  (623), 

flin^  =;  cosp  BiaV 


=  270"- 
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SCM/  ^  -  coa  j; 


(124) 


where  <t'  and  A  are  tbe  right  ascenBions  of  the  planet  and  the 
sun  reepectivelj  (and  a'  —  Aia  therefore  in  the  present  case  the 
Bun'e  hour  angle  at  the  time  of  the  observation);  D=  the  sun's 
declination ;  R,  R'  ^  the  heliocentric  distances  of  the  earth  and 
the  planet  respectively ;  5  ^  the  apparent  semidiameter  of  the 
planet  at  the  time  of  the  observation ;  So  ^  the  mean  semi- 
diameter  (Vol.  I.  p.  578) ;  r  =  the  geocentric  distance  of  the 
planet ;  and  s"  =  the  required  perpendicular.  For  the  moon  we 
may  put  R  =  R'. 

The  above  value  of  sin  ji^  is  deduced  for  the  second  limb,  and, 
therefore,  by  Vol.  I,  Art.  354,  it  will  he  positive  when  the  second 
limb  is  defective.  Since  we  should  have  to  substitute  270°  — p 
for  tf,  or  —  cosp  for  sin  d,  in  the  case  of  the  first  limb,  which 
would  only  change  the  sign,  it  follows  that  the  value  of  sin  x  owi- 
puted  by  the  above  formula  wilt  be  positive  or  negative  accordijig  as  the 
2d  or  the  1st  Umh  is  defective. 

The  value  of  s"  is  to  be  substituted  for  S  in  (119). 
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Hence  fhe  Diror  in  computing  tlic  interval  by  the  formula 
I=iiecd  is  Jx  .00028,  which  amounts  to  0".01  when  7=  36*; 
and  this  is  as  great  an  inter\-al  as  is  ever  used  for  an  equatorial 
lUr.  The  error  of  observation  for  other  stars  increases  with  the 
{oterral  /,  or  as  the  value  of  see  3 :  so  that  the  error  produced 
bf  neglecting  the  refraction  is  always  much  less  than  the  proba- 
ble error  of  observation.  Moreover,  the  error  is  wholly  elinii- 
Mti  when  the  star  is  obser^'cd  on  all  the  threads,  or  on  an  equal 
immbcr  ou  each  side  of  the  middle  thread. 

Jt,  for  any  special  purpose,  it  becomes  necessary  to  correct  au 
olwervation  on  au  extreme  thread  for  refraction,  we  can  take,  aa 
iMiy  accurate  formula, 

7'^  1  see  .1(1 -I- A  sin  1") 

i  being  found  by  Bessel's  Refraction  Table  (Table  n.),  and,  for 
tnear  approximation, 

/'=  taecd  X  1.00028 


MERIDUB   HARK. 

159.  For  a  fixed  instrument,  it  is  desirable  to  have  a  perma* 
neiit  meridian  mark  by  which  the  azimutli  of  the  telescope  may 
l«  frofiueutly  veriiied.  A  triangular  aperture  (for  example)  in  a 
metallic  plate  mounted  upon  a  firm  pier,  with  a  sky  background. 
mnkca  a  go<xl  day  mark,'the  thread  of  the  telescope  being  brouglit 
iuto  coincidence  with  it  by  bisecting  the  vortical  angle  of  the 
triangle.  If  the  mark  is  sufficiently  near,  a  light  may  be  placed 
behind  it  for  night  observations.  A  simple  mark  like  this,  how. 
erer,  must  be  so  remote  as  to  be  distinctly  defined  in  the  tele- 
Bcope  witliout  a  change  of  the  stellar  focus,  and  even  for  instru- 
ments of  moderate  power  this  requires  a  distance  of  upwards 
of  a  mile. 

It  is  found,  however,  that  the  apparent  direction  of  these 
distant  marks  is  often  subject  to  changes  from  the  anomalous 
lateral  refractions  which  take  place  in  the  lower  strata  of  tlic 
Itniosphere,  produced  chiefly  by  variations  of  temperature.  If 
» sheet  of  water  intervenes,  the  mark  is  found  to  be  especially 
uoBteady.  It  was  to  remedy  this  difficulty  that  RrrrEMloitsE 
first  proposed  the  plan  of  placing  the  mark  comparatively  near 
to  the  instrnment,  but  in  the  focus  of  a  lens  which  receives 
tb«  divergent  rays  from  the    mark  and  transmits  them  to  the 
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telescope  in  parallel  lines;  a  suggestiou  which  has  resulted  in 
various  important  improvements  iu  the  methods  of  iuvestigatr 
iiig  instrumental  errors,  such  as  the  collimating  telesiopes,  the 
mercury  collimator,  kc,  which  have  already  been  fully  treated 
of  in  the  preceding  pages.  The  apparent  direction  of  the  mai-k 
will  be  that  of  the  line  joining  the  optieul  centre  of  the  lens 
and  the  mark.  At  Pulkowa,  the  lens  for  this  purpose  is  placed 
on  a  pier  within  the  transit  room,  and  has  the  extraordinary 
focal  length  of  about  556  feet,*  which  is,  therefore,  the  distance 
of  the  mark  from  the  pier.  The  mark  consists  of  a  circular 
aperture  ^  of  an  inch  in  diameter,  in  a  metallic  plate,  presenting 
in  the  telescope  a  planetary  disc  of  only  2"  in  diameter,  which 
can  be  bisected  by  the  thread  of  the  telescope  with  the  greateat 
precision.  The  merit  of  such  a  mark  depends  on  the  stability 
of  the  two  points,  the  mark  and  the  lens,  which  determine  the 
direction  of  its  optica!  line.  These  points,  mounted  as  they  are 
upon  solid  stone  piers,  are  not  liable  to  greater  relative  changes 
than  the  piers  of  the  telescope  itself,  and  therefore  the  changes 
of  direction  of  their  oittical  line  will  be  less  than  those  of  the 
telescope  in  the  proportion  of  the  focal  length  of  the  lens  to  the 
length  of  the  rotation  axis  of  the  telescope,  which  in  this  case 
was  as  556  feet  to  3.61  feet,  or  as  15-1: 1.  Now,  according  to 
BTRuVB,f  the  diurnal  changes  in  the  direction  of  the  axis  of  a 
well  mounted  transit  instrument  are  seldom  more  than  one  or 
two  seconds  of  arc ;  but  ^(^  of  a  second  of  arc  is  a  quantity  abso- 
lutely imperceptible  even  in  the  beat  transit  telescopes.  Two 
marks  of  the  same  kind  were  used  by  Stbuvb,  one  north  and 
the  other  south  of  the  telescope,  and  they  served  not  only  aa 
meridian  marks,  but  as  collimators  according  to  the  method  of 
Art.  145. 

In  the  same  manner,  one  of  the  collimators  of  the  Greenwich 
transit  circle  is  used  as  a  meridian  mark,  although  it  is  within 
the  transit  room.  In  this  case,  the  advantage  gained  is  com- 
paratively small. 

It  is  not  necessary  that  the  mark  be  precisely  in  the  meridisa 
of  the  instrument.  It  is  sufficient  if  it  is  so  near  to  it  that  its 
deviation  in  azimuth  can  be  measured  with  the  telescope  micro- 
meter. Let^  bo  its  azimuth  west  of  north.  Direct  the  tflescope 
to  it,  and  measure  its  distance  m  from  the  middle  thread,  giving 


PERSONAL   EQUATION. 

Ebe  measnre  tho  ponitive  8ig;i]  when  tlie  mark,  as  seen  m  the 
field,  is  to  the  apparent  wcat  nf  iLo  tliit-aJ;  then,  a  bfing  the 
wmutli  Guustaut  of  tlie  telescope  determiued  by  stai-s,  aud  c  tho 
itioB  constaut,  we  have 


A  =  a  —  m  —  c  (125). 

Bolongaetho  valnesof  j4  thus  found  appear  to  vary  only  within 
die  limits  of  the  probable  errors  of  observation,  their  mean  is  to 
be  tsken  as  expressing  the  e'onetant  position  of  the  mark,  and 
dmingtliis  period  the  azimuths  of  the  transit  iustrument  will  be 
foDud  at  any  time  by  tho  formula 

a  ^^A  -\-  m  -^  c 

Bthe  instrument  is  reversed  and  the  micrometer  distance  of 
fte  mark  west  of  the  middle  thread  is  now  m',  we  have 

a=A  +  m'~  c 


which,  combined  with  the  former  equation,  gives 

c  =  i  (m'  —  m) 

which  last  equation  gives  c  with  its  proper  sign  for  the  first  posi- 
tion of  the  iustrument. 


}    (126) 


PKESONAL  EQUATION, 
160.  It  is  often  found  that  two  observers,  both  of  acknowledged 
tkili,  will  differ  in  the  time  of  transit  of  a  star  observed  by  "  eye 
Md  ear,"  by  a  quantity  whicli  is  nearly  the  same  for  all  stars. 
Snch  a  constant  difference  does  not  necessarily  prove  a  want  of 
ildll  in  subdividing  the  second  according  to  the  method  of  Art. 
121,  but  may  proceed  from  a  discordance  between  the  eye  and 
Ibe  ear,  which  affects  the  J  udgment  as  to  the  point  of  the  field  to 
which  the  clock  beats  are  to  be  referred.  Thus,  if 
a  sod  6,  Fig.  44,  are  the  true  positions  of  a  star  at 
two  BQCcessive  beats  of  the  clock,  we  may  suppose 
the  obser^'er  to  allow  a  certain  interval  of  time  to  ^  f 
elapse  after  each  beat  before  he  associates  it  with  the 
star's  positiun  (possibly  in  some  cases  he  may  antici- 
pate the  beat) :  so  that  he  refers  the  beats  to  two  different  points 
«'  and  b',  whose  distance  from  each  other  is,  however,  tho  same 


Pig.  44. 
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US  that  of  a  and  b.   The  ratio  in  which  the  distance  a'b'  is  dtvidf>^ 
lie  may  still  eetiniate  correctly. 

The  distance  between  a  and  a'  may  be  called  the  absotafe  pa — 
sonal  eqtuUUm  of  the  observer,  and,  if  it  could  be  determined  '. 
might  be  applied  as  a  correction  to  all  hia  observations.  But,  at^ 
long  U3  his  observations  are  not  combined  with  those  of  anotbea 
observer,  the  existence  of  such  an  error  cannot  be  discovered^ 
nor  is  it  then  of  any  consequence.  For  the  process  of  deter- 
mining the  right  ascension  of  an  unknown  star  consists  essen- 
tially in  applying  to  the  right  ascension  of  a  known  star  the 
difference  of  the  clock  times  of  the  transit  of  the  two  stars  {cor- 
rected for  instrumental  errors  and  rate),  and  this  difference  w\\t 
evidently  be  the  same  as  if  the  observer  had  no  personal  equation. 

In  order  to  combine  the  observations  of  two  individuals — for 
example,  to  deduce  the  right  ascension  of  an  unknown  star 
whose  transit  is  observed  by  A,  from  the  time  of  transit  of  a 
known  star  observed  by  B — it  is  necessary  to  know  the  difference 
of  their  absolute  equations, — i.e.  their  relative  personal  equation. 
Thus,  if  the  times  observed  by  A  are  later  than  those  obeer^-ed 
by  B  by  the  quantity  H,  then  B's  observations  may  be  reduced 
to  A*8  (that  is,  to  what  they  would  have  been  if  observed  by  A) 
by  increasing  them  all  by  K 

The  relative  personal  equation  may  be  found  by  the  following 
methods : 

Firal  Method. — Let  one  observer  note  a  star's  transit  over  the 
first  three  or  four  threads,  and  the  other  obsei-ver  its  transit 
over  the  remaining  threads.  Reduce  the  observations  of  each 
to  the  middle  thread  (or  to  any  assumed  thread)  by  applying  the 
known  equatorial  intervals  multiplied  by  sec  5.  The  difference 
between  the  mean  results  for  the  two  observers  will  be  a  value 
of  their  required  personal  equation.  The  mean  of  the  values 
found  from  twenty  or  thirtj'  (or  more)  sucli  observations  will  be 
adopted,  provided  the  probable  error  of  such  a  determination  (aa 
found  from  the  discrepancies  of  the  individual  results)  is  not 
greater  than  the  equation  itself;  in  which  ease  the  difference 
between  them  should,  of  course,  be  regarded  aa  accidental,  and 
the  use  of  a  constant  equation  would  introduce  error  instead  of 
eliminating  it.  This  remark  may  he  necessary  to  guard  incxjie- 
rieueed  observers  against  an  incautious  adoption  of  an  equation 
derived  from  insuflifient  data.  We  may  also  remark  here  that 
constant  personal  equations  are  more  apt  to  exist  between  trained 
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obBeirera  than  between  inexperienced  ones,  the  former  having 
bjr  practice  acquired  a  fixed  habit  of  observation. 

SfcQiid  Method. — Tlie  preceding  method  is  liable  to  the  objection 
that  as  the  second  observer  takes  the  place  of  the  first  in  a  sonic- 
«bat  hurried  manner,  his  usual  habit  of  obat-rvation  may  be 
disturbed.  To  obviate  this,  let  each  obeen-er  independently 
detemtine  the  clock  correction  by  fundamental  stars ;  then  the 
£fierence  of  these  eoiTcctious,  both  reduced  for  clock  rate  to  the 
nine  epoch,  will  be  the  personal  equation.  The  equation  thus 
feaad  involves  the  errors  of  the  stars'  places  and  of  the  clock 
rate.  The  first  will'be  inconsiderable  if  only  fundamental  stars 
are  used,  but  may  be  entirely  eliminated  by  the  observers'  ex- 
chflDgiiig  stars  on  a  following  day  and  taking  the  mean  of  the 
two  results.  The  effect  of  error  in  the  rate  will  be  insensible  if 
the  stars  are  so  distributed  that  the  meanB  of  the  right  ascensions 
of  the  stars  of  the  two  groups  employed  by  the  two  observers 
are  nearly  equal. 

Third  Method. — An  equatorial  telescope  is  sometimes  used  for 
the  purpose,  as  follows.  Two  transit  threads  of  the  micrometer 
are  adjusted  in  the  direction  of  a  declination  circle,  and  the  tele- 
Kope  iit  directed  towards  a  point  in  advance  of  any  star  not  far 
from  the  meridian,  and  clamped.  The  observer  A  notes  the 
transit  of  the  star  over  the  first  thread,  and  the  observer  B  tbe 
transit  over  the  second  thread.  The  telescope  is  then  moved 
forward  again  in  advance  of  the  star,  and  clamped.  The  ob- 
Berver  B  now  notes  the  transit  over  the  first  thread,  and  A  the 
transit  over  the  second  thread.  This  gives  one  determination 
of  their  persona!  equation;  for,  putting  E  =  the  reduction  of 
B'fl  observation  to  A's,  and  /^  the  interval  of  the  threads  for 
Ihe  observed  star,  M  and  M'  the  observed  intervals,  we  have 


w 


M^I  +  E 


E=^  - 


Tliia  process  being  repeated  a  number  of  times,  AT  will  be  the 
mean  of  all  tbe  intervals  when  A  begins,  and  M'  the  mean  of 
tkose  when  B  begins. 

This  method  is  also  open  to  the  objection  that  the  observers 
aticceed  each  other  so  rapidly  that  their  usual  habit  of  deliberate 
rvation  is  likely  to  be  disturbed.     Moreover,  if  their  per- 
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Bonal  equation  ia  required  to  reduce  their  obeerrations  made 
with  a  transit  iDstruinent,  it  should  be  determined  with  this  in- 
strument; for  it  is  possible  that  the  equation  may  not  be  the 
same  with  instruments  of  different  powers. 

The  same  clock,  also,  should  he  used  in  determining  the  per- 
Bonal  equation  that  is  used  in  the  observations,  for  it  ie  very 
probable  that  the  peculiarity  of  the  clock-heat  affects  the  equa- 
tion.* 

It  19  one  of  the  advantages  of  the  American  (the  eleetro-chro- 
nographic)  method  of  recording  transits  that  the  personal  equa- 
tion is  very  much  reduced  :  still  it  is  not  wholly  destroyed.  The 
same  methods  may  be  employed  to  determine  ita  amount  as 
when  the  observations  are  made  by  eye  and  ear. 

It  may  also  be  remarked  tliat  not  only  should  the  same  tele- 
scope and  the  same  clock  bo  employed  in  determining  the  per- 
sonal equation,  as  in  the  observations  to  which  it  is  to  be 
applied,  but  also  the  observer's  general  physical  condition  should 
be  as  nearly  as  possible  the  same.  Even  the  posture  of  the  body 
has  been  found  to  have  some  effect  upon  the  observer's  estimate 
of  the  time  of  transit ;  and  it  can  hardly  be  doubted  that  the 
personal  equation  will  fluctuate  more  or  less  with  the  observer's 
health,  or  the  condition  of  his  nervous  system. 

That  the  personal  equation  depends  upon  no  organic  defect 
of  either  the  eye  or  the  ear,  but  upon  an  acquired  habit  of  ob- 
servation, seems  to  follow  from  the  fact  that  it  is  usually  greatest 
in  the  case  of  the  most  practised  observers.  In  1814  there  was 
no  personal  equation  between  those  eminently  skilful  astrono- 
mers Bbsskl  and  Stbuvb;  but  in  1821  they  differed  by  O'.S, 
and. in  1828  by  a  whole  second;  a  progressive  increase  indioatr 
ing  the  gradual  formation  of  certain  fixed  habits  of  observation. 
So  far  from  invalidating  the  results  of  cither  obser\'er,  this  fact 
would  indicate  that  their  absolute  personal  equations  were  in  all 
probability  very  constant  for  moderate  intervals  of  time,  and 
therefore  had  no  appreciable  effect  upon  their  results  so  long  as 
these  results  did  not  depend  upon  a  combination  of  their  obser- 
vations with  those  of  other  observers. 


■  DcsgKL  round  thit  with  >  chranometer  bosting  batf  scooikIb  be  obacried  U 
O.IS  Iklsr  Uiui  wilii  k  douk  boUiag  whale  iBaoudi. 
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PBKSONAL  SCALE. 
ISl.  Prof.  rBlBCE  has  called  attention  to  the  fact  that  expe- 
liesced  observeni  often  Bc<|nire  a  fixed  erroneous  habit  of  eati- 
miling  pnrticQlar  fraetions  of  the  second.  Thus,  when  a  star  ia 
TtalXij  at  O'.S  from  a  thread,  one  observer  may  have  a  habit  of 
oJling  it  0'.4,  while  another  may  incline  rather  to  C.a ;  or,  again, 
wlitm  the  fraction  ia  less  than  0.1, one  in  variahlvtakee  0,1,  while  the 
other  as  invariably  neglects  it  and  puta  0.0.  Thus  each  observer 
ia  conceived  to  have  hia  own  personal  scale  for  the  division  of  the 
ucond. 

In  ft  very  large  nnmber  of  individual  transits  over  threads  by 
the  BBme  obscr\-er,  tliere  ia,  according  to  the  doctrine  of  proba- 
bililies,  the  same  chance  for  tlie  occurrence  of  each  of  the  deei- 
nuls  .0,  ,1,  .2,  &c.,  if  the  obserealions  are  perftctly  made,  or  if  ifie 
tmri  of  the  observers  are  purely/ accidenlal ;  otherwise,  one  or  more 
(rf  these  decimals  will  occur  more  frequently  than  the  rest. 
Hence,  by  simply  counting  the  number  of  times  each  decimal 
«cnra  in  a  very  large  number  of  observatione  by  the  same 
obwrver,  the  pei'sonat  scale  of  this  observer  raaj  he  determined. 
It  is  easily  shown  that  the  effect  of  an  erroneous  personal 
Male  is  to  increase  or  diminish  the  mean  result  of  a  large 
number  of  observations  by  a  constant  quantity.  For  example, 
■appose  that  in  1000  obeervationa  of  a  certain  obsen-cr  the  frac- 
tion  0,3  appears  but  20  times,  while  0.4  appears  180  timea,  and 
that  each  of  the  other  fractions  appears  100  times.  Then,  since 
each  fraction  should  appear  100  times,  the  mean  of  any  large 
Dumber  of  observations  by  this  observer  will  probably  be  too 
great  by  the  quantity 

(0.4  X  180  +  0-3  X  20)  -  (0-4  X  100  +  0.3  X  100)  _     .„ 


The  effect,  therefore,  being  constant,  will  be  combined  with' 
tlieperaonal  equation  determined  from  a  large  number  of  obser. 
mioue,  and  may  be  regarded  as  always  forming  a  part  of  it. 
Hence  it  follows  that  the  application  of  the  personal  equation, 
which  involves  the  errors  of  the  personal  scale,  does  not  neces- 
wrily  eliminate  the  observer's  constant  error  from  each  oljserva- 
tiun,  but  that  it  probably  does  eliminate  it  from  the  mean  of  » 
large  number  of  observations. 
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PROBABLE   ERROR   OF  A   TRANSIT  OBSERVATION. 
162.  That  part  of  the  ermr  in  the  observed  time  of  transit  o^^ 
a  atar  which  is  independent  of  the  personal  equation  and  othe^^ 

conatant  errors,  aud  is  irregular  or  accidental,  may  be  distin 

guiafaed  as  ii\%  probable  error;  and  it  will  be  the  only  error  ot 
observation  which  will  affect  the  final  rfisolt,  if  the  obaer>-ationa^ 
of  two  observers  are  not  combined.     It  may  be  determined  for: — 
each   observer  by  comparing,  the  several  values  of  the  threa<fc_ 
intervals  given  by  his  observations.     Let 

/  =  the  observed  interval  of  two  threads  whose  equatorial 
interval  is  i; 

then,  Binee  we  should  have  i=^l  cos  ^,  each  observation  furnishes 
a  value  of  t;  and  from  a  great  number  of  values  the  probable 
error  r  of  each  single  determination  is  deduced  by  the  formula* 


r  =  0.6745 


v^ 


«-') 


in  which  the  values  of  t;  are  the  residuals  fonnd  by  gnbtracting 
the  known  value  of  i  from  each  value  found  from  observation, 
and  m  is  the  number  of  observations. 
Now  put 
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between  &e  eompated  and  the  true  equatoiiat  interval  (t;))  is 
given  m  d^e  fifth  colunm,  and  the  last  column  gives  t^. 


1848. 

Obserred 
/ 

Computed 

True 

• 

1 

V 

.      •» 

KaFch8. 

13'.8 

12'.79 

12'.89 

—  0».10 

0.0100 

/  Tauri 

13.8 

.79 

.76 

+     .03 

9 

a=  + 22*^27' 

14.0 

.93 

.87 

+     .06 

36 

• 

14.0 

.93 

.91 

+    .02 

• 

4 

13.7 

.66 

.88 

—    .22 

484 

,    13.6 

.67 

.86. 

.29 

841 

» 

18.8 

.86 

.89 

—    .04 

16      i 

1  Tauri 

13.8 

.86 

.76 

+  .OS 

81 

*=  +  21»21' 

13.9 

.94 

.87 

+    .07 

49 

13.9 

.94 

.91 

+    .03 

9 

13  ;8 

.85 

.88 

.03 

9 

13.7 

.76 

.86 

—    .10 

100 

13.7 

.65 

.89 

—    .24 

576 

p  (feminor. 

14.0 

.93 

.76 

+    .17 

289 

*  =  +  22»  35' 

14.0 

.93 

.87 

+     .06 

36 

14.0 

.93 

.91 

+     .02 

4 

13.9 

.84 

.88 

—    .04 

16 

13.8 

.74 

.86 

—     .12 

144 

m  =  l 

8, 

£(1^-. 

=  0.2803 

Hence  we  find,  by  the  above  formula, 

f  =  0'.06 

Taking  a  much  greater  number  of  the  observations  made  By 
Mr.  Ellis  of  stars  from  the  3d  to  the  5th  magnitude,  I  found 
<=0'.O56,  which  is  probably  smaller  than  will  be  found  for 
most  observers.  In  the  case  of  another  well  trained  observer,  J 
found  e  =  COS. 

In  the  same  manner,  from  a  large  number  of  Mr.  Ellis's' oB- 
servations  of  the  moon  I  found  his  probable  error  in  observing 
the  transit  of  the  first  limb  over  a  single  thread  to  be  0*.074,  and* 
for  the  second  limb  (K.071.  In  the  case  of  another  observer;! 
found  for  the  first  limb  O'.OTS,  and  for  the  second  limb  0'.094'. 
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If  we  assume,  then,  that  for  moderately  ekilful  obseirer^a 
£  =  Cf-OH  for  a  Btar,  the  probable  error  of  the  mean  of  the  ob — 
servatiQua  over  seven  threads  will  be  (COS  h-  p/7,  or  oulj  O'.OSO^ 
the  star  being  in  the  equator.  For  the  declination  d  the  pro — 
bable  error  will  be  O.OS  sec  S. 

The  probable  error  thus  found  is  the  accidental  error,  com — 
posed  of  the  error  of  the  observer  in  estimating  the  fractions  of 
a' second  (including  the  errors  of  his  personal  scale),  and  of  i\\^ 
error  arising  from  unsteadiness  of  the  star ;  but  it  must  not  b^ 
taken  as  the  measure  of  the  degree  of  precision  in  the  deduced 
right  ascension  or  time.* 


163.  The  error  of  the  right  ascension  derived  from  a  single 
complete  transit  is  composed  of  the  following  errors : 

Is)^  The  undetermined  inatrumental  errors,  depending  upon  the 
I  errors  in  the  determination  of  the  constants  a,  b,  and  c  ; 

2d.  The  errors  of  the  assumed  clock  correction  and  ratej 

8d.   The  error  arising  from  irregularity  of  the  clock ; 

4tli.  The  error  in  the  observer's  pergonal  equation,  arising  from 
an  imperfect  determination  of  the  equation,  or  from  flnctua- 
'  tiona  in  its  value,  depending  on  the  observer's  physical  and 
mental  condition; 

6th.  The  accidental  error  of  observation,  composed  of  the  ob- 
server's error  in  estimating  the  fractions  of  a  second,  and  of 
errors  arising  from  unsteadiness  of  the  star; 

6th.  The  error  arising  from  an  atmospheric  displacement  of  the 
star,  which  may  possibly  be  constant  during  the  transit  over 
the  field  of  the  telescope,  and  may  be  called  the  culmination 


We  may  form  an  estimate  of  the  total  effect  of  all  these 
sources  of  error  by  examining  the  several  values  of  the  right 
ascension  of  a  fundamental  star  deduced  from  different  culmi- 
nations, and  reduced  for  precession  and  nutation  to  a  common 
epoch.  Thus,  there  were  found  from  the  ditliurent  observations 
of  the  transit  of  a  AHeiis,  in  the  year  1852  at  the  Greenwich  Ob- 
servatory; the  following  values  of  its  mean  right  ascension  on 
Jan.  i,  1852.  Putting  a  =^  1*  58"  50"  +  x,  the  values  of  x  were— 

the  Temirks  of  Bmiii.  in  Ihe  Berlin  Jthrbnch  for  1823, 
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M 

.89 


.85 


81 


The  mean  \a  x=  0'.40 ;  and  from  the  differences  between  this 
ffleiD  and  the  several  values  of  x  we  deduce  r  =  COST  as  the 
probuble  error  of  a  siugle  determination  of  the  right  ascensioo 
of  tliis  star.  In  the  same  manner,  I  find  from  the  observations 
ofj-Oh'  during  the  same  year  r  =  0'.063,  and  foraUrscE  Majoris 
r=(l'.131.  K  these  be  multiplied  by  the  respective  values  of 
e»i,  we  have  O-.OSS,  O-.OeS,  0'.063,  the  mean  of  which,  or  O-.tW, 
Hpresses  nearly  the  probable  error  of  a  single  determination  of 
iaequat«inal  star  with  the  transit  circle  of  the  Greenwich  Ob- 
servatory in  1852.  A  larger  number  of  stars  should  be  ex- 
funined  to  determine  this  error  with  certainty;  but  the  above 
will  suffice  to  illustrate  the  mode  of  proceeding.  It  must  not 
be  forgotten,  however,  that  this  instrument  is  never  reversed, 
Uiil  &I1  its  results  may  be  affected  by  small  constant  errors 
|>eculiar  to  the  several  stars. 

If  we  denote  the  probable  error  of  observation,  or  the  5th  of 
the  above  eunraerated  errors,  by  e,  and  the  combined  eftect  of 
sll  the  rest  by  t^,  we  have 

whence,  taking  r  =  0',06,  and  t  =  (y.OS,  as  above  found,  wo 
dfdiiue  e,  ^=  (f.OSS:  so  that  if  t  were  reduced  to  zero — that  is, 
if  the  observations  were  made  perfecHi/ — the  right  ascension 
Jetermined  by  a  single  transit  would  be  improved  by  only  O'.Ol. 
Hence  it  follows  that  an  increase  of  the  number  of  tkreath  for  the 
purpose  of  reducing  the  error  of  obseroation  would  be  attended  by  no 
"nportanl  advantage. 
B£6SEL  thought  five  threads  sufficient. 

164.  We  see  from  these  principles  that  the  weight  of  an  ob- 
Wnred  transit  is  not  to  be  assumed  to  vary  as  the  number  of 
threads,  as  it  would  do  were  there  no  culmination  error  or  un- 
in.own  instrumental  errors.  For  practical  purposes  it  will  be 
sufficient  to  regard  the  probable  error  of  a  transit  as  composed 
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only  of  the  error  of  obaervation  and  Ae  culmination  error.  X^~ 
latter  wiH^en  be  the  quantity  denoted  above  by  tjj  and,  if  -^ 
DOW  put 

t  £=  the  probable  error  of  a  transit  over  a  single  thread, 

n  ^  the  number  of  threads  observed, 

r  =  the  probable  error  of  the  obHerred  right  ascension, 


If  then  we  also  pat 

S  =  the  probdble  error  of  an  observation  whose  weight  Is 

unity, 
p  :=  tbe  weight  of  the  given  observation, 

we  shall  have,  according  to  the  theory  of  least  squares, 

?=-^  (IH, 

The  unit  of  weight  is  arbitrary,  and  hence  E  also  is  arbitrary. 
If  N  is  the  total  number  of  threads  in  the  reticule,  and  a  cumpleto. 
observation  on  them  all  is  to  have  the  weight  unity,  we  shall 
have 


and  the  foimola  will  become 
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Tlrfflwill  be  a  very  convenient  formula  in  practice  in  cases 
n-liere  thero  is  no  reugon  to  depart  from  the  altove  aasumed  values 
off,  and  (.  The  observer  who  has  determiued  these  quantities 
iorbimself  wUl,  of  course,  employ  (128)  directly, 

Ii  may  be  useful  to  illustrate,  by  the  aid  of  this  formula,  the 

IpnpOflition  announced  at  the  end  of  the  preceding  article.  If 
*K=  7  aiid  E  =  0'.062,  the  weights  and  probable  errors  of  obser- 
ntioaa  ou  oue  or  more  threadu  will  bo  as  below : 

^e  Bee  that  the  advantage  of  seven  threads  over  five  is  almost 
insignificant,  and  Bessel's  o|nmon  is  confinned. 


■ 

P 

E 

•/r 

1 

0.36 

0M04 

2 

0.67 

0.082 

3 

0.71 

0.073 

4 

0.82 

0.069 

5 

0.90 

0.065 

6 

0.96 

0.063 

7 

1.00 

0.062 

25 

1.25 

0-.055 

» 

1-43 

0.052 

165.  The  probable  error  of  a  single  transit  of  a  star  recorded 
by  the  electro-chronograph  docs  not  appear  to  be  moch  lesi 
than  that  of  one  observed  by  eye  and  ear  by  experienced  ob- 
leners;*  but  it  must  be  remembered  that  it  takes  but  a  short 
time  to  acquire  the  requisite  skill  in  the  use  of  the  chronograph, 
while  the  small  probable  errors  by  eye  and  ear  above  adduced 
are  evidences  of  long  training.  The  persoual  equation,  however, 
is  much  less  in  the  use  of  the  chronograph,  and  probably 
more  constant.  It  is  not  unlikely  that  a  considerable  portion  of 
the  total  error  of  a  determination  of  right  ascension,  as  above 
found,  is  the  result  of  variations  in  the  observer's  personal  equa- 
tion ;  and,  if  so,  the  eubstitutiou  of  the  chrouograph  for  eye  and 
car  will  carry  these  determinations  to  a  still  more  remarkable 
degree  of  accuracy. 

■  Scv  Dr.  B.  A.  Oould'b  Rtyiori  \a  Iho  T.  S.  Coast  Surrey  Reporl  for  1857,  p.  807. 
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APPLICATION     OF    THE     METHOD     OF    LEAST    SgUARBS    TO    THE    I 

UINATION    OF   THE   TIME   WITH  A.  PORTABLE   TBAKBIT   INSTRUMB^S 
IK    THE    UERIDUN. 

166.  Ill  the  use  of  the  portable  transit  instrument  in  the  fieL< 
it  is  not  always  possible  to  mount  it  so  firmly  that  its  oziniu'S 
and  level  can  be  absolutely  relied  upon  as  constant  for  a  whoj 
day.  Frequently  it  is  uecessary  to  take  all  the  observations  s 
a  given  place  within  a  few  hours.  We  must  then  observe  suci 
stars  aa  are  available  at  the  tiTiie,  and  so  conduct  the  obser\'ationa 
and  their  reduction  as  to  obtain  the  most  probable  result. 

First,  as  to  the  observations. — The  instrument  having  been 
brought  very  near  to  the  meridian  (see  Art,  125),  a  number  of 
stars  must  be  observed  in  both  positions  of  the  rotation  axis, 
and,  in  general,  about  the  same  number  of  stars  in  each  position. 
Among  these  must  be  included  at  least  one  circumpolar  star, 
and,  if  possible,  two  or  three,  one  or  more  being  below  the  pole. 
The  level  should  be  observed  at  the  beginning  and  end  of  the 
aeries,  and  before  and  after  each  reversal  of  the  axis. 

Secondly,  as  to  the  computation. — We  assume  that  the  thread 
intervals  have  been  well  determined,  aa  also  the  value  of  a 
division  of  the  level.  If  they  have  not  been  found  before  the 
obsei-vationa,  they  uiust,  of  course,  be  determined  subsequently, 
only  observing  that  no  change  of  the  instrument  has  occurred 
which  might  change  the  value  of  the  thread  intervals.  The 
mean  of  all  the  level  determinations  should  be  adopted  as 
the  constant  value  of  b  for  all  the  obBer\-ations,  unless  the  dit- 
ferences  of  the  several  values  are  greater  than  the  probable 
errors  of  observations  made  with  the  particular  spirit-level  used, 
in  which  ease  it  will  be  better  to  interpolate  a  value  of  b  for 
each  star  from  the  actually  observed  values.  The  chronometer 
time  T  of  transit  over  the  middle  thread  or  the  mean  tliread 
being  found  for  each  star  by  employing  the  thread  intervals  when 
necessary,  we  shall  suppose  that  observation  has  furnished  only 
7" and  b  for  each  star.  The  rate  3Tof  the  chronometer  is  also 
supposed  to  be  approximately  known.  Tlie  constants  a  and  c, 
and  the  clock  correction  aT,  are  then  to  be  found  by  a  proper 
combination  of  the  observations.  Let  us  put  in  formula  (87),  for 
each  star, 

A  =  the  azimuth  factor  :=  sin  (jc  —  d)  see  d, 
B  =  the  level  factor  =  cob(ji  —  i)  sec  i, 
C  =:  the  colltmnlion  luctor  :^  sec  i; 
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alflo,  let  each  observation  be  reduced  to  some  assumed  time  7^ 
mnd  put 

A  7*,=  the  chronometer  correction  at  the  time  T^ 
-whence 

Let 

d  =  an  assumed  approximate  value  of  A  T^ 
A&  =  the  required  correction  of  d 
%o  that 

then  the  formula  (82)  becomes 

a=  7+  d+  A»>+  dT(^T—T^)  +  Aa  +  Bb  +  Cc 

in  which  every  thing  is  known  except  the  small  quantities  Ae9,  a, 
and  c.    K  we  now  put* 

t=  T+  dT(T'^T^)+  Bb 
w=6  —  (o  —  f) 

then,  since  a  —  t  and  i>  are  each  nearly  equal  to  the  clock  cor- 
rection, t£7  is  a  small  residual,  and  the  equation  is 

Aa  +  Cc  +  A»>  +  M?  =  0  (130) 

fiicli  star  gives  an  equation  of  condition  of  this  form,  and  from 
all  these  equations  the  most  probable  values  of  a,  c,  and  a«?  will 
be  found  by  the  method  of  least  squares.     The  sign  of  the  term 
ft  will  be  changed  when  the  axis  of  the  instrument  is  reversed. 
If  the  observations  are  extended  over  a  number  of  hours,  it 
^11  not  always  be  safe  to  assume  that  the  azimuth  a  has  been 
constant  during  the  whole  time.  We  may  then  divide  the  obser- 
vations into  two  groups,  in  one  of  which  the  azimuth  will  be 
denoted  by  a  and  in  the  other  by  a'.     The  normal  equations, 
fonned  by  combining  all  the  equations  in  the  usual  manner,  will 
then  involve  the  four  unknown  quantities  a,  a',  c,  and  a<?. 

To  determine  the  mean  error  of  the  resulting  value  of  a<>,  it 
must  be  remembered  that  when  a  and  c  have  been  eliminated  by 

*  For  gremter  precision  (not  always  required  in  the  use  of  a  portable  instrument), 
#0  may  allow  for  the  diurnal  aberration.  Since  a  requires  the  correction  -|-  0'.021 
eor  f  SCO  S,  we  haye  merely  to  take 

I  =  r+  6T(T^  Tg)  +  Bb^  0».021  cos^  aeo <f 
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jBooesmve  cubatitation,  taking  care  to  introdAce  bd  nev 
into  the  equations,  the  coefficient  of  a9  in  the  reaultmg  fin 
equation  will  be  the  weighty  of  the  value  of  &&  thus  determined. 
Then,  aubBtituting  the  valuea  of  a,  c,  and  a9  in  the  equations  c 
condition,  and  denoting  the  reeidual  in  each  by  v,  we  have  tl 
mean  error  of  a  single  observation  by  the  formula 


in  which  [rv]  =:  the  eum  of  the  squares  of  the  residnaU,  m  =  ttza. 
number  of  observations,  and  ft  =  the  number  (rf  oaknoi^^ 
quantities. 

The  mean  error  of  &&  and  &T^  will  be 


and  if  we  wish  the  yrobaiAe  erron,  we  multiply  the  mean  errots 
by  0.6745. 

If  any  residuals  are  so  large  as  to  throw  a  doubt  upon  the 
observatiDna,  such  douhtful  observations  may  be  examined  by 
Peircs's  Griterion.t 

If  an  observation  consiata  of  tranaits  over  only  a  portion  of  the 
threada,  it  may  be  well  to  give  it  a  diminished  weight,  multiply* 
ing  its  equation  of  condition  by  the  equare  root  of  the  weight 
found  by  (129). 

If  the  collimation  constant  c  has  been  previously  determined, 
we  have  only  to  include  the  term  Cc  in  the  quanti^  t;  thss, 
putting 


i:(    THE    HEBIDIAN. 


203 


treiwit  iofltrametit  in  the  meridian.  The  stare  were  luoBtlj 
selected  from  the  Bi-itiah  Association  Catalogue,  and  are  con- 
TCfiieiitly  designated  by  their  anmbers  in  this  catalogue.  But 
their  apparent  piates  have  been  derived  from  the  more  reliable 
anthority  the  Greenwich  Twelve  Year  Catalogue.  The  apparent 
place  of  a  Ursec  Majoris  is  derived  from  the  American  Epheraerie, 
Other  etara  from  the  British  Association  Catalogue,  observed 
oil  tlie  sanie  evening,  have  beeti  excluded  because  they  are  not 
given  in  the  later  catalogues. 
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32.7 
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5&,0 

42.1) 

30.0 

17.4 

2   19 

66.06 

—  0.33 

The  threads  are  numbered  from  the  end  of  the  axis  at  which  the 
ulnniinating  lamp  is  placed,  and  the  seconds  of  t^e  chronometer 
We  recorded,  not  iu  the  order  of  obscn'ation,  but  in  the  columns 
»ppropriated  to  the  several  threads.  The  column  "  Mean"  gives 
tbe  time  of  passage  over  the  mean  of  the  threads,  employing  in 
'lie  case  of  the  defective  transits  the  following  equatorial  inter- 
vals from  the  mean : 


w 


■.82     -f  44*.05    +  21'.84 


-  22M)0     —  43V79     —  Go-.SS 


where  the  signs  are  given  for  Lamp  "West.  The  column  marked 
X^vea  the  position  of  the  lamp  end  of  the  axis.  The  value  of 
one  division  of  the  level  was  C.IOS.  Only  one  obser^■ation  of 
the  level  was  made  during  the  observations  "  lamp  west."  Two 
ot»en~atione  of  the  level  were  made  during  the  observations 
(Dp  east,"  one  near  the  beginning,  the  other  near  the  end,  of 
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the  Btiries,  from  which  those  giveu  ia  the  table  are  obtfliaec 
interpolation. 

Stare  obeerred  at  their  lower  cnlminatiooB  are  marked  S 
(Bub  polo). 

The  chronometer  was  sidereal,  and  its  rate  was  iosing  ( 
daily. 

A  lirst  computation  of  the  observatione  having  shown  that 
observations  lamp  west  and  lamp  east  give  very  different  resi 
the  presumption  is  that  in  reversing  the  axis  the  observer 
tiirbed  the  instrument,  a  supposition  rendered  still  more  prob 
by  the  change  of  level.  It  will,  therefore,  be  proper  to  conii 
the  observations  upon  the  supposition  of  a  different  azimuth 
the  two  positions  of  the  axis. 

The  apparent  places  of  the  stars  on  the  given  date  wer 
follows : 
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L.W. 


log  COS  (^ 

log  Bin  (f 


d 
(f  —  ^ 

log  860  ^ 
log  COS  (^  —  S) 

log  sin  (^  —  ^) 
^)  sec  b  =  log  5 
d)  sec  ^  =  log  A 

seed  =  C 
b 


Observed  mean 

Kate  to  0* 

Bb 

Ditirual  ab.  =  —  0*.021  cos  f  sec  d 

t 

a 

AsflQmed  ^ 
to 


B.  A.  C.  6890. 


+  39°  31' 


+ 


+ 
+ 
+ 


9    29 

0.1127 

9.9940 

9.2169 

0.1067 

9.3296 

0.214 

1.296 

O-.OS 


L.E. 


22*    4- 40'.  76 

—  0.03 
+    0.10 

—  0.02 


+  2.10 


a  UrasD  Maj.  8.  P. 


22 

4 

40.81 

18 

39 

38.71 

—  3 

25 

2.10 

S 

25 

0. 

117°  29' 

—  68    29 

nO.3358 

9.5644 
n9.9686 
n9.9002 

0.3044 
+  2.016 
—  2.166 
+  O-.OS 

2»  19-  55'.06 
+  0.04 
+  0.02 
+  0.03 


2   19    55.15 
22   54    53.21 


—  3 

—  3 


25 
25 


1.94 
0. 


+  1.94 


Denoting  the  azimuth  of  the  instrument  for  L.  W.  by  a,  and 
that  for  L.  E,  by  a\  and  changing  the  sign  of  c  for  L.  E.j  the 
equations  of  condition  for  these  two  stars  are,  therefore, 

+  0.214  a  +  1.296  c  +  Ai>  +  2-.10  =  0 
+  2.016  a'+  2.166  c  +  a»^  +  1 .94  =  0 

The  equations  for  the  other  stars  being  found  in  the  same 
manner,  we  have  then : 

1.  +  0.214  a  +  1.296  c+  a»^  +  2*.10  =  0 

2.  +  1.032  a  +  1.086  c+  a»>  +  2  96  =  0 
8.  +  1.031  a  +  1.085  c+  a»>  +  3  .17  =  0 
4.  +  1135  a  +  1.156  c  +  a»?+ 3.19  =  0 
6.  —  0.732  a  +  2.056  c  +  0.707  a.^  +  0 .15  =  0 
6.  —  0.732  a'  —  2.056  c  +  0.707  a*  —  0 .97  =  0 


ftiltTABLB  TRANSIT   IKSTBliMEITT. 

-f  2.606  a'  +  2.993  c  -f  aA  +  2 .22  =  0 
-f  1.879  a'  +  1.984  c  -f  afl  -{-  1 .91  =  0 

—  1.322  a'  —  3.319  c  +  a*  —  0 .68  =  0 

—  0.229  a'  —  1.802  c  +  a»  +  0 .68  ^  0 
+  2.264  fl' +  2.508  c  +  afl  +  2.18  =0 
-i-  2.016  a'  +  2.166c  +  a*  +  1 .94  ^  0 

where  the  5th  and  6th  equations  have  been  multiplied  by  y'S 
thus  giving  eaeh  but  one-half  the  weight  of  an  ordinary  obsev 
vation,  because  the  star  was  observed  ou  but  half  the  threads.* 
The  normal  equations  are 

8.996  fl -h  0     +    2.325  c  +    2.894  a*  +  10.288  = 

0  ■   +  21.848  a'  +  27.881  c  +    6.697  a-S  +  19.569  = 

2.325  a  +  27.881  a'  +  51.969  c  +    9.153  a*  +  36.352  = 

2.894  a  +    6.697  a'  -+    9.153  c  +  11.000  a9  +  19.090  = 

from  which  we  find 


] 


-0.8S 


fith  the  weight  p  =  6.775 


This  example  is  instructive  in  several  respects.  The  instru- 
ment was  reversed  upon  the  star  B.  A,  C,  6836  for  the  purpose 
of  deducing  the  value  of  c.  But,  upon  the  supposition  that  the 
azimuth  remained  unchanged  during  the  reversal,  wo  find 
c  ^=  —  0".267.  The  dauger  of  disturbing  the  instrument  in  re- 
versing the  axis  is,  of  course,  greater  with  small  instruments. 
and  always  requires  great  caution.  Again,  the  observer  neglected 
to  observe  the  level  immediately  before  and  after  the  reversal, 
the  values  of  b  given  in  the  table  being  inferred  from  observa- 
tions taken  at  the  time  of  the  transits  of  Nos.  1,  7,  and  11.  If 
the  level  had  been  observed  more  frequently,  as  it  should  be, 
the  disturbance  of  the  azimuth  might  have  been  suggested  to  the 
observer  himself,  who,  however,  appears  not  to  have  suspected  it. 

But  we  shall  obtain  still  further  instruction  from  this  example 
by  substituting  the  values  of  a,  a',  c,  a(?  in  the  original  equa- 
tions of  condition.  The  residuals  v  will  exhibit  to  us  the  ano- 
malous observations.     We  find : 

*  To  proceed  mare  sccuralEl;,  ire  ahouH  hava  oomputetl,  by  (129).  Ibe  weighW  of 
the  /our  derective  obBerTaliona,  the  2(1,  4lh,  Bth,  and  Glh.  We  ehould  haTB  fDund 
Uis  welghu  O.OS,  0  B9,  0.82,  O.Tl  respectiTelj. 
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fm 


* 

« 

1. 

4-0».802 

2. 

—  0 .125 

8. 

+  0 .086 

4. 

—  0 .098 

5. 

—  0 .120 

6. 

—  0 .669 

7. 

—  Q  .153 

8. 

+  0 .024 

9. 

+  0.048 

10. 

4-  0 .470 

11. 

+  0.040 

12. 

—  0.084 

[t?t?]  =  0.8352 

ffence,  tfie  number  of  observations  being  denoted  by  m  =  12, 
^i  the  number  of  unknown  quantities  in  our  equations  by 

^  =  4,  we  have  the  mean  error  of  an  observation  of  the  weight 

unity, 

\  m  —  J 


==  0'.323 


The  large  residuals  of  Nos.  6  and  10  point  them  out  as  probably 
wiomalous;  but,  before  rejecting  them,  we  will  apply  Peircb*s 
Criterion.  Since  Table  X.  is  adapted  only  to  the  cases  of  one 
wid  two  unknown  quantities,  we  shall  have  to  employ  Table  X.  A. 
Commencing  with  the  hypothesis  of  but  one  doubtful  observa- 
tion, we  assume  for  a  first  trial  x  =  1.5. 


1( 

m  =  12,  ft  =  4,  n  =  l                      x 

Table  X.A.  log  T 
"        «'      log  R 

1       r 
log^ 

m  — ;.  —  n  _  _           1  —  7ri       )') 

it  Approx. 

1.5 

8.5051 
9.3973 

9.1078 

9.8378 
0.8117 

2.1819 
8.1819 
1.78 

2d  Approx. 
1.78 

8.5051 
9.3464 

9.1587 

9.8470 
0.2970 
2  0790 

X* 
X 

3.0790 
1.76 
xt  =  0'.568 
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The  residual  0.669  sarpaesea  the  limit  0'.668,  and  heti< 
6th  obaervation  is  to  be  rejected.  We  must  then  pass 
hypothesis  of  two  doubtful  observations,  for  which  we 
mence  by  aaeuming  x  =  1.5,  and  then  with  n  =  2  wi 
X  =  1.49,  x:  —  0'.481.  Hence  the  10th  observation  is  ?Wi 
rejected.  Thus  the  only  observation  to  be  rejected  as  anon 
is  the  6th ;  and  our  hypothesis  of  a  disturbed  state  of  the  i 
meut  produced  by  reversal  is  confirmed. 

If  we  now  form  normal  equations  from  the  remaining  < 
equations  of  condition,  we  shall  find  the  values  of  the  unl 
quantities  to  be 

a  =  —  1'.636 
rf=  — 0.092 
c  =  —  0  ,867 
A*  =  —  0 .999  with  weight  p  =  5.968 

and  these  values  substituted  in  the  equations  of  couditioi 
the  residuals  and  mean  errors  as  follows : 
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Hence  we  have,  finally,  the  chronometer  correction  at  0*, 
ar,=  a  +  afl  =  —  3'  25~  1*.00  ±  0*.05 

I  TBANBIT   INSTRUMENT   IN   ANT  VERTICAL   PLANE. 

Iff.  The  formulte  (78)  and  (79)  apply  to  any  position  of  the 

^nBtrument.    When  the  instrumental  constants  7/1  and  n  are  known, 

Op  when  a  and  b  arc  given,  from  which  m  and  n  can  be  found  by 

C78),  tlie  formula  (79)  determines  the  apparent  east  hour  angle 

T  of  the  observed  object  at  the  time  of  its  transit  over  any 

given  thread  whose  distance  from  tlie  coUiraation  axis  is  e.    The 

c«aBtantB  are  found  by  combining  ob8er\'ation9  of  stars  near  to 

and  remote   from   the   jiole,   as   will    be   illustrated   hereafter. 

Vlien  the  transits  over  several  tliveads  have  been   observed, 

each  may  be  separately  reduced  by  the  general  formulic;  but  it 

Unecessarj-  also  to  have  the  means  of  reducing  them  all  to  a 

common   instant.     I   sliall,  therefore,   here   consider  the   most 

general  case  of  an  observation  of  the  moon's  limb  on  any  given 

thread,  and  investigate  the  formula  for  reducing  it  to  the  middle 

thread,   or   to   the   collimation   axis    of  the    instrument.     This 

general  formula  will  be   applicable  to  any  other  object  which 

luu  a  proper  motion  and  a  sensible  diameter.     Let 

16  ^  tbo  sidereal  time   of  the   observed   transit  of  the 
,  moon's  limb  over  the  given  thread, 

I  =:  the  equatorial  interval  of  the  thread  from  the  middle 
thread, 
m,i  =  the  true  K.  A.  and  dccl.  of  the  moon's  centre  at  the 
,  time  0, 

i;l'=:  the  apparent  R.A,  and  declination, 
t  =  the  moon's  geocentric  aemldiameter, 
«'=^  the  moon's  apparent  scroidiameter. 

at  the  instant  the  moon's  Umb  touches  tlie  thread  whose  dia- 
I        taucefrom  the  middle  thread  is  f,  the  centre  of  the  moon  is  at 

tlie  djstanco  i  ±  a'  from  the  middle  thread,  and,  consequently,  at 
I  'lie  (listant^e  c  +  i  ±  s'  from  the  collimation  axis  of  the  telescope. 
I       The  apparent  east   hour   angle  of  the   moon's  centre   at   this. 

instant  is 


;  then  c  +  i  ±  s'  for  c  and  a'  —  0  for  r  in  (79),  we  have 


StiV  TRAK8IT   nTBTKDHlBT 

rin(«  +  i±/)=  —  fliii «  Bin*'  — cofneoi**  Bin  (©  —  •'+  my 

=:  —  siDnsind' —  eos  n  cosm  cos*' sin  (6  —  o'^ 
—  COB  n  sin  m  cos  d'  coa  (©  —  »'  ^ 

where  the  apparent  decliDotion  and  right  asceoBion  are  employ  ^st  ■ 
Bince  it  ia  the  moon's  apparent  place  which  is  observed.  To  1 1 
troduce  the  geocentric  quantities,  let 

«  =  the  moon's  equatorial  horiEontal  pamllHx, 
p,  f'  =  the  earth'a  rsdius  and  reduced  latitude  <Mf  the  plaoe 

of  obeerration, 
J,  ^=  the  idood'b  diatance  from  the  centre  of  the  earth 

and  the  observer  respectively; 

then,  putting 

we  find  from  Vol.  L,  eqmttiona  (182), 

/  COB  d'  sin  (©  —  a')  =  OOBd  aio  (0  —  a) 

/  COB  J'  coa  (©  —  n')  =  cos  a  COS  (©  —  a)  —  p  ain  «  cob  f ' 

/  sin  i'  ^  SID  4  —  p  sin  «  sio  f' 

Substitutiag  these  values,  we  ohtain 

/  (c  +  i  ±  <*)  ain  1"  =  —  ain  n  sin  J  —  cob  n  cob  d  sin  (©  —  o  -f-  m) 

-|-/>einirsia/Binn--{-/)  ain  ir cob/ cos n sin  m 

(132) 

The  right  ascension  and  declination  are,  however,  variable,  and 
we  ehotild  introduce  into  the  formula  their  values  for  some 
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J=  ©,  —  0  =  the  required  redaction, 

^  =  ::7rrrT  =  the  increase  of  »  in  1*  of  aidereid  tiin# 
60.164 

i'=— ^=  «  d  «  " 

60.164 

then,  if  /  ig  expressed  in  seconds  of  Arc,  we  have 

e-a  =  e,  -  a,-(e,  -  e)  +  (a,  -  a)  =  e,  ^  i.,  -. (i  -a)/ 

nn(e  —  a  +  m)  33  sin  (8^^  —  ^^  +  m) 

—  ( 1  —  ; )  COS  [0^  —  oo  +  m  —  i  (1  —  'I)  -H  2  sin  }  / 

[in  which  (1  —  jl)  sin  J  J  is  put  for  sin  \(1  —  X)  i] 

I' 
sin  ^  =  sin  ^jj  —  ~  cos  d^ .  2  sin  }  J 

15 

,1' 
cos  d  =  cos  d^-\ ^  sin  d^ .  2  sin  }  / 

Sabstituting  these  values,  our  formula  becomes  (omitting  a  tentt 
multiplied  by  the  exceedingly  small  quantity  ^  X'  sin'  \  I) 

/(^+«±0**'^^"=^ — ****  *®'"  ^0  —  cos  n  cos  J^  sin  (0^  —  ao4-  m) 

-|-  p  sin  TT  sin  ^'  sin  n  -f  /o  sin  tt  cos  ^'cos  n  sin  m 
+(1  — A)cos  n  cos  ^jjCos  [0^— ao+ m— }(1— i)/]  2  sin  \i 

+  tV  [®^^  ^  ®^^  ^0 — ^^^  ^  ^^^  ^o^in(0o — »o+''*)]  2  Bin  J/ 

(183) 

In  this  formula,  we  may  consider  I  as  the  only  quantity  which 
wies  with  the  time ;  for,  although/,  s\  and  ;r  vary  slightly,  their 
variations  will  not  usually  be  sensible,  or,  if  sensible  for  a  single 
4fead,  their  effect  will  disappear  when  the  epoch  is  nearly  ttie 
mean  of  all  the  observed  times. 

If  now  0<j  is  the  time  of  transit  of  the  moon's  centre  over  the 
great  ciitjle  of  the  instrument,  this  formula  gives 


0  3=  -*-  sin  n  sin  ^^  —  cos  n  cos  d^  sin  (0^,  —  Oq  +  ^) 
-{-  pBinit sin  iff  ^mn-^-p sin n cos 50' cos n Sin m 

Subtracting  this  from  (133),  and,  for  brevity,  putting 

f  =  0,  ~  a,  +  III 

i2  =  sin  n  cos^^  -*-  cos  ti  sin d^  sin  t 


}  (iw) 


9M 

we  find 
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/<c  +  1  ±  s')e\n  1" 


(1  —  ;)  COS  n  COB  \  cos  [(  —  i  (1  —  -t)  /]  +  j's  ^'^ 


This  is  equivalent  to  the  formula  ^ven  by  Sawitsch  {Pracl. 
Astr<m.,  Vol.  I.  p.  303) ;  but  he  has  not  observed  that  the  expres- 
fiion  for  R  may  be  put  under  a  much  more  simple  form.  lu  so 
email  a  term  aa  ^i'H,  we  need  not  couaider  the  eftect  of  the 
parallax  upon  the  factor  H;  but  when  we  neglect  the  parallfg_ 
we  have,  by  (134),  J9 

0  =  —  sin  n  Bin  i„ —  COS  n  cos  *„Bin  (  ■  '^H 

Multiplying  thia  by  ain^u,  and  subtracting  the  product   from 
a  C03  5j,  we  find 


It  is  also  to  be  observed  that  by  the  formula  (246)  of  Vol.  I. 

we  have  B 

fif=:^s  =  the  true  Be  mi  diameter.  ^H 

Hence  our  formula  becomes  ^1 


2  8in)/= 


/(''+08i 


(135) 


/„ 


(135*) 


(1  —  ,1)  008  n  COB  \  COS  [(—  i  (1  —  -l)  /]  +  A  '''sia  n  sec  a, 

or,  when  I  is  small,  aa  it  usually  ia, 

f(c  +  0  ±  s 

(1 — k)  COB  n  COB  ^„C08  [(—  1  (1  — •*)  -f  ]  +  A  •^'^'D  "  ^^'^  K 

This  formula,  then,  gives  the  reduction  of  the  observed  time 
of  transit  of  the  moon'a  limb  over  any  given  thread  to  tho  time 
of  transit  of  the  moon'a  centre  over  the  great  circle  of  the  instru- 
ment, 

If  we  omit  s  in  the  numerator  of  the  second  member,  1 
becomes  the  reduction  to  the  time  of  transit  of  the  limb  over  the 
great  circle  of  the  instrument 

K  we  omit  fc  ±  5,  J  becomes  the  reduction  to  the  time  of 
transit  of  the  limb  over  the  middle  thread. 

The  factor/  is  determined  rigorously  by  (137),  Vol.  L  ;  but-jjj 
generally  euffices  to  take 

BID  C 


,/= 


dsC 
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wHich  ia  very  nearly  exact,  according  to  (101)  of  Vol.  I.  The 
fioderof  the  instrument  will  give  the  apparent  zenith  distance 
J',  and  the  difi'erence  between  this  and  the  true  zenith  distance 
J  wrill  be  found  with  sufficient  accuracy  by  the  formula 

Bin  (C'  —  C)  =  p  sin  «  sin  (C  —  r) 

icb,  a  being  the  azimuth  constant  of  the  instrument. 


or,  Tcrj-  nearly, 


=  (jt  —  fo')  COS  n  cos  n 


L      aodtl 


For  the  eun  or  a  planet  we  can  always  put  X'  - 
and  the  formula  becomes 


0  and  C  —  C'> 


c  +  I  r 


(1  —  ,1)  cos  n  cos  \  cos  ((  —  1  J) 


?or  a  fixed  star,  we  further  put  ^  ^^  0,  a  ^^  0,  (  - 
ud  the  formula  becomes  for  stars  near  the  pole. 


2Bm}J  = 
ud  for  other  stars, 

/=- 


(e  +  0  Bin  1" 


m(t-\I) 


c  +  i 


cos  n  cos  i  cos  (t  —  J  J) 


(136) 


(137) 


(18V) 


ti  aU  cases,  we  must  carefully  observe  the  sign  of  /  in  the 
deoominator  of  the  second  member,  /will  be  negative  when 
the  observed  time  ia  later  than  the  time  to  which  the  reduction 
is  made,  and  then  —  J/wil!  be  essentially  positive.  An  approxi- 
mate value  of  /  must  first  be  found  by  neglecting  /in  the  second 
member,  and  then  a  more  precise  value  by  the  complete  formula. 
If  the  azimuth  a  and  the  level  b  are  given,  m  and  n  must  first 
b«  fonnd  by  (78),  in  which,  however,  we  may  usually  neglect  b 
when  our  object  is  merely  to  reduce  the  several  threads  to  a 
common  instant. 

169.  For  a  fixed  star,  another  formula  has  been  given  by 
Haksbm.    We  have 

un(c-|-  0  =  — Hinnsin  d  — cos  n  cos  a  sin  ((  — /) 

=  —  sin  nsin  3  —  cosncos  JsinfcosZ-j-cosncosdcost  sin  7 
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If  the  reduction  la  made  to  the  coIUmfttion  tuds,  we  have 

0  —  —  Bin  n  Bin  d  —  coan  cob  t  sin  ( 

which,  Bubtraoted  from  the  above,  givc-9 

sin  (c4-i")^:2cofl  noos  Jsin  (Bin'i/+  cos  noos  J  cob  (sin  / 

whence 

.     ,           Bin  fc  +  0  „,      ^   -  , ,  T  ,.i 

Bin  I  — = — I — —_  —  2  tan  (  Bin'  i  I  (IJ 


COB  n  coa  i  cob  t 

which  is  a  rigoroua  formula.    We  aee  alao  that  t  may  be  foun^^ 
by  the  formula 

aiu  (  =  —  tao  »  tan  a  (139)   ■* 

169.  To  deduce  the  moon's  right  ascension  froim.  an  observed  transit 
in  any  given  position  of  the  instrument. — We  first  find  the  clock  time 
of  transit  of  the  moon's  centre  over  the  great  circle  of  the 
Mistnimeiit,  from  each  thread,  by  applying  to  the  observed  time 
the  reduction  given  by  the  formula  (135).  Let  T^  be  the  mean 
of  the  resulting  times,  and  a  7),  the  corresponding  correction  of 
the  clock;  then  we  have  ©o^  7J,+  aTJ,,  and  from  (134)  we  deduce 


sin(©,— 


„+m)- 


-tan  n  tan  J„  -j-^o  ei  n  n 


n  /tan  n 


I  ("0) 


in  which  a^  and  S^  are  the  true  right  ascension  and  declinatioa 
at  the  sidereal  time  ©„. 

If  it  is  preferred,  we  may  £rst  find  the  apparent  right  awa^H 
aion  by  the  formula  ^H 


Bin(0„-a,'+m). 


-  tan  n  tan  l' 


ftnd  deduce  tho  true  right  ascension  by  applying  the  parallax 
compnted  by  Art,  102,  Vol.  I;  but  it  will  then  be  necessary  to 
Qomputo  tlie  apparent  declination  5,'. 

It  will  be  easy  to  deduce  from  (140)  the  formula  for  the  ease 
where  the  instrument  la  in  the  meridian,  which  has  already  been 
given  in  Art.  154. 

The  conatants  m  and  n,  above  supposed  to  be  known,  may  be 
foimd  from  the  transits  of  two  stars  ob  iu  the  uext  article. 


OUT   OF   THE   UEBIPUK. 

FISDIKO   THE   TIME  WITH   A   PORTABLE   TRANSIT   INSTRUMENT   OUT 
OF  THE   MEBIDIAN. 

170.  The  number  of  Nautical  Almanac  stare  near  the  pole  is 
6o  small,  that  the  observer  in  tlio  tield,  when  presfled  fur  time, 
cannot  always  wait  for  their  transits  over  the  meridian,  and 
must  then  cither  employ  catalogue  atars  whose  places  are  not  so 
well  determined,  or  have  recourse  to  extra-meridian  observations. 
If  ihe  transit  instrument  is  mounted  so  as  to  be  readily  revolved 
in  azimutli  and  clamped  in  any  assumed  position  (as  is  the  case 
«rtth  the  *■  nniveraal  instruments"),  it  may  be  directed  at  once  to 
a  fimdamental  star  near  the  pole,  and  then,  its  rotation  axis  being 
levelled,  its  collimation  axis  will  describe  a  vertical  circle  not  fat 
&om  the  meridian.  The  transit  of  any  star  over  this  circle  being 
observed,  the  general  equations  of  Art.  123  will  enable  us  to  find 
the  hour  angle  of  this  star,  and  hence  the  time,  when  we  have 
determined  the  constants  m  aud  n  for  the  assumed  position  of 
tte  iastrument. 

The  stars  beat  adapted  for  the  purpose  in  the  northern  herai- 
^ere  are  Polaris  (a  Ursa;  Minoris)  and  d  UrscE  Minoris,  one  of  these 
luing  always  near  the  meridian  when  the  other  is  most  remote 
ftom  it;  and  it  will  he  advisable  always  to  employ  that  which  is 
DMrest  to  the  meridian.  lu  the  southern  hemisphere,  tlie  best 
■tar  LB  (T  Oclaiitis,  which  is  less  than  1°  from  the  pole ;  but,  as  it 
^ot  the  6th  magnitude,  it  may  be  necessary,  with  small  inetru- 
inenU,  to  use  either  ^  Hydii  or  ^  ChamcEieontis. 

To  take  the  observation,  make  the  axis  approximately  level, 
Mid  turn  the  telescope  upon  the  circum-polar  stiir.  The  star 
nio\nng  very  slowly,  set  the  instrument,  so  that  a  few  minutes 
must  elapse  before  the  star  will  cross  the  middle  thread.  During 
this  interval,  apply  the  spirit  level  and  determine  the  constaut  6. 
Observe  the  transit  of  the  star  over  the  middle  thread  by  the 
chronometer.  The  instrument  now  remaining  clamped  in  azi- 
muth, revolve  the  telescope  upon  its  axis,  and  observe  the  transit 
of  an  equatorial  star  over  all  the  threads.  Then  determine  the 
constant  b  again,  and  employ  the  mean  of  it*  two  values. 

In  order  to  eliminate  an  error  of  collimation,  the  rotation  axis 
is  to  be  reversed,  and  another  similar  observation  is  to  be  taken, 
the  instrument  being  set  at  a  now  azimuth  slightly  in  advance 
of  the  polar  star  as  before.  Each  obser\-ation  of  a  pair  of  stara 
of  course,  be  separately  reduced.     We  may,  however, 
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combine  each  transit  of  the  polar  star  with  the  transits  of  several 
equatorial  starB. 

The  collimation  constant  should  have  been  made  as  small 
as  possible  before  the  observations ;  but,  in  any  case,  we  shall 
assume  that  its  value  is  known. 

To  reduce  the  observations,  we  must  first  find  the  constants 
which  determine  the  position  of  the  instrument.  For  this  pur- 
pose, we  use  only  the  observations  on  the  middle  thread.  Let 
then  T'  and  T\>6  the  observed  chronometer  times  of  transit  of 
the  polar  and  equatorial  star  respectively  over  the  middle  thread, 
reduced  for  rate  to  an  assumed  time  T^ ;  and  let  a  TJ,  be  the  chro- 
nometer correction  at  this  time ;  a',  a,  the  right  ascensions,  d',  3, 
the  declinations ;  r',  r,  the  east  hour  angles,  or  reductions  to  the 
meridian;  90°  — m,  and  n,  tlie  hour  angle  and  declination  of 
the  point  in  which  the  rotation  axis  produced  towards  the  west 
meets  the  celestial  sphere ;  c  the  collimation  constant :  then  we 
have,  by  (79), 


sin  {r  ^  m)  = 
sin  (r"—  m)  = 

in  which  we  have 


tan  n  tan  d  -|-  sin  c  sec  n  8 
tan  n  tan  d'-}-  sin  c  sec  n  s 


-cr  +  ar.) 

-(T'+ar.) 


(141) 


If  we  could  put  c  =  0,  these  equations  would  give  us  m  and  n 
by  a  very  simple  transformation ;  but,  retjvining  c,  we  can  still 
reduce  them  to  the  form  they  would  have  if  c  were  zero,*  For 
this  purpose,  let  m'  aud  n'  be  approximate  values  of  m  and  n, 
determined  by  the  conditions 


from  which  we  shall  fiud  n'  aud  then  the  correction  to  reduce  it 
to  n.    Put 


sin  (r  —  m')  = 
.in  (,-_,.■)  = 


tan  »'  tan  8 
tan  n'  tan  i' 


then  J-  is  known  from  the  observation,  since  we  have 
r=i[»'-  7"- (a-  T)] 


4 

eit 

4 


Tbia  IranaformfttiDtf  is  giTGD  bj  IIakkn,  Aifr.  Kaeh,,  Vol.  XLVlll. 
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We  have  then 

and  heiice 

sin(i  — ;')==  tan  n'tan  d  8in(il  -f  7^)=:  tan  n'tan  d' 

the  sum  and  difference  of  which  give 

28in  X  cos  y  cos  d  cos  d'  =  tan  n'  sin  {d'  +  d) 
2co6il  sin  Y  cos  d  cos  d'  =  tan  n' sin  (d'  —  9) 

Uy  therefore,  we  make 

-    .    ,       sin  (d'  +  d) 
Lbiu  X  =  — ^^ — ■ — - 

COS;' 

(143) 
y.         ,       sin  (d'  —  d) 

Jj  cos  X  r=z  ^ <■ 

Sin  Y 

these  equations  will  give  us  X  and  Lj  and  then  we  shall  have 

.        ,      2cos^cos^'  ,^..^ 

tan  n'  = (144) 

It  is  to  be  observed  that  a'  is  always  to  be  regarded  as  greater 
than  7",  and  in  finding  y  by  (142)  the  difference  a'  —  T'  is  to  be 
found  by  increasing  a'  by  24*  when  necessary,  but  a  —  Twill  be 
positive  or  negative.  This  makes  y  less  than  180°,  and,  since 
i  -f-  j'(=  r'  —  m')  must  be  less  than  360°,  it  follows  that  X  must 
also  be  less  than  180°.  Hence,  L  will  have  the  same  sign  as 
COS/',  and  n'  will  be  negative  when  y  >  90°. 

Now,  we  have  r  —  m  =  r  —  m'+  (m'  —  m),  and,  since  7n'  —  m 
is  very  small, 

isin  (t  —  m)  =  sin  (t  —  m')  +  sin  (m'  — -  m)  cos  (r  —  m') 

which,  substituted  in  the  first  equation  of  (141),  gives 

Bin  c  =  sin  (r  —  m')  cos  n  cos  S  —  sin  n  sin  d 
-(-  sin  (m' —  m)  cos  (t  —  m')  cos  n  cos  ^ 

To  simplify  this,  let  us  put 

sin  d 
cosn' 

^m  which  and  the  equation 

sin  (t  —  m')  =  tan  n'  tan  ^ 
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there  foIIowB  also 

cos  w  =  co^  (r  —  mO  cos  a 

for,  if  we  add  together  the  squares  of  the  firat  and  third  of  theseie 
equations,  the  sum  is  reduced  hy  means  of  the  second  to  the^ 
identical  equation  1  =  1.  By  substituting  the  values  of  sin  (r  —  m'),^. 
cos  (r  —  m'),  and  sin  d,  which  these  equations  give,  in  the  exprea — 
aion  for  c,  it  becomes 

sin  c  =:  sin  (n'  —  n)  sin  w  -\-  sin  (m!  —  m)  cob  n  cos  w 

In  the  same  manner,  if  for  the  polar  star  we  take 

,       sin  3'  ,  ,  I        ,\        ^ 

sm  vr^ coaw'^  co8(r —  m)  cosr 

cos  n 

we  shall  have 

sin  c  ^  sin  (n'  —  n)  sin  v/  -\-  sin  (m'  —  m)  cos  «  coe  uf 
Combining  these  two  values  of  sin  c,  we  have 

sin  c  (cos  w  —  cos  w')  =  sin  (»'  —  n)  sin  (u/  —  w) 
sin  i(u^  +  10) 

COS  1  (to*  —  10) 
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If  tbieii  we  take 

sin  ti  =  —  tan  n  tan  ^ 

cos  n  cos  fi  cos  f  /    Cl^« ) 

weli&ve 

m  =^fi  +  /J 

The  constants  being  thus  found,  we  proceed  to  find  the  cor- 
rection of  the  chronometer  by  the  equatorial  star.  We  must 
first  reduce  the  transits  over  the  several  threads  to  the  coUima- 
tion  axis,  which  may  here  be  done  by  the  formula  (138),  omitting 
the  laat  terra,  which  is  insensible  when  the  instrument  is  so  near 
the  meridian  as  we  here  suppose  it  to  be.  If,  therefore,  we  first 
find  i  by  the  formula 

sin  ^  =  —  tan  n  tan  d  (148) 

and  then  put 

F=  cos  n  cos  d  cos  t 

ve  must  apply  to  the  observed  time  on  each  thread  the  correction 

F 

(where  i  is  the  equatorial  interval  of  a  thread  from  the  middle 
tfiread),  and  to  the  mean  of  the  results  we  must  apply  also  the 

correction  -p  to  reduce  to  the  coUimation  axis.    Let  the  resulting 

&ne,  reduced  for  rate  to  the  assumed  epoch  Tq,  be  denoted  by  ( T). 
Then,  if  0^  is  the  true  sidereal  time  at  the  same  instant,  we  have 

e,=(T)  +  A7; 

and,  by  Art.  167, 

whence  we  derive* 

A7;=a— (T)+e  — m  (150) 

If  we  wish  to  take  into  account  the  diurnal  aberration,  we  must 
add  to  the  right  ascension  of  each  star  the  correction  0'.021  cos  ^ 
aec  d  cos  r. 

171.  In  the  above,  we  have  supposed  c  to  be  given.    To  inves- 
tigate the  effect  of  an  error  in  the  assumed  value  of  c,  let  c  4-  ac 

*  It  is  easiljseen  that  the  general  formula  (150)  reduces  to  HAMSBir^a  formula  (86) 
irhea  the  imtrumeiii  U  in  the  meridian. 
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be  its  tme  value ;  then  the  correction  of  n  correeponding  to 

ifl,  by  (145), 

sin  Htif  +  a) 

an  =  —  ac  -■    ■>■■  v^ — ^ 

oca  i  (ur  — 10) 

and,  by  differentiating  the  expreesionB  (147),  (148),  and  (149),  ^ 
find  the  corresponding  corrections  of  m,  t,  and  I  to  be 

tan  V  Bin  i  (uf  -4-  to)  tan  « 

urn   A« I Ay.  i_i ' i :. 


008*  R  coe  m 


coa  1  (u/  —  w)  coe*  n  cos  m 

^       Bin  i  (ig*  +  10)  tan  3 
COB  i(ti/  —  a)  COB*  n  COB  t 


The  correction  of  the  quanti^  (7^  —  t  +  in  will  be  composed  of 
the  correctiona  of  /  (by  which  ( r)  ia  obtained),  of  m,  and  of  L 
Denoting  the  whole  correction  by  Ar,  we  have 

At  ^  aI  —  At  •]■  Am 

Sabstituting  the  valaes  of  the  corrections,  we  find 

AC  r    1  sin  l(w'-1- w)tanic  sin  }  (it*  +  w)  tan )»     l 

GOBnLcOB  to  COB  K'"' —  «")  COB  1  («/  —  W)  COB  ft  COB  IftJ 
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[f  -we  denote  the  coefficient  of  &n  in  thia  equation  by  C,  and  the 
troe  chronometer  correction  by  a  T,  tJie  tiret  computed  coirectioa 
"beitig  {aT},  we  bave 

iT^Car)  — (7ac  (153) 

For  another  observation  in  tbe  reversed  position  of  the  axis 
the  coeffioient  of  ic  computed  by  (152)  being  denoted  by  C,  and 
the  computed  chronometer  correction  by  (a  T'),  we  have,  since 
the  flign  of  &c  is  changed, 

ar=Car')  +C'i>.c  (164) 

•nd,  combining  the  two  results,  we  can  determine  both  iTand 
u.  If  we  have  taken  a  number  of  stars  in  each  position,  we 
cm  treat  alt  the  equations  of  this  kind  by  the  method  of  least 
iqnares. 

172.  The  designation  "  equatorial  star,"  in  the  preceding  cx- 
pluiations,  has  boon  used  to  designate  the  star  from  wbicb  the 
'iirouometer  correction  has  been  deduced;  but  it  is  by  no  means 
nccesaary  that  this  star  should  be  very  near  the  equator.  A  star 
which  passes  near  the  zenith  will  be  preferable,  since  an  error  in 
the  determination  of  n  will  then  have  little  or  no  effect  upon  the 
wmputed  time. 

Example.* — In  1843,  August  17,  at  Cronstadt,  latitude  ip  = 
SB'  59'. 5,  the  following  observations  were  taken.  The  value 
of  one  division  of  the  level  was  C.llS.  The  correction  for  iu- 
wjoality  of  pivots  was  p  =  -{-  tf.W  for  drck  west.  The  eqnatorial 
intervaU  of  the  threads,  numbered  from  the  circle  end  of  the 
ttie,  were 

+  84'!50  +  18'.74  —  u'u  33''.33 

The  assumed  collimation  constant  was  c  =  —  (y.ZB  for  circk  west. 
The  chronometer  correction  was  approximately  aT—  +  40*; 
it«  losing  rate,  1'.72,  or  57*=  +  1'.72  daily. 

^K  •  SAwiTBcn.  Fracl.  Atlron.,  Vol-  I.  p.  343. 
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lit  poiltion  of  tha  inatrtmMnt:  OirtU  WaL 


B. 

w. 

-12.0 

-17.8 

+  27.0 
+  21.2 

Level.    Direct         |     — 12.0         +  27.0  -B  =  +  O-.SZS 

p  =  +  014 

Mean  5=    +  4'.6  6  = +  0.66 

TnnriU  etearrad  with  ehronoiaeter  "Hant  Ma.  19." 


Thraftd. 

I 

II 

in 

IT 

V 

^Ura.Min. 
fi  Draeonia 

SS'.O 

^.9 

17»  23-  lO-.O 
17  28    36.0 

1'.4 

29'.8 

1 

Level.    Direct 


B. 

w. 

—  18.0 
-12.4 

+  21.0 
+  26.8 

B  =  +  0..49 
i  =  +  0.63 
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9  Draconis, 
r  Draconit, 


17    26    65 .73         62    25  25  .6 


17   53      0.35 


51 


I  51  ,0 


Comptitation  of  tlie  observatione,  circle  iceat. — We  shall  reduce 
the  observed  times  for  the  chronometer  rate  to  the  common 
epoch  T^=  18*.  To  allow  for  the  diurnal  aberration,  we  take 
fortheapproxiraatetimesof  the  observation  of  a  Ursce  Mmoris  and 
^Draconis,  17*  24"  and  17'  29"",  which,  aubtracted  from  the  re- 
^►ective  right  ascensions,  give  for  their  eastern  hour  angles,  O! 
the  valacs  of  r,  7*  40"  and  —  0*  2",  and  hence  the  values  of 
0'.021  cos  f  sec  d  cos  r  for  the  two  stars  are  —  0M7  and  +  0:02, 
which  are  to  he  added  to  the  right  ascensions.  The  corrected 
fatiitities  are  then : 

•  t>i.Jfm.  a'^    1*    8-45'.53    7"  =17*  23-   9:90  d'=   88''28'24".2 
»J)reami8,  *  =  17   26    55  .75    T  =  17   28   34  ,96  S=   52    25  25  .5 


b .'-r^  7  « 

35 .57                           3'- 

+  J=140 

53  49  .7 

^._r  =  - 

39,21                              S' 

~l=   36 

2  58  .7 

^V                     7 

14.78  =  115''S3'4r.7 

^V 

r=   67M8'60".9 

f  'BMice,  by  the  formute  (143)  and  (144), 

.  loeainca'+ajejgggas 

log.iii  (J'- J)  9.769736 

logoOBi' 

8.425554 

L^^lgg  coa  r  9.726857 

log  Bin ;.  9.927378 

log  COB  J 

9,785199 

^^^j,tiaiO.<i-ma 

log  L  CO.  i  9.842358 

log  2 

0.301030 

^^K«uii.io.:3(i«i8 

log  GOB  A  9.704899 

8.51178S 

^^Bs=      &9°32'39".2 

log  L  0.137459 
log  2  COB  J'eoea  8.511783 

^Kr=+  i'2i 

'B»lkoformuta(1451 

log  tan  n' 8.374324 
and  ri461. 

sec  (I  +  r)  n0.3380 

log  sec  n'  0.0001 

log  tan  a'  1.5743 

log  tan  «/  nl.9124 

v/  =  90'  42' 

||(a!'+ te)=  71    35 


^  =  B=  +  1°21'27".8 


log  HOC  (i  —  r)  0.0002 

log  sec  5'  0.0001 

log  tan  J  0,1138 

log  tan  u)  O.iul 

w  =  52=  27' 


IOp*- 


w)     19 


log  sin  i  (m/  +  .0)      9.9772 

logBOc  J(w'—  w)     0.0247 

logf  n0,fi946 

log  y   nO.6966 
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By  the  formulse  (147) : 


log(-tan») 

»8.874769 

t  =  -1-  0-.M6  = 

=  +  9' 

log  tan  f> 

0.288416 

log* 

0.98! 

log  sin  p 

»8.6iai84 

log  seen 

0.00( 

;*  =  — 

-2°  21'   7".0 

log  .CO  ^ 

0  00( 

j!  = 

+  19.4 

log  800  , 

0.30( 

m  ^  — 

-2    20  47  .6 

H? 

1^28; 

The  constants  of  the  instrument  being  thus  foand,  we  ] 
to  find  the  chronometer  correction  hj  0  Dracotas.  We  fi 
(  and  the  thread  intervals  by  (148)  and  (149) : 


(  =  —  1»  45"  54".6 

I  H 

log  i  1.53782       1.27277 
log  7 1.75295       1.48790 

1 4-  56.62  +  30'.75        —  26'.49        —  54'.70 


log  ton  n    8.874769 
log  ton  J    0.113823 
log  sin  t  n8.488592 

log  cos  n 
log  cos  a 
log  COS  ( 
log  J" 

IV                   V 
7        »1.20790        nl.52284 

log  c 

»        nl.42808        nl.7S797 

'"^i 

Applying  these  redactionB,  we  have,  for  the  time  of  passa 
the  middle  thread,  and  the  chronometer  correction  hy  {\t 
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Compatation  of  the  observations,  circle  east. — ^This  beiog  in  all 
respects  similar  to  the  above,  we  shall  only  put  down  the  prin- 
cipal resnlts.  The  approximate  hour  angles  (r)  of  a  Ursce  Minoris 
mdyDraconis  are  7*  10*  and  —  0*  S*,  whence  the  correction  of 
the  right  ascensions  for  diurnal  aberration  are  —  0*.12  and  +  0*.02. 
Bedncing  the  times  for  rate  to  18*,  we  £nd 

•  Pr«.Jfin.a'=   1*    8«45*.68     7'=  17*  62*  45'.49    *'==  88^  28' 24".2 
r DraconiB  a=n  53     0.87     T  =.17  66     1.89    d  =  &l   80  51.0 

whence 


r=        54»    7'88".3 

A  =      55»  55'  54."2 

Ji*  =  +      1    26    2  .6 

c  =  +  0'.38  =  +  4".96 

i-^r~      110"  4' 

k  —  r=       1°  48' 

«/=         90    31 

10=      51    82 

1.—                4-    6".0 

• 

»  —  +      !»  25'  57".5 

ft  =  +  O-.ia  =  +  1".95 

M  —  —     2    28  54  .7 

/9  =  +  3".9 

m  =          2    28  50  .8 

t  =  —      1    48     9.6 

log  F  —      9.79366 

For  the  reductions  of  the  threads  for  xDraeonis,  we  find 

V                       IV 

"                  ^             c 

/     +  63'.60        +  26'.96 

—  30'.14        —  55'.48        -  =  +  0'.68 

F 

and  hence 

y  Draconit, 

Transit  over  middle  thread  =  17*  55*    1*.59 

-  =        +      0 .63 
F     ' 

Bed.  for  rate  to  18*  =        —     Q  .Qi 

(7)  =  17  55     2.11 
tt  =  17   53     0.87 

_.  a  — (7)  =  —     2      1.74 

t  — m     =+     2    42.75 

a7;=        +    41.01 

'^6  mean  value  derived  from  the  observations  in  both  positions- 
of  the  instrument  is,  therefore, 

A7;=  +  41*.06atl8*. 
^^  general,  however,  unless  the  declinations  of  the  two  stars  are 
nearly  equal,  the  true  value  of  aT^^  will  not  be  the  mean  of  the 
values  found  in  the  two  positions ;  but  we  shall  have  to  proceed 
M  follows. 

Vol.  IL— 16 
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To  eBtimate  the  effect  of  an  error  in  the  assumed  value  of  e  itr^j 
this  computation,  we  might  here  pat  ^'  =  ^  in  (152),  since  n  antEzi 
m  are  here  small ;  hut,  for  the  sake  of  illustration,  we  shall  qb^ 
the  complete  formulse.    We  find 


Ortt*  rt*i 

■      OreU  Eatt. 

/  =       60=  1'.2 

60=  r.4 

»(»■+")-/=    ,  11    84 

11    0 

logco.[((l«'+l»)-<l            9-9911 

9.9919 

UgnecK""-")            0.0247 

0.0267 

sec  n           0.0001 

O.OOOl 

sec/            0.3013 

0.8013 

logo            0.3172 

log  C           0.8190 

C  =  +  2.076 

0'=  + 2.084 

Hence 

(Circle  west)    4  7;= +  41-. 

10  -  2.076  u 

(Circle  east)     4  T,  =  +  41 .01  +  2.084  4« 

whence 

-=+£^=+«-« 

(Circle  west)    »  T,  =  +  41M0  - 

-  0-.04  =  +  41-.06 

(Circle  east)     4  T,  =  +  41 .01  +  0  .05  =  +  41 .06 

This  result  agrees  with  the  mean  value  found  before,  because 
here  the  declinations  of  the  atara  were  nearly  equal,  and  the  posi- 
tion of  the  instrument  with  reeptct  to  the  meridian  was  nearly 
the  same  in  both  observations. 
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iPPLXCATIOS  OP  THE  METHOD  OP  LEAPT  SQUARES  TO  THE  DBTBR- 
MIXiTIOK  OF  THE  TIME  WITH  A  PORTABLE  TRANSIT  INSTBUHBNT 
I»   THB   VERTICAL    CIRCLE    OF   A    CIRCt!MPOI.AR   STAR. 

173.  We  here  suppose  the  obaervations  to  be  made  esBentially 
ae  directed  in  Art.  170,  with  this  difference,  however,  tiiat  wo 
shall  not  restrict  the  observation  of  the  Btar  near  the  pole  to  its 
trariBit  over  the  middle  thread.  The  iuBtriimciit  being  brought 
Dear  the  vertical  of  a  circumpolar  star :  1st,  the  transit  of  this  star 
over  07!^  one  of  the  threads  is  observed ;  2d,  the  transitaof  a  number 
of  equatorial  stars  are  observed  ;  3d,  the  axis  of  the  instrument  ia 
reversed,  and  the  transit  of  the  polar  star  again  observed  over 
one  thread  ;  and  4th,  the  transits  of  a  number  of  equatorial  stars 
are  observed.  The  level  is  read  for  each  star.  If,  however,  the 
circumpolar  star  has  passed  all  the  threads  by  the  time  the  axis  has 
been  reversed,  the  azimuth  of  the  instrument  must  he  t-hanged, 
»o  aa  to  bring  the  star  near  a  thread ;  then,  clamping  the  instro- 
trient  in  azimuth,  the  transit  over  this  thread  will  be  observed, 
*«»<i  also  the  transits  of  a  set  of  equatorial  stars  as  before.  In 
'"iacase  the  observations,  being  made  in  two  different  vertical 
C'i  rdes,  m-.ist  he  separately  computed  according  to  tlie  following 
'**«tlni(l.  It  is  hai-dly  necessary  to  obaer\-e  that  the  observations 
•**"  the  equatorial  stai-s  may  either  precede  or  follow  tliat  of  the 
*^Tcumpolar  star,  as  may  happen  to  he  most  convenient.  In  this 
**Tiethod,  we  form  an  equation  of  condition  from  the  observation 
**t  each  Btar,  and  all  those  for  which  the  azimuth  of  the  instru- 
**ieiit  is  the  same  arc  combined  by  the  method  of  least  squares. 

Let  c  denote  tlie  colllmation  constant  for  the  mean  of  the 
^Ireada,  and  i  the  equatorial  distance  of  a  thread  from  the 
*»lBan ;  then,  r  denoting  the  hour  angle  of  the  star  when  observed 
On  the  thread,  i  -|-  c  must  be  substituted  for  c  in  our  fundamental 
^uation  (79);  and,  since  this  quantity  is  always  sufficiently  small, 
shall  put  it  in  the  place  of  its  sine.  Thus,  we  have  for  each 
id 

c  +  i  =  —  sin  »  sin  i  +  cos  n  cos  J  sin  (t  —  m) 

Wlien  several  threads  are  obser\'ed,  the  mean  of  the  observed 
times  corresponds  to  that  point  of  the  field  which  we  call  the 
mean  of  the  threads  only  when  the  instrument  is  in  the  meridian. 
When  the  instrument  is  not  in  tlie  meridian,  two  metliods  of 
procedure  offerthemselves.  The  first  is  tliat  which  has  been  used 
ill  the  preceding  articles,  and  consists  in  reducing  each  thread 


I  ^uati 
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either  to  the  middle  or  the  meaD  thread  hy  means  <^  the  com- 
pated  interrale.  But  to  compute  theae  intervale  we  must,  as 
has  been  seen,  know  the  position  of  the  instrument.  The  eecond 
method,  which  we  owe  to  Bessbl,  ia  not  only  more  simple  in 
practice,  but  is  wholly  independent  of  the  position  of  the  instru- 
ment ;  and,  as  it  will  be  useful  both  in  the  present  problem  and 
in  that  of  finding  the  latitude  by  transits  over  the  ptime  vertical, 
I  shall  treat  of  it  here. 

If  we  denote  the  number  of  observed  threads  by  q,  we  have  q 
equations  of  the  above  form,  i  and  r  being  different  in  each. 
The  mean  of  these  equations  ia 


where  £  is  the  usual  summation  sign.    Now  let 

T  =  the  mean  of  the  observed  times  on  the  several 
threads, 
T —  /=  the  observed  time  on  any  thread; 

then  /ia  the  interval  found  by  subtracting  each  observed  time 
from  the  mean  of  all,  and,  consequently,  ^e  algebruc  sum  of 
all  theae  intervale  is  zero.    Also  let 


4  T=  the  clock  oorrection, 

<  =  .-(?■+«) 
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Hence,  putting 

V.  =  1 «  \   (156) 

oar  equation  becomes 

.    .   ,  008  n  COB  8  sin  (t,  —  m) 
c  -|-  t,  =  —  Bin  n  sm  4  -| ' ^ 

ThjQs,  X  and  k  being  found,  we  find  r^  by  using  the  corrected 
time  T+^  x  instead  of  Tj  as  in  (165),  and  then  this  single  equation 
represents  the  mean  of  the  q  equations.  We  may  bring  this 
equation  still  nearer  in  form  to  that  for  each  thread;  by  substi- 
tuting 

Y  cos  *,  =  —  cos  d 

k 

Y  sin  ^,  =  sin  d 
which  give 

'   ^  =  —  sin  n  sin  d^  -f  cos  n  cos  d^  sin  (tj  —  m)        (156) 

where  y  is  so  nearly  equal  to  unity  (as  will  presently  appear)  that, 
88  the  divisor  of  the  small  term  c  +  ^,  it  may  usually  be  omitted. 
Thus,  the  mean  equation  is  precisely  of  the  form  for  one  thread, 
when  we  use  both  a  corrected  mean  time  and  a  corrected  decli- 
nation. The  quantities  x  and  d^^  or  else  x  and  log  A,  are  readily 
found  by  the  aid  of  tables  such  as  Tables  Vm.  and  Vin.A  at 
the  end  of  this  volume,  the  construction  of  which  is  as  follows. 
The  equations  which  determine  k  and  x  may  be  written  thus : 

—  cos  X  =  1 S2  sin*  J I 

k  q 

— .  sin  X  =  — .  ^  (/  —  sin  I) 
k  q 

for,  since  11=  0,  this  last  equation  is  the  same  as  the  one  before 
given.  But  the  quantity  /—  sin  /is  of  the  order  P,  and  there- 
fore extremely  small,  so  that  we  may  put  cos  x  =  1,  and  hence 

1  =  1 -.12:2  sin*  J  J 
k  q 

X  =12:  (/—sin  7) 
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tan  9,  =  A  tan  a 
k+  1  sinl"   '  \A+T/  2 ainl"  "^ 


or,  aubstitutiag  the  value  of  ft, 

-  £  Bin*  i  J 


a,  =  8  +  - 


Bs88SL  giveat  a  table  from  which  with  the  argument  /we  find 
/ — Bin  Jill  Beconds,  and  .-  ,-  The  meaD8  of  the  tabular 
quantities  taken  for  the  several  values  of  I  are  respectively  x  and 
the  numerator  of  the  coefficient  of  2d.  A  small  subsidiary  table 
corrects  for  the  neglect  of  the  denominator.  In  the  tables  at  the 
end  of  this  volume  I  have  adopted  a  different  arrangement  By 
the  logarithmic  formula 

logil—x)  =  ~M(x  +  ix*  +  4o.) 
in  which  M=  0.4342945,  we  find 
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extreme  preciBion  is  desired,  this  mean  is  to  be  increaeod  by  the 
imall  wrrectioii  given  in  Table  Viil.A,  which  contains  the  raluo 
of  tlie  terra  ^~  ■•  with  the  argument  "nieau  log  A-."  The 
columu  marked  x  gives  the  value  of  I—  sin  /in  seconds  for  each 
Tslue  of  /;  and  the  mean  of  the  several  vahies  is  likewiee  to  be 
taken  as  tlie  correction  of  the  mean  of  the  observed  times  T. 
The  sign  of  lie  different  for  threads  on  opposite  sides  of  the 
mean,  and  the  sign  of  x  must  be  the  same  as  that  of  I.  Hent-e 
the  mean  x  will  be  evanescent  when  the  observed  threads  are 
iymmetrically  disposod  about  the  mean. 

These  tables,  then,  effect  the  reduction  of  the  threads  to  a  single 
inrtant  in  a  remarkably  simple  manner,  without  requiring  a  pre- 
riouB  knowledge  of  the  position  of  the  instrument.  We  have 
only  to  add  x  to  the  mean  of  the  observed  times,  and  to  find  the 
WTKcted  declination  by  the  formula 

tan  3,  =  ktan3  (157) 

Then,  taking  the  mean  of  the  equatorial  intervals  i  of  the  ob- 
"en-ed  threads,  we  proceed  to  use  equation  (156),  as  representing 
the  mean  of  all  the  threads.  The  divisor  y  is  found,  from  the 
eqnationfl  which  determine  ;■  and  3„  to  be 

^B  1  — (l-  Mcofi'3 


cos  (a,  —  i) 


where  we  may  put  eos  (J,  —  J)  —  1.  Since  ij,  is  zero  when  all 
•he  tlireads  are  observed,  we  may  put  j-  =^  1  in  such  eases  with- 
out hcditation,  since  it  is  then  the  divisor  only  of  the  very  small 
quantity  c.  But  in  the  method  of  observation  here  adopted  we 
may  in  all  cases  put  j-  ^^  1 ;  for  we  suppose  the  slow-moving  star 
to  be  observed  on  but  one  thread,  in  which  case  we  have  rigor- 
ously J-  ^1 ;  and  for  the  equatorial  star  (even  if  we  extend  this 
denomination  to  stars  of  the  declination  50°  or  60")  the  intervals 
/will  always  be  less  than  2",  and  then  the  mean  log  k  will  always 
be  less  than  0.00001,  and  log  y  will  be  less  than  0.00002.  We 
take  then,  as  complete,  the  equation 

c  -f  I J  ^;  ^  sin  n  sin  S^  -f-  cos  n  cos  i,  sin  (r^  —  m) 

atating  sin  r,  cos  m  —  cos  r,  sin  m  for  sin  (r,  —  m)  and  thoa 


^^Aitita 


I 

I 
I 


mi 
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enbstituting  the  values  of  sinn,  cosncosn,  coanBinm,  ftom  (78), 
the  equation  becomes 

fi  -f  i^  =  —  6  (8in  f>  Bin  ^,  +  oo«  f  cos  a,  cob  r,)  -|-  eos  a  cob  3,  sin  r, 
-f-  sin  a  (cos  i»  sin  4,  —  bid  ^  coa  i,  cos  r,) 

This  equation  will  be  satiefied  when  a  is  the  true  value  of  the 
azimuth  of  the  instrument  aad  r,  has  been  found  by  employing 
the  true  clock  correction  t?.  But,  if  a  and  ^  denote  assumed 
approximate  values  of  these  quantities,  &a  and  &&  their  required 
corrections,  and  if  r,  is  found  by  the  formula 


■,  =  *-cr,  +  *) 


(158) 


then  we  must  substitute  in  the  above  equation  a  -\-  &a  for  a,  and 
r,  —  atf  for  t,.  We  thus  find  (neglecting  the  products  of  the 
smalt  quantities  b,  aa,  and  &d) 

«  +  i,=:  —  b  (sin  y  sin  3,  +  cos  y  cos  *,  cos  r,) 

~\-  cos  a  cos  ^,  Bin  r,  -{-  ^in  a  (cos  ^  sin  J,  —  sin  ^  cos  ^  cos  r,) 

—  Ad  sin  a  cob  d,  sin  t,-j-  Ad  coa  a  (cob  ^  sin  d, —  sin  ^  cos  J,  cob  t,) 

—  A#  cob  4,  (cos  a  COB  T,  -|-  sin  a  sin  f  sin  r,) 

To  adapt  this  for  computation,  let  z  and  A  be  the  zenith  distance 
and  azimuth  of  the  point  of  the  sphere  whose  declination  ia  d, 
and  hour  angle  Tj  :  then  we  have  (Vol.  I.  Art  14) 


cos  z  ^ 
n  z  cos  A  ^=  — 
nz  ain  A  = 


sin  ft  sin  8^  ■+-  cos  p  cos  4,  cos 

cos  f  sin  9,  -(-  sin  y  cos  a,  cos 

cos  S  sin 


;1 


(169) 


and  our  t'quiition  Ijccomos 
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in  wUch  the  sign  of  c  mast  be  changed  when  the  axis  of  the 
instrament  is  reversed.  It  must  also  be  observed  that,  (as  in 
meridian  observations  where  2  =  ^  —  3),  sin  z  must  be  negative 
when  the  star  is  north  of  the  zenith :  this  sign,  however,  will  be 
given  by  the  equations  (159)  if  attention  is  paid  to  the  signs  of 
the  other  quantities.  To  compute  z  and  A  by  logarithms,  let  g 
and  tf  be  determined  by  the  conditions 

g  Bin  G  =  sin  8^ 
g  cos  G  =  cos  ^j  cos  Tj 
then 

cos  z  =  g  cos  (^  —  ff) 

sin  z  cos  A  =  g  Bin(^  —  G) 
sin  z  Bin  A  =  cos  d^  sin  r^ 

• 

or(ob0enring  that  tan d^=  k  tan S) 

k  tan  d 


tan(?  = 


cos  T^ 


.       tan  T,  cos  (7  .    ,,^^^ 

tan^  =  -^-— J — --  >   (162) 

8in(f  — ff)  f   y      ^ 

^^^tan(y-(y) 
cos  A 

in  which  G  and  A  are  to  be  taken  less  than  90°,  positive  or 

negative  according  to  the  sign  of  their  tangents,  and  the  sign  of 

tan  z  will  be  determined  by  that  of  tan  ((p  —  G). 

If  we  put 

tan  jP  =  tan  t^  sin  ^  (163) 

the  coefficient  of  ^9  may  be  computed  under  the  form 

p  ^  cos  d  cos  T,  cos  {a  —  F) 

The  whole  process  of  forming  the  equation  of  condition  for 
^h  star  is,  therefore,  as  follows : 

Ist.  Find  X  and  log  k  from  Table  Viil.,  and  add  x  to  the  mean 
<>f  the  observed  times  on  the  several  threads.  Call  the  resulting 
time  7;,  and  find 

r,  =  a-(7;  +  ^) 
'n  which  &  is  the  assumed  clock  correction  reduced  to  the  time  T^ 
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2d.  Compute  A,  z,  Phy  the  equations  (162),  (163),  and  (164), 
aud  h  by  the  equation 

A  ^  I'j  +  6  cos  z  -\-(a  —  A)  sin  z 

in  which  ;„  ia  the  mean  of  th«  equatorial  intervals  of  the  observed 
threads  from  tlie  meau  thread,  b  is  the  inclination  of  the  rotation 
axis,  and  a  is  the  assumed  azimuth  of  the  instrumcut.  .^H 

Then  the  equation  of  condition  ie  ^^^ 

±  c  +  Aa  sin  2  -t-  P.  A«  +  A  =  0  ^ 

in  which  the  sign  of  c  is  to  be  determined  by  the  position  of  the 
rotation  axis  of  the  instrument. 

From  all  the  equations  thus  formed,  the  most  probable  values 
of  c,  af,  and  it?  will  bo  found  by  the  method  of  least  squares. 

If  the  azimuth  of  the  instrument  has  been  changed  duting 
the  observations,  these  must  be  divided  into  two  sets,  and  two 
different  assumed  azimuths  a,  a',  with  the  corrections  aa  and  aa', 
will  be  used  in  the  formation  of  the  equations. 

It  is  hardly  necessary  to  remark  that  all  the  quantities  \,  b, 
a—  A,  e,  an,  at?  are  expressed  in  the  same  unit,  eitlier  of  time  or 
arc :  the  latter  will  perhaps  be  most  convenient. 

Example. — The  following  observ'ations  were  taken  by  Bessel 
with  a  very  small  portable  instrument,  to  determine  the  time. 


MuDich, 

1827,  June  27 

CiralQEMl. 

I 

II 

,11 

IV 

V 

LeT.1. 

X  Scorpii 

t  Ophiuchi 
a  ITrs(xMinoris 

8-12'.2 
14  22.4 

7-52'.5 
14     2.6 

UV. .-...■. 
11  13  43.2 
11  

13-22-.7 
20     S.2 

IS-  I-.6 

-I'.OSO 
-0.608 
— 0  .079 

Circle  West. 

aUrsiE  Minoris 

24  Scuti  Sob. 

21-S5'.6 
26  114 

21-66-.2 
26  31.6 

13'19-52'.8 
13  22   16.2 
13  26  62 .3 

22-37'.0 
27   12.8 

22-58-.8 
27   34.4 

+  1'.683 
+  1.670 
+  1  .837 

The  azimuth  of  the  instrument  was  changed  between  the  two 
Bets  of  observations,  circle  east  and  circle  west. 

The  place  of  observation  was  in  the  garden  of  Dr.  Steinhbil's 
house,  where  the  latitude  was  ip  =  48°  8'  40". 

The  chronometer  was  a  pocket  mean  time  chronometer  4 
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EissiL.  Its  correction  to  sidereal  time  at  12*  (cbronometer  time) 
wa8  assumed  to  be  d  =  5*  1"^  S'.OO,  and  its  rate  on  sidereal  time 
was  +  O'.IO  per  hour  (losing). 

The  equatorial  intervals  of  the  threads  from  the  mean  thread 
were  as  follows  for  circle  west : 


+  59r.08 


II 
+  803".09 


m 

+  6'M9 


IV 
—  294".91 


V 
—  612".46 


The  value  of  one  division  of  the  level  was  4".49.    The  pivots 
were  of  unequal  thickness,  the  correction  for  which  had  pre- 
viously been  found  to  be  —  1".89  for  circle  west. 
The  apparent  places  of  the  stars  on  the  given  date  were  as 

follows: 


a 

« 

/  Seorpii 

16*   2-36'.71 

—    9''36'34".2 

c  Ophiuchi 

16     9    13.90 

4    16     8  .9 

a  Ursce  MinorU 

0  59     5.28 

+  88    28    2  .5 

*a{Anon,) 

18  18     8.49 

+  14    52  36  .7 

24  Scuti  Sob. 

18  19    24.11 

—  14    39  56  .0 

The  reduction  of  the  observations  of  j[  Seorpii  and  e  Ophiuchi  on 
the  several  threads  to  a  mean  will  serve  to  illustrate  the  mode 
of  using  our  Table  VEEI.,  although  in  this  case  the  quantity  x  is 
quite  insensible  and  log  k  nearly  so.     We  have,  then, 


Circle  East. 

T 

/ 

X 

log* 

• 

t 

X  Seorpii  I. 
II. 

IP   8-12-.2 
7    52.6 

—   9*.85 
+    9.85 

0.00 
0.00 

0.0000001 

1 

—  598".08 

—  303  .09 

Ifeans 

11     8      2 .35 

0.00 

0.00 

0.0000001 

450  .59 

Ophiuchi 


Heans 


11  14    22.4 

—  39'.90 

0.00 

14     2.6 

—  20 .10 

13    43.2 

—  0.70 

13    22.7 

+ 19 .80 

13     1.6 

+  40 .90 

0.00 

11  18    42.50 

0.00 

0.00- 

0.0000018 

5 

0 

5 

19 


0.0000009 


—  598."08 

—  303  .09 

—  6  .19 
+  294  .91 
+  612  .46 


0  .00 
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To  torok  thft  equationa  of  conditioo  for  the  three  stan  observe^^ 
circle  east,  we  now  find  by  the  formulse  (158,  kc)* 


r+.  =  r, 

K*»J-it 

.<«M^ 

.»*«. 

11'    6"  2'.86 

I]»13"42'.S0 

11»20-   8'.2C» 

Assumed  * 

+    6     1      3.00 

+    G     1      8.00 

+      5     1     .8.0C» 

BatB  to  Vi" 

-      7. 90 

-      7.09 

—      6. IS: 

16      8   B7.30 

10   14    38.41 

16  21      0.0». 

10     2   30.71 

19     0    18.90 

0  50      6,2^ 

-      6   20.68 

—     S    24.61 

+      8  88      5.2C»* 

(In  MO) 

—  l"  86'   10".2 

—  1'    21'    7".a5 

129*  31'  18".0 

0.000166 

0.000121 

1.0.106290 

■— 

n9. 228677 

n8.87S022. 

1.6496T3 

log* 

XogUaG 

0.000000 

0.000001 

0.000000 

')S.228843 

n8.B731M 

f.1. 746863 

G 

-   0''86'47".2 

—   4»  10'  13".2 

—   88=  68'  17".3 

^-G 

57    M  27  .2 

62    24  63  .2 

187      6  67  .8 

log  un  r. 

oS.442387 

nS.  372075 

f>0.0B36Gl 

log  COS  G 

9.90S85S 

9.S98793 

8.2640C7 

log  OOBCO  (^   -  G) 

0,072784 

0.101030 

0.167161                  J 

loguaj 
log  cos  ^ 

ng.6n8Q29 

«8.4T2798 

n8.6047B9 

r 

0.999774 

0.999808 

9.999778 

/ 

log  tan  (p  _  0) 
log  fiin  , 

0.2001RO 

0.118683 

hQ.967894 

0.201)36 

0.11387 

r9.9G8]2 

log  Bin  r 

9.92738 

9.89904 

n9. 88206 

log  00.. 

A 

0.72697 

9.78617 

9.86464 

-   1«60'66".86 

— 1"*2'  4".  86 

-      1"  49'  53".74 

Awuineda 

-    I    42    0. 

+           8'  55".85 

+                 4".85 

-1-             r  62".  74 

(«_.!)  Bin, 

-             a. 96 

—              0.84 

4-                  1.64 

-1-             4.>T'.29 

4-               3".P4 

321-.80 

^M 

I 
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Hence  the  equations  of  condition,  circle  east,  are: 

I  Scorpii  —c  +  0.8459  Aa  +  0.9857  A.^  +  rM2 
f  OpMuchi  —c  +  0.7926  Aa  -^  0.9971  a*  +  3  .33 
a  Urs.  Jfeftn.  —  c  —  0.6807  Aa  —  0.0184  a»^  —  25  .76 


0 

0 
0 


In  the  same  manner,  we  find  for  the  stars  observed,  circle  west. 


a  UruB  Min, 

♦a 

24  Scuti  Sob, 

r.  +  * 

18*21«   8'.03 

18»  23-  32-.34 

18»28«    8-.81 

'i 

99*>  29'  18".75 

—    P20'57".75 

—    2°11'10".5 

log* 

0.000000 

0.000001 

0.000001 

log  tan  A 

n8.617903 

n8.618105 

n8.618199 

log  sin  z 

n9.82674 

9.73943 

9.94926 

log  cos  z 

9.87007 

9.92217 

9.65941 

A 

2°  22'  32".22 

—  2°  22'  36".20 

—   2*>22'88".05 

tiBsamod  a' 

—  2    22  40  . 

• 

■      d—A 

—              7  .78 

—              8  .80 

—              1  .95 

b 

+               5  .22 

+              5  .61 

+              6  .36 

y — A)  einz 

+               5  .22 

—              2  .09 

—              1  .74 

bcoaz 

+               8  .87 

+              4  .69 

+              2  .90 

• 

+               6  .19 

0  .00 

0  .00 

h 

+             15  .28 

+              2  .60 

+              1  .16 

logP 

n7.74071 

9.98501 

9.98544 

^i  hence  the  eqaations  for  these  stars  are 

a  Urs,  Min.    +  c  —  0.6710  Aa'  —  0.0055  Ai^  +  15".28  =  0 
*a  +c  +  0.5488  Aa'  +  0.9661  a»>  +    2  .60  =  0 

24  Scuti  Sob.  +c  +  0.8897  Aa'  +  0.9670  ^^  +    1  .16  =  0 

The  six  equations  involve  four  unknown  quantities,  which 
iJEiight  be  determined  from  the  four  normal  equations  formed  in 
the  nsoal  manner.  But,  where  the  number  of  equations  is  so 
little  greater  than  that  of  the  unknown  quantities,  it  is  not 
worth  while  to  employ  this  method.  We  can  here  obtain  the 
■Mne  result  by  eliminating  Aa  from  the  first  set  and  Aa'  from 
^^  second,  and  then  combining  the  resulting  equations  for  the 
determination  of  c  and  a«>.     Thus,  substituting  the  values  of  ao 
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and  41'  fonnd  from  the  equations  for  a  Ursce  Mm.  in  the  eqizma- 
tions  of  the  other  two  stars  in  the  two  groups  respectively,  "^we 
have  the  four  equations 

X  Scnrpii  —  2.3427  c  +  0.9629  i9  —  30".89  =  0 

c  Ophiuchi  —  2.1642  c  +  0.9767  Afl  —  26  .66  ^  0 

*a  +  1.8179c  +  0.9616  a«  +  15  .10  =  0 

24  Scuti  Sob.  +  2.3259  c  +  0.9597  a-»  +  21  .42  =  0 

from  which  we  derive  the  normal  equations 

18.4281c  —  0.2908  aS  +  204".25  =  0 
0.2908  c  +  3.7249  Afl  —    20  .68  =  0 

A*  =  +    4".69  =  +  O-.Sl 
f  =  — 11".01  =  — 0'.78 


which  give 


Hence  we  have,  finally, 

,9  =  +  5»  1-  3'.31 

By  the  four  time  stars,  severally,  we  have  3'. 43,  S'.lS,  S'.34,  8 

The  methods  which  have  here  been  given,  for  finding  the 
time  with  a  transit  instrument  out  of  the  meridian,  are  intended 
for  the  use  of  observers  in  the  field  who  have  but  little  time  to 
si^ust  their  instruments  and  wish  to  collect  all  the  data  possible, 
reserving  their  reduction  for  a.  future  time.  The  greater  labor 
of  these  reductions,  compared  with  those  of  meridian  observa- 
tions, is  often  more  than  compensated  by  the  saving  of  time  in 
the  field. 


DETERMINATION    OF   THE    GKOORAPniCAL    LATITUDE    BY   A    TRANSIT 
INSTRUMENT    IN    THE    PRIME    VERTICAL. 

174.  The  transit  instrument  is  said  to  be  in  the  prime  vertical 
when  the  great  circle  described  by  its  coUimation  axis  is  in  the 
prime  vertical.  The  rotation  axis  is  then  perpeudieular  to  the 
plane  of  the  prime  vertical,  and  lies  in  the  intersection  of  the 
planes  of  the  meridian  and  horizon.  We  owe  to  Brssbl  the  ap- 
plication of  the  instrument  in  this  position  to  the  determination 
of  the  latitude  of  the  place  of  obser^'ation. 

The   fundamental   principle  of  the   method   may  be   briefly 
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ttUei  u  fbllowa.*     Let  PZ,  Fig.  4f),  be  the  meridian ;  SZS' 

the  prime  vertical  of  the  observer;  SMS' 

the  (liiimal  circle  of  a  Btar  which  crosses  \ 

the  meridian  between  the  zenith  and  the 

equator.     Such  a  star  crosses  the  prima 

Tertieal  above  the  horizon  at  two  points 

5  and  S'  on  opposite  sides  of  the  zenith 

wd  at  equal  distances  from  the  meridian. 

If  then  we  observe  the  transits   at  these 

(to  points  with  an  instrument  perfectly  adjusted  in  the  prime 

•"ertieul,  and  note  the  times  by  a  clock  whose  rate  is  well  known, 

fe   determine  the  hour  angle  ZPS'  =  I,  which  is  equal  to  onc- 

i»lf  the  elapsed  sidereal  time  between  the  two  observations; 

■ad,  therefore,  in  the  right  triangle  PZS'  we  know  this  angle 

"Jcl  the  hypothenuse  PS'  ~  90°  ~  3,  from  which  we  find  the 

«d,«  PZ^^O"  —  f,  whence  the  formula 

tan  *  =  tan  3  sec  t 

"*  which  p  is  the  latitude.  It  is  evident  that  only  those  stars 
•^^■Xi  be  observed  on  the  prime  vertical  whose  declinations  are 
•^otwcen  0  and  p.  The  nearer  the  observations  to  the  zenith,  that 
^^'>  the  less  the  difference  between  the  declination  and  the  latitude, 
'■lie  leas  the  effect  of  errors  in  the  observed  times  upon*  the  value 
^*f  sec  /,  and,  consequently,  upon  the  computed  latitude. 

The  advantage  of  tliis  method  of  finding  tlio  latitude  lies 
*iliefly  in  the  facility  with  which  all  the  instrumental  errors  may 
»>e  eliminated  by  using  the  instrument  alternately  in  opposite 
t^sitions  of  the  rotation  axis,  reversing  it  either  between  the 
libservations  on  two  different  stars  or  betivcen  ob8er\'ation8  of 
the  same  star,  or  using  it  in  one  position  on  one  night  and  in 
the  reverse  position  on  the  same  stars  on  another  night.  Dif- 
ferent methods  of  reduction  apply  to  these  several  methods  of 
observation,  which  will  be  hereafter  investigated.  We  must  first 
show  how  to  place  the  instrument  in  or  near  the  prime  vertical. 

175.  Approximate  adjuslmcnl  in  the  prime  vertical — The  middle 
thread  must  be  carefully  adjusted  in  the  collimation  axis,  or  as 
nearly  so  as  possible.  Then  compute  the  sidereal  time  of  pass- 
ing the  prime  vertical  for  some  star  whose  declination  is  small, 

*  Set  aUn  Vul.  I.  Arts.  192  snd  193. 
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that  is,  a  star  which  passes  the  prime  vertical  at  a  low  altitnde. 
If  (  —  the  hour  angle  in  the  prime  vertical,  d  ^^  the  decliiiatioQ, 
and  B>  =  the  assumed  latitude,  we  have 


coBt  =^  tan  J  col  jo 

and,  if  a  —  the  star's  right  aaceiisiou,  0  =  the  f 
pasaiiig  the  prime  vertical, 


»ip( 


{-.'■■ 


—  for  east  transit  "i 
west     "       I 


le^^ 


At  this  time,  therefore,  hy  the  clock  (allowing  for  the  eorrection 
of  the  clock),  hring  the  middle  thread  upon  the  star,  observing 
to  keep  the  rotation  axis  as  nearly  horizontal  as  possible.  The 
zenith  distance  at  which  the  star  will  be  obecrved  may  also  be 
previously  computed,  to  facilitate  the  finding.  For  this  purpose 
we  have 


which  gives  the  tme  zenith  distance,  from  which  we  should  sub- 
tract the  refraction  in  the  case  of  very  low  stars. 

After  the  iuetrument  has  thus  been  brought  near  the  prime 
vertical  by  one  star,  the  rotation  axis  should  be  carefully  levelled, 
and  the  adjustment  verified  by  another  star.  In  the  first  adjust- 
ment the  frame  of  the  instrument  would  be  moved ;  but  in  the 
second  only  the  V  which  is  prorided  with  a  small  motion  in 
azimuth.  "When  the  instrument  is  provided  n*ith  a  graduated 
horizontal  circle,  the  most  satisfactory  method  is  to  adjust  it 
first  in  the  meridian  and  then  revolve  it  in  azimuth  90°. 

In  preparing  for  an  observation  on  the  extreme  threads,  we 
must  know  the  inter\-al  required  by  the  star  to  pass  from  one  of 
these  to  the  middle  thread.  It  will  be  shown  hereafter  that  if 
i  ^  the  equatorial  interval  of  the  sidereal  thread  from  the  middle, 
the  corresponding  star  interval  /,  near  the  prime  vertical,  will  be 
nearly 


sin  f  cos  d sine       sinf^sinz 
and  it  is  easily  shown  that  when  the  hour  angle  i  becomes  I  ±  T, 
the  zenith  distance  becomes  z  ±  15/co9p,  where  the  factor  15 
is  used  to  reduce  /from  time  to  arc.     The  first  observation  on  a 
side  thread  at  the  east  transit  will,  therefore,  bo  expected  about/ 
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BMonds  before  the  time  of  transit  aJreadv  computed,  and  at  a 
gwaler  zenith  distance  by  about  13  /cosy  ;  while  the  first  ob- 
servation at  the  west  transit  will  also  be  expected  /  seconds 
before  the  time  of  transit  computed,  but  uoarer  the  zenith  by 
•twut  15  /  cos  f.  These  simple  caleuhitions  are  accurate  enough 
for  the  pui^ose  of  preparing  for  the  observation.  Wlien  tlie 
iiitervnis  of  the  threads  are  not  known  at  firat,  they  will  be 
obiHinLid  atcuratety  enough  from  the  early  observations  for  sub- 
ite()iK!iit  use  in  findhig  stars. 

For  stars  whose  declination  is  very  nearly  equal  to  the  lati- 
tatie,  tlio  zenith  distance  and  hour  angle  on  the  prime  vertical 
maj'  be  more  accurately  computed  by  the  fomiulie 


D(y-  J)Bin(y  +  J) 


176.  O)rreclion  /or  mdiyialion  of  Ike  axis. — When  the  rotation 
axis  is  in  the  meridian,  hut  is  inclined  to  the  horizon,  the  great 
rirele  described  by  the  collimation  axis  is  still  perpendicular  to 
tie  meridian,  hut  intersects  it  in  a  point  whoso  angular  distance 
front  the  zenith  of  the  observer  is  precisely  equal  to  the  inclina- 
tion of  the  rotation  axis.  This  point  may  be  called  the  zntilh  of 
^Kimtrumeni;  and  the  great  circle  described  by  the  collimation. 
wis,  the  prime  vertical  qf  the  instrument.     If  we  put 

p'=  latitude  of  the  zenith  of  the  instrument, 
f  =       "  "      observer, 

b  =  iDclination  of  the  rotation  axis,  positive  when  north 
end  is  elevated, 
We  have 

and  the  only  consideration  of  the  level  correction  required  in 
this  case  is  to  apply  it  directly  to  the  latitude  found  from  the 
instrument  by  the  same  methods  that  are  used  when  the  axis  is 
truly  horizontal. 

But  if  the  rotation  axis  is  not  in  the  meridian,  nor  the  middle 
thread  in  the  collimation  axis,  the  simple  solution  given  in  Art. 
174  requires  aome  modification.  I  proceed  now  to  consider 
the  inetniment  in  the  most  general  manner,  with  deviations  in 
azimuth,  level,  and  collimation,  and  to  show  how  to  eliminate 
the  effects  of  these  deviations. 
Vol.  Il.-ie 
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Fig.  i6. 


177.  To  find  the  latitude  from  the  observed  times  of  transit  of  c 
pieen  star  oper  a  given  thread  east  and  west  of  the  meritlian,  the  rota- 
tion axis  being  in  the  same  position  at  botf 
observations. — Let  the  rotation  iixie  lie 
in  the  vertical  circle  ZA,  Fig.  4'j,  and 
suppose  the  north  end  elevated,  sf 
that  the  great  circle  of  the  instrumenl 
is  E'Z"W\  and  a  thread  at  the  dia- 
tance  c  south  of  the  collimatioD  axis 
deBcribea  the  small  circle  SS'.  Let  A 
be  the  point  in  which  tlie  rotation  axis 
produced  meets  the  celestial  sphere, 
and  through  A  and  the  pole  P  draw 
the  great  circle  APZ".  This  great  circle  is  perpendicular  to 
E'Z"  W,  aud  the  ohservationa  of  the  star  on  the  thread  at  S  and 
8'  aril  equally  distant  from  it.  We  may  call  PZ"  the  meridian, 
E'Z"  >V'  the  prime  vortical,  and  Z"  the  zenith  of  tlie  insintment. 
Now,  tlie  equations  (78)  and  (79)  of  Art,  123,  being  entirely 
general,  apply  to  the  iastruraent  in  this  poaition,  but  it  is  con- 
venient to  make  some  modifications  of  the  notation.  The  point  A 
being  now  near  the  north  point  of  the  horizon,  its  azimuth  is 
nearly  zero  and  its  hour  angle  nearly  180°.     If  we  put 

the  azimuth  of  A  =  90"  +  (a)  =  —  a,  or  {a)  =  —  (90°  +  a) 
the  hour  angle  of  ^  ^  90°  —  m  =  180"  -f  J,  or  m  =  —  (90'.-|-  k) 

where  wc  distinguish  the  a  of  the  equations  (78)  by  enclosing  it 
in  brackets;  then  a  is  the  small  azimnth  of  the  rotation  axia 
reckoned  from  the  north  towards  the  east,  and  X  is  the  hour  angle 
of  tlie  meridian  of  the  instrument  (or,  as  we  might  call  it,  the 
west  longitude  of  the  instrument) :  and  the  substitution  of  these 
quantities  in  equations  (78)  gives 


cos  n  cos  A  —  —  sin  6  cos  ¥>  +  cos 
<cos  n  sin  I  =z       cos  b  sin  a 

sin  n  =       sin  6  sin  <p  +  cos  b  coa 


a  ein  f     ^ 
a  cos  f     ) 


(165) 


and  as  r  in  (79)  is  the  hour  angle  east  of  the  meridian,  while  it 
is  here  more  convenient  to  reckon  it,  in  the  usual  manner, 
towards  the  west,  we  shall  change  )t«  sign,  so  that  the  factor 
sin  (r  —  m)  will  become 


Bin  C~  T  +  90°  +  ^)  =  cos  (r 


■^) 
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and  the  eqaation  (79)  will  become 

ain  c  ^  —  sin  n  sin  3  +  cob  n  cos  S  cob  (t  - 


(166) 


For  the  convenience  of  future  rpfercnce,  I  shall  here  recapitulBto 
IheDOt&tion  used  in  these  our  fundamental  equations;  namely, 

f  =  the  latitnde  of  the  place  of  observation,  positive  when       ^ 

north; 
I  =  the  declination  of  the  star,  positiv 
t  =  the  hour  angle  of  the  star; 
a  =  the  azimuth  of  the  rotation  axia 

^^■[t  ^  the  inclination  of  the  rotation  a 
^^P         end  is  elevated; 

C  =  the  follimation  conEtant  of  a  thread,  positjre  when  the 

thread  Ih  north'  of  the  collimation  axi»; 
i  =  the  lon^tude  of  the  meridian  of  tlie  instrument,  posUivt 

when  west; 
n  =  the  declination  of  the  north  end  of  the  axia. 

IT,  ftirther,  when  the  star  is  observed  at  both  the  east  and  west 
tnogits,  we  pnt 


:re  when  north; 
iB,  positive  when  east  of 
positive  when  the  north 


I 


r,  r*  =  the  hour  angles  of  the  east  and  west  observations, 
respee  Lively- ; 
T,  T'  ^=  the  clock  times  of  observation ; 
aT,&T'=  the  corresponding  clock  correetionB; 
a  ^=  the  right  aBoennion  of  the  star; 
24=  the  elapsed  sidereal  time  between  the  east  and 
west  observationH  on  the  same  thread; 


^ehave 

r=T+ar— ft  T'=7"+4r'— • 

A  =liT'  +  &T'  +  T  +  &T)  —«. 
whence      fl^r*  —  i:=  X  —  r 

We  see  that  &  will  be  well  determined  when  the  clock  rale,  or 
4?'  — 4?',  is  known;  buttofind^we  must  also  know  the  clock 
correction  and  the  star's  right  ascension. 


'When  the  Ihnad  ii  north  of  the  primo  retiical.  Ibe  small  aircte  of  the  gphcra 
vUeb  coirespoaJa  to  it  U  loulh  of  the  ^Icne  Teriical,  ■□<!  vict  neria. 
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Now,  let  h  and  0  be  assumed  ao  as  to  satiBfy  the  conditioiis 

A  sin  ^  =  Bin  b 

h  COB  p  =  COS  b  cos  a 

thea  the  equations  (165)  become 


cos  n  cos  ^  =  A  sin  (fi  —  fi) 
cos  n  sin  J  =  cob  6  sin  a 
einn  =  AcoB(9.— j9) 


(167; 


Substituting  in  (166)  the  values  of  cos  n,  sin  n,  given  by  these 
equations,  and  also  cos  {v  —  i)  =  cos  (J  —  r*)  =  eoa  i?,  we  have 


sin  c  =  —  A  cos  (p  —  j9)  sin  ^  -f  ^  ^'i*  (v  —  ^)  ("JS  3 


cos  4 
cos  i 


to  reduce  which  we  assume  A'  and  p'  to  aatisiy  the  conditions 
A'  sin  y  =  sin  4 


(168) 


which  transform  the  preceding  equation  into 
sin  c  =  AA'  sin  (j>  —  /  —  jS) 
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9  =  V'  +  >>  + 


;sin  / 


(170) 


It  ie  evident  that  the  factor  cob^  in  (169)  corrects  for  azimuth 
cleriatioD,  tlie  term  b  in  (170)  for  inclination  of  the  rotation  axis, 
■nd  the  term  — — -  for  the  distance  of  the  thread  from  the  col- 
limation  axis. 

In  these  equations,  t?  and  i  are  ohtained  from  the  obaerved 
(imea  on  tlie  same  thread,  the  rotation  axia  being  in  the  same 
poBition  at  the  two  observationa.  Tlic  constant  c  htm  then  the 
same  sign  at  botli  observations,  +  for  north  tlireade,—  for  south 
thrc-ods;  and  its  valne  must  be  known  for  each  thread.  We 
de<}uce  then,  by  (169)  and  (170),  from  each  thread  separately,  a 
Vfk.lQe  of  the  latitude,  ami  take  the  mean  of  all  the  results  as  the 
laHtude  given  by  the  inptniment  in  this  posUion  of  the  axis.  But 
ir  the  pivots  arc  unequal  the  striding  level  doee  not  give  tlie 
true  value  of  b  directly.  (See  Art.  137.)  Moreover,  the  constant 
e  18  composed  of  tlie  equatorial  inter\'al  of  the  given  thread  from 
the  middle  tliread  combined  with  the  collimation  constant  of  the 
middle  thread,  and  will,  therefore,  involve  both  the  error  in  the 
determination  of  the  interval  and  in  the  adjustment  for  coIU- 
'ttaioii. 

Now,  to  eliminate  all  these  instrumental  errors,  repeat  the 
**ljaervation8  on  the  same  star  on  a  subsequent  night  in  the 
'■cverse  position  of  the  axis.  Letp  bo  the  (unknown)  correction 
"ir  inequality  of  pivots,  g  the  (unknown)  correction  of  c  for  error 
*«i  the  interval  of  tliread  and  collimation  adjustment ;  let  ip',  ^" 
»*«  the  latitudes  given  by  (169)  for  the  same  atar  on  different 
tiightB  and  in  reverse  positions  of  the  axis  ;  b,  b'  the  inclinations 
of  the  rotation  axis  given  by  the  spirit  level.  The  true  inclina- 
tions are  i  +  p  and  b'  —  p,  and  the  true  value  of  the  collimation 
constant  for  the  given  thread  is  c  +  5 :  so  that  in  the  first  posi- 
tion of  the  axis  we  have 

y  =  ff'  +  6  -I-  p  +  (c  -}-  5)  ^^ 


and  in  the  second  position, 
and  the  mean  of  these  is 


-(■'+?)-- 


m 
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w  ,  ,    t    ,     "  ,    1',   ,   '^  +  ?  r^'n  f'  -  Bin  ?"1 

=  i{v+o  +  9   +'<)-{ ^  ^^ — ^-, 

2      L  Bin  iJ  J 


90  that  the  inequality  of  pivota  is  wIioHj  eliminated,  and  the 
error  of  thread  and  coIUmation  is  reduced  to  the  term 


q  ruin  y  —  Bin  y"! 
2  L         Bin  a  J 


q  Bin  ((«'  —  If")  COS  p 


(nearly) 


which  for  q  ^^  1",  f'  —  ^"  =  \°,  is  0".008  eos  ^  cosec  S,  and  that^ 
part  of  tliia  small  quantity  wliieh  depends  on  the  coltimation  of 
the  middle  thread  will  have  diiferent  signs  for  north  and  south 
threads,  and  will  alao  wholly  disappear  from  the  mean.  There 
will  remain,  therefore,  in  the  result  only  that  part  of  this  t«rm 
which  depends  on  the  errors  of  the  thread  intervals.  As  the 
thread  intervals  can  easily  be  determined  in  the  meridian  within 
V',  thifl  remaining  error  in  the  latitude  will  be  insensible  in 
practice,  and  we  may  assume  the  mean  of  two  nights'  observa- 
tions to  be  wholly  free  from  the  instrumental  errors. 

There  remain  yet  the  errors  of  observation  and  of  the  clock. 
These  affect  both  the  angles  d  and  3l.  As  A  is  always  small,  their 
effect  will  not  generally  be  appreciable  in  cosd,  and  tlieir  effect 
in  sec  &  will  be  less  the  nearer  the  star  is  to  the  zenith ;  for  the 
clack  errors  that  appear  in  &  are  only  the  variations  of  rak,  and 
the  less  the  interval  tlie  lees  the  effect  of  tliese  upon  &,  and,  at 
the  same  time,  the  less  the  angle  &  the  leas  effect  will  any  change 
in  &  produce  in  sec  3. 

The  expreaaion  for  the  error  in  ip  resulting  from  an  error  io  (? 
is  found  by  differentiating  (169) ;  whence 


df  sec'  p'  =^ 
or  nearly 


dd  tan  S  sec  ■?  tan  9  cos  i  l=  d*  tany'  tan  0 


a  2  If  tan  & 


I 


and  flin  2p  is  greatest  for  ^  =  45°,  in  which  case  we  have 
rfp  =  -^  tan  (?.  For  S  =  1\  df  ^  d&  X  0.13 ;  or  an  error  in  &  of 
1'=  15"  produces  an  error  in  f  of  less  than  2".  If  we  assume, 
then,  that  t?  can  always  be  obtained  within  1",  we  ought  to  expect 
the  mean  of  the  latitudes  obtained  in  two  nights  from  the  same 
thread  and  with  the  same  star  to  agree  with  that  found  in  i 
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I       same  way  Irom  any  other  thread,  within- 2",  when  the  observa- 

I       tions  are  taken  within  one  hour  of  the  meridian.     This,  in  fact, 

I       ii  the  experience  of  observera  in  the  uee  of  this  method. 

I         Finally,  the  latitude  is  afiected  by  an  error  in  the  tabulated 

I        declination  of  the  atar.    When  f  <  45%  the  error  in  the  latitude 

I        18  always  greater  than  the  error  of  tlie  declination;  but  when 

f  >  45%  the  error  in  the  latitude  will  be  leas  than  the  error  in 

the  declination,  if  we  use  atara  whose  declinations  fall  between 

the  limits  90"  and  90°  —  y>,  aa  will  be  seen  at  once  by  examining 

the  equation 

''  "~        einTa 
which  is  found  by  difterentiating  (169)  with  reference  to  tp  and  H. 
It  is  evident,  therefore,  that  this  method  is  better  suited  to  high 
latitudes  than  to  low  ones,  although  satiafactory  results  may  he 
obtained  by  it  even  in  latitudes  not  greater  than  30°. 

178.  Listead  of  deducing  a  value  of  the  latitude  from  each 
thread,  it  is  usually  more  convenient  to  reduce  the  observations 
on  the  several  threads  to  the  middle  thread,  and  then  to  find  the 
value  of  the  latitude  from  the  mean.  This  value  will,  of  course, 
*>«  the  same  as  the  mean  of  the  several  values  found  from  the 
^oreads  iudividually.  I  proceed,  therefore,  to  investigate  the 
'ormula  for  reducing  tlie  observations  on  the  aide  threads  to  the 
**liddle  thread. 

I  Let 

^^^^'j  =:  the  equatorial  interval  of  any  given  thread  north  of  the 

^^H^         middto  thread, 

^^E^jr=;  the  corresponding  star  inter\-al, 

then,  r  being  the  hour  angle  of  the  star  when  on  the  middle 
thread,  r  —  /is  its  hour  angle  when  on  the  given  thread :  ao  that 
f  now  denoting  the  collimation  constant  of  the  middle  thread, 
and,  consequently,  c  +  ;'  being  now  put  for  c  in  (166),  we  have 

sin  (I*  -f  f )  =  —  sin  n  ain  ^  +  cos  n  cos  3  cos  (t  —  ;  —  /) 
while  for  the  middle  thread  we  have 

Bin  c  3=  —  sin  n  sin  <t  -|-  cob  n  cos  i  cos  (r  —  A)  ^h 

The  difference  of  these  equations  gives  ^^k 

^hk8  cos  (}  1  -f  C)  sin  1 1  =  2  cos  n  coa  d  ein  (r  —  A  ~  i  7)  sin  }  f 
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In  tb?  first  member,  since  t  and  c  are  both  email,  we  may  pm: 
2  cos  ^  t  sin  ^  ^  or  sin  ^  and  hence 

2Bin*/=_ 


B  n  cos  d  sin  (r  - 


TT) 


If  tbe  azimnth  a  of  tbe  inBtniment  ib  even  as  great  as  20'  (and 
it  will  always  be  much  less),  it  is  easily  shown  that  log  A  in  (167) 
will  not  be  less  than  9.999993,  that  is,  it  will  not  change  the 
fifth  decimal  place  by  a  unit  in  the  compatatioa  of  log  cosn; 
and,  as  this  degree  of  accuracy  is  evidently  even  more  than  snf< 
licieiit  in  computing  /,  we  shall  here  take  cob  n  ^  bid  (^  —  b),  and 
hence 

"'"*"  (171) 


2  Bin  1 7  = 


sin  (y  —  6)  cos  ^  SID  (r  - 


-»^) 


This  very  exact  formula  will  be  required,  however,  only  where 
the  star  is  very  near  the  zenith.  In  most  cases  we  can  employ 
sinp  for  sin(p  —  6)  and  put  J /instead  of  its  sine. 

When  the  star  has  been  observed  on  the  middle  thread,  both 
east  and  west  of  the  meridian,  we  may  find  r  —  <l  =  ^  with 
sufficient  accuracy  for  computing  the  redactioiis  of  the  threads, 
by  taking  the  half  difference  of  the  observed  times  on  tliia 
thread ;  and  hence  the  formula  will  he 


2aiD)/ 
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for  the  east  and  west  transits,  respectively,  will  now  be  denoted 
bj  T  and  T'j  after  which  &  and  X  will  be  accurately  found,  and 
the  latitude  computed  precisely  as  in  the  preceding  article.   The 
quantity  e  in  equation  (170)  will  now  denote  the  coUimation  con- 
stant of  the  middle  thread. 

The  level  constant  should  be  determined  both  before  and  after 
each  transit  east  and  west,  and  the  mean  of  the  four  values 
employed  for  b,  particular  care  being  required  in  the  determina- 
tion of  this  quantity,  since  any  error  in  it  affects  the  resulting 
latitude  by  its  whole  amount. 

^Example. — The  following  observations  were  taken  by  Hansen 
in  Heligoland  with  a  transit  instrument  in  the  prime  vertical.* 
riie  hours  are  given  only  for  the  middle  thread,  and  the  observa- 
tions on  threads  VII.,  VL,  and  V.  are  placed  immediately  below 
those  on  L,  11.,  and  HI.,  respectively. 

1824,  July  81.— «rc/e  North, 
7  Draeani$. 


transit 


"VTest 


"  { 


I.  and  VII. 

11.  and  VI. 

III.  and  V. 

14-  28*.8 
9  26. 

27  85. 
32  37.5 

13-  36v8 
10  13. 

28  26.8 
31  50. 

12-  46*. 

11   3.8 

29  17.5 
31   0. 

16*  11-  54*. 
19  30     9.8 


Jcriockcorrection  (sidereal) at  14*22"»  =  -f  1"»47».40.    Daily  rate,  -1-4M2 


I 


1824,  August  Z.^CircU  South. 


y  Draeonii, 


'   Bast  transit  < 
Wert     "      I 


I.  and  VII. 

II.  and  VI. 

III.  and  V. 

8-  57*. 
13  59. 

32  15. 
27  14. 

9«47*. 
13   9.5 

31  26. 

28   3. 

10-  36-. 
12  17.5 

30  36.5 
28  65. 

IV. 


16*ll-27*.5 
19   29   44. 


Clock  correction  at  14*  8"  =  +  1"»  69*.  98.     Daily  rate,  +  4*.  27 

The  threads  are  numbered  from  the  circle  end  of  the  axis,  so 
that  for  "  circle  nortli*'  stars  at  the  east  ti'ansit  are  obser\-ed  first 
on  thread  VIL  Their  equatorial  intervals,  as  found  by  observa- 
tions in  the  meridian,  were — 

I  n  m  v  VI  vn 

iCirdtaorth)  I,  +82-.882    -f-2K667    -f- 10».968    —  ia".662    — 2K426    —  8K672 


»  Attron.  Nach,,  Vol.  VI.  p.  117. 
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The  value  of  one  division  of  the  level  waa  2",6  (of  arc). 

The  coUimation  constant  was  c  =  -j-  2".18  (in  are),  circle  n 

The  assumed  latitude  was  p  ^^  54°  10'. 8. 

For  the  given  datea,  the  apparent  places  of  the  star  v 

y  Draconit  a  S 

1824,  July  31,  17*  52-  34'.42  +  51°  30'  57".64 

"      Aug.  3,  "     "    34 .37  «      "  58  .04 

We  shall  first  reduce  the  observations  of  July  31,   To  compute 

the  thread  intervals,  we  find  an  approximate  value  of  &  from  the 

observed  times  on  the  middle  thread,  the  diflereuce  of  which  is 

8*  18*  15'.8,  and,  since  in  this  time  the  clock  rate  is  -|-  O'.G,  we 

take  2 1?  =  8*  18-  16'.4,  and  hence 

(Approx.)  »  =  1»  39-  8*.2 
Taking  the  differences  between  the  observed  times  on  each  side 
thread  and  that  on  the  middle  thread  for  both  the  east  and  west 
transits,  the  mean  of  the  two  values  for  each  thread  may  be  used 
as  a  sufficiently  exact  value  of  /  to  be  used  in  the  second  member 
of  (172),  namely: 

I  n  ni  T  VI  TTi 

(Approx.) /,-f  2- 84'.B   +  l-42'.O   +  O-SS'.a  — 0-50'.2  —  l"  4i>.6  —  2™  27'.8 
#  — i/,  1»37  50.B     l'.3816.7     l»  88  42.1    1'3933.3    1»3968.6    1«4022.1 

whence  the  reductions  to  the  middle  thread  are,  for  the  west 
transit, 

/,     +  2'"84'.07  +  l'"42'.T4  -f-  0"  52'.04  — 0-5C.16— 1'"«0'.49  —  2~28'.01 

and  the  same  values,  with  their  signs  changed,  are  used  for  the 
eaat  transit.  These  being  applied  to  the  observed  times,  we  have — 


Eiist. 


I       16'  Il- 


ls' 


II 
UI 
IT 
V 
VI 
YII 


54.06 
63.96 
64.00 
68.90 
63.49 
54.01 


West, 

30-  9-.  97 
9.54 
9.64 
9. SO 
9.84 
9.51 
9.49 


T=  16   11    53.90 

Ar=-f     1    47.71 

T  +  aT 


16   13   41.61 
19  .^1    57.95 


i  Bum  =  17   52 


19 

+ 

30  9  .67 
1  48  .28 

19 
16 

24 

31  57  .95 
13  41 .61 
39  8.17 
47'  2".65 

i 
i 
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Hence,  by  (169)  and  (170), 


log  tan  ^  0.0996440 
log  sec  ^  0.0419648 
log  COB  >l    9.9999997 


log  c    0.3885 


log  tan  /  0.1416086  log  gin  ^    9.9089 

^=54M0'47".41  logcosec^   0.1064 

^?^=  +    2.26 0.8588 

dn*  ^ 

b  = —    2  .21 

^  =  54    10  47  .46 

For  the  obBervations  of  August  8,  we  find,  from  the  observed 
times  on  the  middle  thread, 

(Approx.)  »>  =  1*  39-  8'.5 

and  from  the  observed  times  on  the  side  threads  compared  with 

the  middle  thread, 

I  n  in  V  Ti  vn 

(Approx.)  /,  —  2"«  80«.8  ^  !"•  4K2   —  0«  62-.0  -f  0*  49'.6  -f  1"  41-.6  -f-  2"  SO-.S 
^-J/,  1*40  23.9  1*89  69.1    1*39  84.5    1*88  43.7    1*88  17.7   1*87  68.1 

with  which  we  find  the  true  values  of  /to  be  as  follows : 

/,  —  2"«  81'.28— 1"»41M0  — 0-5K61  +  0*60-.66  -f  1«42M0  +  2-8K62 

Applying  these  to  the  observed  times,  and  taking  the  means,  we 

have- 
East.  West. 

T  =  16»  11-  27'.61  T  =  19*  29-  44'.81 

aT=+     2     0.35  aT==+     2      0.94 

r4-AT=16   13    27.96  T'+aT'^IO  31    45.75 

X=   0^  0'  37".  ^=24^47'  18".5 

With  these  we  find,  taking  now  (?  =  ^  2'M8, 

^'  =  54<>  lO'  50".25 

^^H^=        -    2.26 
sin  d 

b=         —    1.91 


f»  =  54    10  46  .08 


The  mean  of  the  results  in  the  two  positions  of  the  instrument 
is,  therefore,  f  =  54°  10'  46".77.  From  numerous  observations 
of  the  same  kind,  Hansen  found  y  =  54®  10'  46".58. 


3^  tBAKSIT   IHBTatlMlltT 

179.  Tojind  the  latitude  when  the  instnmaa  ia  reversed  between  the 
east  and  west  transits  of  the  same  star  on  the  same  rughi. — Reduce  the 
observations  to  the  middle  thread,  and  let  T  and.  T'  be  the  mean 
of  the  resulting  clock  times  at  the  east  and  west  transits,  respect-' 
ively.  If  the  middle  thread  waa  north  of  the  collimation  axis  at 
the  east  transit,  it  will  be  south  of  that  axis  at  the  west  traneit, 
and  the  interval  T'  —  T  will  be  sensibly  the  same  as  the  inteiral 
between  the  two  transits  over  the  collimation  axis  itself.  We 
may,  therefore,  compute  the  latitude  precisely  as  in  the  preceding 
method,  and  regard  c  as  zero.     Thus,  our  formulee  will  be 

i  =  i[r'  +  Ar'+  t+aT]--  ( 

tan  /=  tan  a  Bee  *  COB  J  I     \^'^i 

9 =/+  ^  ) 

in  which  h  is  the  mean  of  the  level  detenninatione  in  the  two 
poeitions  of  the  axia,  and  ia,  therefore,  free  from  the  error  of 
inequality  of  pivots.  This  method,  then,  enables  us  to  obtain 
from  the  observationB  of  a  single  night  a  value  of  the  latitude 
free  from  all  the  instrumental  errors.*  We  may  remark  here  that 
the  result  by  this  method,  as  well  as  the  mean  of  the  results  of 
two  observations  in  reverse  positions  of  the  axis  by  the  preceding 
method,  is  free  from  errors  arising  from  flexure  of  the  rotation 
axis. 

ExAHPLB. — The  following  observations  were  taken  at  Cron- 

stadt  wirli  a  tnmt^it  instrnuiciit  in  the  jirime  verticiii.  the 
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The  lerel  was  observed  before  the  east  transit  of  y  Cassiop,  and 
after  that  of  d  Casslop. :  so  that  the  mean  6  =  +  6''.46  will  be 
used  for  both  stars  at  the  east  transit.  But  at  the  west  transit 
the  level  was  observed  before  and  after  each  star :  so  that  for 
jCamop.  at  this  transit  we  shall  use  b  =  —  2".09,  and  for 
dCassiop.,  6  =  —  1".80. 

The  threads  are  numbered  from  the  circle  end  of  the  axis, 
and  thread  L  was  first  observed  at  both  the  east  and  west 
transits.  The  equatorial  intervals  from  the  middle  thread  were — 

I  II  IV  V 

(Circle  North)    i,  +  84'.40  +  18-.74  —  16M4  —  33'.33 

The  coUimation  constant,  as  found  from  observations  in  the 
meridian,  was  c  =  +  4".60  (in  arc)  for  "circle  south.** 

The  chronometer  correction  (sidereal)  was  +  30*.20  at  0*  24* ; 
its  daily  rate,  +  0'.90, 

The  apparent  places  of  the  stars  for  this  date  were— 

a  6 

r  Camopece,  0*  47-  21'.49  +  59^  62'  2".3 
9  Cassiopece,  1   15    40 .38  +  69°  25  6  .2 

To  reduce  the  observations  of  y  Cassiopec^^  we  first  find  the 
Approximate  value  of  i^  from  the  difference  of  the  observed  times 
on  the  middle  thread  to  be 

^  =  0*  22-  54«.5 

from  which  we  find,  by  (172),  the  reductions  of  the  side  threads 
to  the  middle  thread  to  be  as  follows : 

I  II  rv  V 

r  Gassiop,  B.     +  10-  43'.2    +  6-  19'.7    —  7-  23'.9 


"      W.  +8    55.6    —5   82.2    — 10- 26*.4 

Applying  these,  and  proceeding  by  (178),  we  find, — 
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I      O-  24-  6-.2 

_»_-_j 

II                 6.7 

1    9  67.6 

m               6.0 

66.0 

IT             s.i 

58.8 

V          

64.6 

r=0   24   6.6 

T=\    965.3 

4r=       +80.2 

lT=     +80.2 

r+Ar=0  24  86.7 

r'+»r'=110  25.6 

1  10  25.5 

0  24  86 .7 

J  Bom  =  0  47  31 .1 

(  1  diir.  =  0  22  64 .4 
\    =»  =  6"48'S6". 

•  =  0  47  21 .6 

i=            9.6 

=  O"  2'  24". 

log 

tan  g 

0.2862409 

log 

MCS 

0.0021729 

log 

CMi 

9.9999999 

log  t»ll  / 

0.2384187 

¥  = 

:  69"  59"  29".78 

6  =  J  (5".46  -  i 

r.09)  = 

+    1  .69 

f  =  59    59  31  .47 
The  observations  of  x  Ctampea,  reduced  in  the  same  manner, 
give  f  =  59"  59'  S0".98,  and  the  mean  is  y  =  59°  59'  81".28. 

The  preceding  methods  of  reduction  leave  nothing  to  be 
desired  when  the  intervals  of  the  threads  are  known.     When, 
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ft 

tan  f  ^  =  tan  9  sec  ^^  cos  X 
tan  f  ^  =  tan  d  sec  ^^  cos  X 

9  =  9^  +  K'\ r-T^ 

sm  ^ 

The  last  two  equations  involve  but  two  unknown  quantities, 
f  and  Cj  both  of  which  may,  therefore,  be  determined.    Put 

« 

r  =i(s^«  +  ^  — s'.  —  *.) 

then  onr  equations  become 

c  sin  f 


9  —  90=      r  + 


f  —  f»o  =  —  r  — 


sin  d 

c  sin  f^ 

sin  d 


Multiplying  the  first  by  sin^,,  the  second  by  sin^^,  and  adding 
them  together,  we  find 

f-9.  =  —  r  r!°  ^^  7  ^'°  "I  =  ~  r  tan  }  (^«  —  O  cot }  (f,  +  o 

Lsm  <p^  +  sm  f»^ 

Since  y  is  very  nearly  equal  to  \  {fp^  —  y,),  the  second  member  of 
tj^is  equation  involves  the  square  of  /*,  and  is,  consequently,  an 
exceedingly  small  quantity,  in  computing  which  we  may,  evi- 
dently, put  r  =  Ks^n  "~  f  •)  ^^^  substitute  ip  for  J  {fp^  +  yj,  whereby 
we  obtain 

^  =  ^^  —  ^  ^«  sin  1"  cot  ip 

This  method  may,  therefore,  be   expressed  by  the  following 

equations : 

tan  0  =  tan  d  sec  t*.  cos  k 

tan  <p^  =  tan  ^  sec  *^  cos  ^ 

fo  =  Ks^.  +  ^  +  f.+  ^)  )    (174) 

A^  =  I  (f»^  —  ipy  sin  1"  cot  f 

m  which  the  assufhed  value  of  ip  may  be  used  in  computing  a^. 

181.  In  this  form  of  the  method,  only  pairs  of  observations 
of  the  same  star  made  on  different  nights  in  reverse  positions  of 
the  axis  can  be  reduced.  But  it  often  happens  that  the  observa* 
lion  on  a  thread  is  lost,  and  the  corresponding  observation  on 
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the  same  thread  in  the  reverse  position  of  the  axis  hecomes  naeless. 
Id  order  to  avail  ourselves  of  every  observation,  we  may,  after  & 
sufficient  number  of  observations  have  been  made  on  the  same 
star,  determine  for  this  star  the  mean  difference  between  p  and 
y,  +  A,  and  between  <p  and  f,  +  6,,  and  these  differences  may  be 
used  to  reduce  the  observations  on  the  several  nights  independ- 
ently of  each  other.     Thus,  if  we  put 


«.f  = 

=  P- 

-(,.+  »,)  = 

-Ut. 

-9.  +  K- 

-».) 

—  if 

4.f  = 

-  9  - 

-(<".  +  ».)  = 

+  !(?.■ 

-9.+  K- 

-».) 

—  4*. 

each  complete  pair  of  observations  on  two  nights  furnishes  a 
value  of  4„f  and  a.,ip,  and,  the  mean  of  all  being  taken,  any  indi- 
vidual observation  may  be  reduced  by  the  formulEe 

tan  js^^r  tan  S  sec  fl^coa  i  f  ^  f^-\-  b^-\-  &^<p 

or,        tan  (i>_  ^^  tan  d  sec  fl^  cos  X  f»  ^  p^  -j-  6_  +  a^  p 

This  method  of  reduction  is  given  by  Professor  Pbirce.* 

182.  The  quantity  X,  which  is  the  difference  between  the  right 
ascension  of  the  star  and  the  mean  of  the  sidereal  times  of  obser- 
vation on  the  same  thread  east  and  west  of  the  meridian,  should 
have  the  same  or  nearly  tfae  same  value  throughout  the  series  of 
observations,  since  any  change  of  sufficient  magnitude  to  affect 
the  value  of  cosji  sensibly  will  give  different  values  of  ^,  or  p,, 
and,  consequently  also  of  a^y>  or  \f,  which  are  here  supposed  to 


IN  THB   PRIME  VKRTICAL.  257 

or 

^  =  (^)  —  ;} ;« Bin  1"  sin  2  <p  (175) 

If  the  azimuth  deviation  a  is  required,  it  may  be  found  by  the 
second  equation  of  (167),  which  gives,  very  nearly, 

sin  a  =  sin  i  sin  tp  (176) 

If  the  azimuth  of  the  instrument  is  known  independently  of 
the  observations  for  latitude,  we  have,  by  substituting  a  for  >l  sin  ^, 

^  =  (^)  —  ^  a'  sin  1"  cot  ^  (176*) 

184.  The  thread  intervals  may  also  be  found ;  for  the  diflference 
of  the  equations  for  y,  Art  180,  gives 

2  sin  ^  (sp„  -f  ip^)  cos  \  (sP„  —  ^J 

for  which  we  may  take 

(A  ^  -f  A^)  sin  ^ 
c  =  -^ — ^ 

sin  if  cos  t^^fp 
or,  in  most  cases,  "  )    (177) 

^  _  (^n^  +  Ay)  sin  ^ 
sin  y 

This  will  give  the  distance  of  each  thread  (the  middle  thread 
mclnded)  from  the  coUimation  axis,  whence  we  can  deduce  the 
<Ii8tance  of  each  from  the  middle  thread. 

Example. — ^Let  us  apply  this  method  to  the  reduction  of  tho 
observations  taken  at  Heligoland  by  Hansen,  given  on  p.  249. 

Beginning  with  the  observations  of  July  31,  "  circle  north,"  we 
find  ^^  for  each  thread  by  taking  half  the  difference  of  the 
observed  times  on  this  thread,  east  and  west,  and  correcting  for 
the  clock  rate  in  the  interval,  which  is  here  +  0'.28.  The  value 
of  jl  maybe  found  accurately  enough  from  the  middle  thread, 
alone.     Thus  we  have 

Mean  of  times  on  middle  thread  =  17*  51*    1*.9 

Clock  corr.  =    +    1    48  .0 

Sid.  time  =  17   62    49.9 
Star's  a  =  17   52    34.4 

I  =  .15  .5  =  C°  S'  52". 

Hence  we  have  log  tan^cosji  =  0.0996437,  which  will  be  used 
for  all  ibe  threads,  the  value  of  log  cos  #„  for  each  thread  being 
subtracted  from  it  to  find  log  tan  f .,  as  follows : 

Vol.  IL— 17 
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ThfMd. 

«. 

kcaM«. 

ItfUnfc 

f> 

I 

1'  86-  SS'.SS 

9.9602602 

0.1898846 

64»  2f  25".76 

n 

1   87    26.28 

9.9695210 

0.1401227 

5  12  .36 

m 

1  38    16.08 

9.9687918 

0.1408619 

7  66  .84 

IT 

1   8>     8.18 

9.9580861 

0.1416086 

10  47  .43 

T 

1   89    68.88 

9.9573996 

0.1428441 

18  88  .16 

VI 

1   40   48.78 

0.1430897 

18  21  .07 

VII 

1  41    36.03 

9.9568486 

0.1437952 

18  69  .87 

From  the  observations  of  August  3,  "  circle  south,"  we  find 

Uean  of  times  on  middle  thread  =  17*  60-  SS-.T 

Clock  coiT.  =  +     2     0.6 

Sid.  time  =  17  82    86 .3  , 

a  =  17  52    34 .4 


log  tan  a  cos  ;  =  0.0996457 


Thread. 

*. 

log  .0.  ». 

l.g  |»  ,, 

ft 

I 

II 

III 

IV 

V 

1'  41-.39V29 
40    49.79 
40      0,54 
89      8.54 
88    19.04 

9.9557996 
9.9565889 
9.9572678 
9.9680299 
9.9587483 

0.1438461 
0.1431068 
0.1423779 
0.1416158 
0.1408974 

54=  19'  11".82 
16  24  .93 
13  40  .80 
10  49  .07 
8    7  .11 

■ 
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Ve  have  6,=  -  2".21,  6,=  -  1".91,  i(6,+  i,)  =  -  2"X6; 
and  hence  the  several  values  of  the  latitude  given  by  the  differeut 
^^beade  are  found  as  follows : 

^^F  Mean  =  46.74 

Hence  jp  =  54°  10'  46". 74;  which  agrees  within  0".03  with  the 
result  found  on  p.  2S1.  The  slight  dift'erence  is  perhaps  due  to 
"mall  errors  in  the  thread  intervals  employed  in  the  former 
method. 

The  values  of  t^jip  and  \f  for  each  thread  may  be  found  aa 
foilowfl : 


Thread. 

»(».  +  ».) 

fc 

* 

I 

54°  Iff  48".54 

46".48 

46.60 

II 

48.65 

46  .69 

46.19 

m 

48  .82 

46  .76 

46.66 

IT 

48  .26 

46  .19 

46.19 

V 

60  .14 

48  .08 

47.99 

n 

49  .79 

47  .73 

47.35 

vn 

60.  09 

48.  03 

47.19 

W 

)(♦.-».) 

)(♦.-».+ l.-l.) 

Arf 

'•• 

i  I 

-  8'  2r.7S 

-  8'  22".93 

+  8'  22".05 

-  8'  2S".81 

Wii 

-  5  30  .29 

-  6  36  .44 

+  6  36  .04 

-  6  36  .84 

Ki 

-  2  61  .98 

-2  62.18 

+  2  62  03 

—  2  62  .28 

pT 

-  0    0  .82 

—  0    0  .97 

+  0     0  .97 

-0   o.w 

KV 

+  2  43  .03 

+  2  42  .88 

-  2  42  .97 

+  2  42  ,79 

Wfl 

+  6  31  .29 

4-  5  31  .14 

—  5  81  .62 

+  6  30  .79 

RU 

+  8    9.79 

+  8    9.64 

-  8  10  .48 

+  8     8*« 

When  A,f  and  \f  have  been  thus  determined  from  a  consider- 
able number  of  observations,  their  mean  values  may  be  used  to 
reduce  the  obBervationa  of  each  night  separately. 

"We  nuiy  now  also  find  the  thread  intervals  themaelves  by  the 
£>rmula  (1""X  which  gives 


2'.37    +21V65    +11V08    -f  0-,06   — 10*.48    —  21'.31    —  31*.y 
I  are  the  distances  from  the  collimation  axis.     The  equa- 
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tonal  iatervals  of  the  dde  threads  from  the  middle  thread  are. 
therefore, 


i,    +  a2'.Sl     +  21'.59     +  ll'.l 


—  ICM     —  21'.87 


which  agree  with  those  given  on  p.  249  aa  well  as  can  be  expected 
when  bat  four  observations  on  each  thread  have  been  taken. 


185.  Tojind  the  latitude  from  the  observed  transits  of  a  star  over  the 
prime  vertical  when  the  instrument  is  reversed  between  the  east  and  west 
transits,  the  mtervals  of  the  threads  being  unknown.— Let 

T,7?  =  the  hoar  angles  of  the  star  on  the  same  thread  at  the 
east  and  west  transits; 

then,  c  denoting  the  distance  of  the  thread  from  the  coUimation 
axis,  we  have 

—  sin  c  =:  sin  n  sin  4  —  ooe  n  cos  i  cos  (r  —  <l) 
sin  c  ^  sin  n  sin  A  —  oob  a  cos  i  oos  (/ —  i) 

the  sum  of  which  g^ves 

cot  n  =  tan  i  sec  j  (r*  —  t)  sec  [j  (r'  +  f )  —  ^ 

But  by  (167)  we  have 

oot  n  cos  I  =  tan  (ji  —  (9) 
and  therefore 
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■  • 

and,  Bmce  the  middle  thread  is  very  near  the  collimation  axis, 
i(y'-T)=l(T'-^T)=^ elapsed  sid.  time, 

Hence,  if  we  adopt  the  following  more  simple  notation, 

2^  =  the  elapsed  sidereal  time  between  the  east  and  west 
observations  on  the  same  thread  =  T'  —  T, 
( =  the  mean    of  the  observed    times    on    that   thread 

t^  =  the  mean  of  the  observed  times  on  the  middle  thread 

and  pat 

we  shall  have 

tan  f'  =  tan  d  sec  ^  sec  y  cos  X  \    n 

This  method  of  observation  and  reduction  has  the  same 
advantage  as  that  of  Professor  Peirce,  in  not  requiring  a  know- 
ledge of  the  thread  intervals ;  and  it  further  enables  the  observer 
to  reduce  each  observation  independently  of  all  others,  and  thus 
to  obtain  a  definite  result  from  one  night's  work. 

Example. — ^Let  us  apply  this  method  to  the  observations  taken 
&t  Cronstadt,  given  on  p.  252. 

For  the  star  y  Oassiopece  we  have  but  three  threads  to  reduce, 
rince  thread  I.  was  omitted  at  the  west  and  thread  V.  at  the  east 
transit    For  the  others,  we  proceed  as  follows : 

t^=  0*  47"    0*.5  log  tan  d  0.2362409 

^T=      +    30.2  log  cos  X  9.9999999 

Sid.  time  =  0  47    30.7  log  tan  ^  cos  i  0.2362408 

a  =  0  47    21.5 

I  il  =  '0     0      9.2  =  2' 18" 

Neglecting  the  chronometer  rate,  which  is  insensible  in  these 
intervals,  we  have 


iKAKsiT  rswnvttext 


log  sec  f 
log  seotf 
log  tan  / 


n 

III 

IT 

O-  SB-  24-. 

0'47-   O-.S 

0'68-29-. 

0     7   36.5 

0     0      0. 

0     6    28.5 

0  21    88. 

0  23    54.5 

0   21    57. 

0.0002S9S 

O.OOOOOOO 

0.0001733 

0.0019877 

0.0O21732 

0.0019949 

0.2384178 

0.2384140 

0.2384090 

69°69'30".6 

69°69'29».8 

wmiwA 

Moan  /= 


=  69"  Sy  29".78 

4-     1  .69 

=  59    59  31  .42 


For  ^Cbssiope*  we  find,  in  like  manner,  X^^V  27",  log  tan  d  cos  .1 
=  0.2284381 ;  and  from  the  several  threads, 


f   6*   6"  12'.  0*    8-  20'.5         0*    0-    C. 

0  0   48   S2.  0    48    49.G  0    43    6&. 

f  69"  OS-  38".8        M("  W  80-.1         69°  W  28-.8 

Moan  /  =  59°  59*  28".90 
"      fr  =         +     2  .08 


0*  2-63'.6 
0  46  60.5 
69"  OO-  29".l 


Thfl  mean  reaolt  by  the  two  stars  is,  then,  ^  =  59"  hV  81". 
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nrerung  the  aria,  fourtUyy  observe  the  star  on  the  same  threads 
an  the  eame  side  of  the  prime  vertical  n^  at  liret.  By  this  mode 
af  observation  the  same  thread  is  alternately  a  north  and  a  south 
lliread  at  preciaely  the  same  distance  from  the  eollimatiou  axis 
at  each  of  the  four  observations  made  upon  it.  Now,  in  tho 
equation  (166)  we  have  r  ^  ^  ^  J  elapsed  sidereal  time  between 
llie  east  and  west  transits  over  the  same  thread  iu  the  same 
IMwition  of  the  axis :  so  that,  if  we  put 

»t  =  J  elapsed  time  between  the  two  observations  on  a  thread 
in  oDo  position  of  the  axis, 
t'~  ditto  for  tho  same  thread  in  the  reverse  position  of  tha 
axis, 

we  have,  c  being  the  distance  of  this  thread  from  the  axis, 

J^  —  Bin  c  ^  sin  n  ain  ')  —  cos  n  cos  i  coa  (  ^H 

^B  sin  c  =  sin  n  sin  d  —  cos  n  cos  i  cost'  '^| 

1116  gum  of  which  gives  ]^| 

cot  n  =  tan  fl  sec  i  ((  +  (')  see  k{t—  f)  ^| 

Bat  by  (167)  we  have  ^| 

cot  n  cos  1  =  tan  {f  —  j9)  " 

in  which  for  ^  we  must  here  employ  the  mean  of  the  level 
Jeterminations  in  the  two  positioua,  or  ^  =  J{A  +  6').     Hence, 
ig  y  —  ^  by  y>',  we  find 


r 


tan  f*  =  tan  a  sec  1  (t  +  O  ^ec  }  ((  —  (')  COS  i      \     ,^^^, 

ffhere  X  will  be  the  same  for  all  tho  threads,  and  may  be  found 
with  sufficient  accuracy  from  any  single  thread  by  taking  the 
difference  between  the  right  ascension  of  the  star  and  the  mean 
of  the  two  sidereal  times  of  observation  on  that  tliroad.* 

Each  thread  thus  gives  a  value  of  the  latitude  free  from  alt  the 
instrumental  errora.  Tlie  clock  errors,  however,  have  nearly  the 
same  effect  as  in  all  the  other  methods :  error  in  the  clock  rale 
affects  (  and  (' ;  error  in  the  clock  correction  affects  i. 

When  there  la  time,  the  middle  thread  may  also  be  observed, 

■  Or  «t  ms}'  Dcgleot  the  factor  eoa  A,  tai  applj  >  correotioD  to  the  Aokl  ousn 


I 
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ODce  aa  a  north  thread  and  oace  aa  a  Boath  thread,  and  the  lati- 
tude will  he  found  from  it,  according  to  the  method  of  the  pre- 
ceding article,  by  the  formula 

tan  f/  =  tan  i  see  t  cos  i 

where  t  will  he  one-half  the  elapsed  sidereal  time  hetween  the 
obacrvationB  on  the  middle  thread.  In  taking  the  mean,  the 
value  of  the  latitude  found  from  the  middle  thread  should  have 
hut  one-half  the  weight  of  the  value  on  any  other  thread,  siuce 
it  depends  on  two  observations  instead  of  four. 

This  method  is  not  much  used  in  the  field,  aa  portable  instru- 
ments, usually  not  very  firmly  mounted,  and  never  provided  with 
reversing  apparatus,  cannot  be  quickly  reversed  without  risk  of 
disturbing  the  azimuth. 

Example.*— In  the  following  observation,  the  axis  was  re- 
versed immediately  after  the  star  had  crossed  the  middle  thread 
at  the  east  transit,  and  waa  then  left  in  the  same  position  until 
after  the  star  had  crossed  the  middle  thread  at  the  west  transit, 
when  it  was  again  reversed,  and,  consequently,  restored  to  its 
&rBt  position. 

CroDsUdl,  August  10,  IMS. 


J  Caiiiopca. 

EabI  transit. 

West  tnoiit. 

h  =  +  1".T 

S=  .u  t-.2 

M 
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We  fod  from  the  middle  thread  X  =  8'.9,  cos  X  =  l.    The  com- 
putation for  the  several  threads  may  be  arranged  as  follows: 


Dift.  obs'd.  times  S. 

Chron.  Hate 

Difll  obs'd.  times  N. 

Chron.  Bate 

2t 

2t' 

log  sec  i  (<  +  t') 

log  sec  i  (^  —  <') 

log  tan  d  cos  k 

log  tan  <p' 

f 


1»  49*  32v0 
+    0.1 

1   24    89.0 
+    0.1 

1  49    32.1 

1   24    39.1 

0  48    32.8 

0     6    13.3 

0.0098171 

0.0001600 

0.2284455 

0.2384226 

59^  59'  3r.61 
~    0  .35 

59    59  31  .26 


II 


1*44- 

+ 
1   30 

+ 
44 

30 


1 
1 


20-.0 
0.1 

54.0 
0.1 

20.1 

54.1 


0  48    48.55 
0     8    21.5 
9243 
0466 
4455 
4164 
30".33 
—  0  .85 
29  .98 


III 


1»  37"  51'.0 
+      0.1 


1  87    51.1 


0  48    55.55 


9722 


4455 
4177 
30".60 
-0  .85 
30  .25 


G'l'^^g  the  value  found  from  the  middle  thread  but  one-half  the 
weight  of  either  of  the  other  two,  the  mean  is  ^  =  59°  59'  30".55. 

187.  To  find  the  latitude  from  stars  observed  at  only  one  of  their 

^nsUs  over  the  prime  vertical. — ^Notwithstanding  the  simplicity  of 

^e  preceding  methods,  it  is  not  always  possible  to  apply  them 

iu  the  field.     If  the  observer  has  but  a  short  time  to  remain  at 

^  station,  he  may  fail  to  find  a  sufficient  number  of  bright  stars 

Which  pass  near  his  zenith,  and,  if  he  uses  those  which  pass  at 

greater  zenith  distances,  much  time  is  lost  in  waiting.     But  if 

be  can  use  stars  observed  at  only  one  of  their  transits,  he  may  in 

two  or  three  hours  obtain  sufficient   data  for  a  very  accurate 

determination  of  his  latitude.     The  following  method  is  based 

upon  that  ori^nally  given  by  Bessel,*  with  some  modifications, 

which  appear  to  me  to  facilitate  its  application. 

If  in  the  general  equation  (166),  where  c  denotes  the  distance 
of  a  thread  from  the  coUimation  axis,  we  substitute  i  +  c  for  this 
distance,  denoting  now  by  i  the  distance  of  the  thread  from  the 


•  A*tr&n.  Naeh.,  Vol.  VI.  Nos.  181  luid  182. 
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Biean  thread,  and  by  c  the  distance  of  the  mean  thread  from  t 
axis,  we  have 


1  -f-  <^  ^  —  BID  n  B 


la+o 


R  COS  8  COS  (t 


-') 


in  which  r  is  the  hoar  angle  of  the  star,  Mid  n  and  i  are  deter- 
mined by  the  conditions  (167). 

Kach  thread  gives  an  equation  of  this  form.  The  mean  of 
these  equations  may  be  found  by  the  aid  of  our  Tables  Vm.  and 
VIII.A.,  according  to  the  method  already  explwned  in  Art-  173. 
Thus,  T'heingthe  mean  of  the  obaerved  times  on  the  several 
threads,  /the  interval  obtained  by  subtracting  each  observed  time 
from  tbis  mean,  x  and  log  k  the  mean  of  the  several  values  of 
these  quantities  taken  from  Table  YIIL  with  the  argument  /, 
we  have 

r,  =  r  -[-  X 

and,  since  here  r  is  the  west  hour  angle, 

Then,  ^  denoting  the  mean  of  the  equatorial  distances  of  the 
threads  from  the  mean  thread,  we  have 
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b^PcoBOj  and  A  =  coBa;  and  even  if  a  were  as  great  as  P  and 
b  =  20",  we  should  have  6  =  ^  —  0".003 :  so  that  we  may  always 

pot  b  =  fi. 

We  shall  here  assume  that  the  instrument  can  be  readily 
brought  within  20'  of  the  prime  vertical,  and  then  we  may  safely 
take  A  =  cos  a  =  1,  and  substitute  a  for  its  sine.   Hence  we  have 

€4-  i 

^ — *=  —  cos(f — 6) sin  dj+  sin(f —  6) cos  d^coB  r^+a  cos  *jSm  Tj 

let  f^  and  z  be  determined  by  the  conditions 

cos  z  sin  f^  =  sin  d^ 

cos  Z  cos  f>j  =  cos  S^  cos  Tj 

sin  z  =  cos  d^  sin  r^ 
then 

'    ^  =  sin  (f>  —  f  J  —  6)  cos  ^  -|-  a  sin  2r 

wtiere  f  —  f  i  —  *  must  be  of  the  same  order  as  a  and  c  +  i^  and 
therefore  may  be  substituted  for  its  sine.  Again,  since  in  this 
method  of  finding  the  latitude  no  observation  will  be  regarded 
fts  having  any  value  unless  some  threads  on  each  side  of  the 
n^ean  thread  have  been  observed,  i^  will  always  be  so  small  that 
no  error  will  arise  in  practice  by  putting  ;*  =  1.*  Our  equation 
Mj  therefore, 

c  +  I,  =  (^  —  f>j  —  6)  cos  z  -^  aain  z 
Now  let 

f^  =  the  assumed  latitude, 
a,  =  the  assumed  azimuth  of  the  instrument, 
A^,  Aa  =  the  required  corrections  of  these  quantities; 

then,  substituting  f^  +  a^  and  o^  -|-  Aa  for  ^  and  a,  dividing  the 
equation  by  cos  2,  and  denoting  the  known  terms  by/,  i.e.  putting 

/  =  ^j  -f  6  —  ^^ —  a^  tan  z  +  t,  sec  z  (180) 

we  have 

csec  z  —  Aa  tan  z  —  ^^  +f  =0  (181) 

which  is  the  equation  of  condition  furnished  by  each  star.  From 
all  the  equations  thus  formed,  the  most  probable  values  of  c,  Aa, 
and  Af  will  be  found  by  the  method  of  least  squares. 

*  Should  an  extreme  case  occur  where  the  true  Talue  of  y  was  required,  H  could 
reidil/  h%  found  hj  the  equations  y  cos  f'l  =  t-  cob  d,  /  sin  d|  =^  sin  d. 


}    (182) 
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The  vftlueB  of  f^  '"^^  '  ^^  ^^  moat  readily  fonnd  by  the 
formul» 

tan  y,  =  tan  d,  sec  r,  =  A  tan  3  sec  t- 
tan  2  =  tan  r,  cob  p, 

and  it  muBt  be  observed  that  tan  z  will  be  negative  when  tan  r, 
is  negative,  that  is,  when  the  star  is  east  of  the  meridian.  The 
sign  of  the  term  csec2  must  also  be  changed  when  the  axia  of 
the  instrument  is  reversed. 

Example. — The  following  observations  (among  others)  were 
taken  by  Bessel  with  a  very  small  portable  transit  instrument, 
for  the  express  purpose  of  demonstrating  the  advantages  of  this 
method.* 

Mnnicb,  1627,  Juds  27. 


Cinl.  North. 

I 

11 

111 

IV 

V 

Lo.el. 

icLyrtB       E 

48-   6-.4 

46-54'.4 

ll'46-43'.2 

44-31'.2 

48-16'.8 

+  4'.875 

uffercutis'W 

9   36.4 

11    38.4 

12  13  36.8 

15   84.8 

17   35.6 

+  0.403 

rCygni      E 

29   38.9 

28   47.2 

12  27  66.2 

27     2.6 

26     8.0 

+  0.117 

Cbcle  South. 

fSeratUayf. 

(4   47.2 

43    19.2 

12  41  49.2 

49   17.2 

88   87.6 

-1.906 

66  Cygni    E 

46   49.8 

59     5.6 

12  51  31 .2 

52    59.6 

.54   32.8 

-1  .876 
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The  apparent  places  of  the  stars  on  the  given  date  were  as 

follows : 

\ 


a 

d 

18» 

50- 

7'.74 

43° 

43'  27".72 

15 

57 

27.55 

46 

81  28  .21 

20 

16 

4.59 

39 

42  82  .96 

16 

3 

21.85 

45 

23  40  .03 

19 

85 

38.81 

45 

7  14  .89 

icJJyrcs 
uHerculiB 

r  (^g^i 

^Herculis 
66  Cygni 

W"e  shall  illustrate  the  use  of  our  formute  by  giving  the 
redaction  of  the  observations  of  tt  LyrcK  in  full.  We  have,  em- 
plojrxBg  the  mean  time  columns  of  Table  VJLLL., 


I 

T 

I 

* 

log* 

11' 

'48- 

6'.4 

—  2- 

24'.0 

—  0'.04 

0.0000289 

II 

46 

54.4 

1 

12.0 

0.00 

60 

311 

45 

43.2 

— 

0.8 

0.00 

0 

IT 

44 

81.2 

+  1 

11.2 

0.00 

59 

V 

43 

16.8 

+  2 

25.6 

+  0.04 

244 

^liCeanB 

11 

45 

42.40 

0.00 

0.0000120 

H^nce  we  have 


I\  =  T  +  X  = 


11*  45-  42'.40 
5     1      1 .12 

16  46    43.52 
18   50      7.74 


T,  =  —  2     3    24 .22  =  -  80^  51'  3".8 


log  sec  T,  0.0662574 

log  tan  d  9.9806553 

log  it  0.0000120 

log  tan  f  J  0.0469247 


log  tan  Tj  n9.77621 

log  cos  ^1  9.82476 

log  tan  z  n9.60097 

log  sec  z  0.08208 


Ve  shall  assume  (p^=  48°  8'  40",  a^=  7'  52",  as  in  the  compu- 
tation pven  by  Bessel  ;*  and  hence  we  have 


*  These  quantities  are,  of  course,  arbitrary ;  but  it  simplifies  the  equations  of 
eoadition  to  make  them  as  nearly  correct  as  possible.  An  approximate  Talne  of  the 
idaiiiftk  ma/  be  found  from  any  star  by  the  formvla  a^^=.  (^ —  ^)  coti. 
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,,  =  48"  6'  21".64 

b  =        +  20  .00 

—  a,  tan  ^  =    +8     8  .88 

48    8  49  .97 

/=        +    9".97 

The  equation  of  condition  from  *  Lyra  is,  therefore, 

1.0767  e  -|-  0.3990  &a  —  a.f  +  9".97  =  0 

In  the  same  manner,  the  equations  for  tiie  other  atare  are  found 
to  he 

1.0269  e  —  0.2886  &a  —  &p  +  10".83  =  0 
1.1645c  +  0.5967  &a  —  &f  +  15  .93  =  0 

—  1.0468  c  —  0.8094  a<x  —  iy  —  17  .01  =  0 

—  1.0604  c  +  0.8214  Aa  —  A?.  —  12  .62  =  0 

From  these  five  equations  we  find  the  normal  equations, 

5.7688  e  +  0.8708  aa  —  1.1709  Ay  +  71".46  =  0 

0.8708  c  +  0.7688  Aa  —  0.7741  Ay  +  12  .16  =  0 

— 1.1709  c  —  0.7741  Ad  +  5.0000  Af  —    7  .10  =  0 


-  12".19  Aa  =  —  4"  .09 

-  2".06  with  the  weight  4.20S 


Substituting  these  values  in  the  equations  of  condition,  we 
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e  mean  error  of  ay  is 


2".52    _ 
^  |/4.20S  " 


Seace  we  have,  finally, 

=  48"  8'  37",9 


ritb  mean  error  ±  1".2 


I  aeace 

J^^^Sit6  true  latitude,  found  by  referring  the  position  of  the  in- 

II  rtrument  to  the  Observatory  of  Munich,  was  48"  8'  39".50.  Thus, 
five  «b8e^^'atioIl8,  taken  within  about  one  hour  with  a  very  email 
iiistniment,  sufhced  to  determine  the  latitude  within  1".5,  From 
the  observatioDs  of  two  other  evenings  combined  with  the  above, 
the  latitude  found  by  Bessbl  waa  48°  8'  40".O8,  which  was  only 


p: 


ISBHIirAIION  OF  THE  DECLIITATIOXB  OP  ETARS  BY  THEIR 
TRAKSITS  OVER  TH8  PRIME  VERTICAL. 
188.  The  transit  of  a  star  over  the  prime  vertical  has  been 
■wed  in  the  preceding  articles  to  determine  the  latitude  of  the 
p'ace  of  observation  when  the  star's  declination  is  known. 
Coiiversely,  if  the  latitude  is  otiierwise  known,  the  observation 
loaj  be  used  to  determine  the  star's  declination.  The  modifica- 
lioiis  of  the  fomiulie  given  in  Arts.  177,  &c.,  necessary  for  thia 
purpose,  are  obvious. 

"When  the  star  passes  very  near  to  the  zenith,  the  errors  in  the 
time  of  transit  have  comparatively  small  effect  upon  the  com- 
puted declination  ;  for,  by  differentiating  the  equation 


tan  3  =  tan  f>  cos  t 


d8  = 


Bo  that  the  effect  of  a  given  error  di  in  the  hour  angle  upon  the 
Computed  declination  diminishes  with  the  hour  angle  itself. 

But  an  error  in  the  assumed  latitude  fp  is  not  eliminated, 
though  in  certain  cases  it  will  have  less  effect  than  in  others; 
for  we  have 


sin  2d 


The  Bcveral  values  of  tlie  declination  of  the  same  star  deter- 
l  on  different  dates  will,  therefore,  he  affected  by  the  con- 
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atant  error  depending  upon  the  error  in  the  latitude,  bnt  the 
difterencea  in  these  values  will  nevertheloaa  be  accurately  found. 
Hence,  the  most  important  use  of  auch  observations  is  not  ao 
much  to  determine  the  absolute  declination  of  a  star  aa  the 
changes  of  ita  declination  resulting  from  aberration,  nutation, 
and  parallax. 

189.  In  order  to  eliminate  the  instrumental  errors  in  the  mo»t 
complete  manner,  Struve  propoaed  the  eyatem  of  observation 
given  in  Art.  186;  and,  in  order  to  facilitate  the  application  of 
this  Bjatem,  he  gave  a  new  form  to  the  instrument  conatructed 
under  his  direction  for  the  Pulkowa  Observatory, — a  form  which 
has  since  been  adopted  in  other  observatories, 

Plate  VI.  exhibits  the  principal  features  of  the  Pulkowa  prime 
vertical  transit  instrument,*  made  by  Kepsold.  The  telescope 
TT  is  at  the  end  of  the  horizontal  a.xis  D£,  which  rests  in  Vs  al 
V  V.  The  pier  PP  is  of  a  single  piece  of  stone.  The  appai-atua 
for  reversing  the  inatniment  is  permanently  secured  within  the 
pier,  as  shown  in  the  plate,  the  vertical  rod  M  and  ita  arms  aa 
being  raised  by  the  crank/by  meaua  of  the  bevelled  wheels  f, 
and  thus  lifting  the  telescope  out  of  the  Vs.  Wlien  the  telescope 
is  lifted  aufiieiently  to  clear  the  Vs,  it  ia  revolved  180°  (the  exact 
serai -re  volution  being  determined  by  a  stop  (/),  and  is  then  again 
lowered  into  the  Va.  The  time  required  in  thia  operation  is  but 
16  seconds;  and  if  the  astronomer  has  commenced  an  obser^-a- 
tion  with  the  tube  north,  he  can  continue  the  obs.orvation  with 
the  instrument  reversed,  tube  south,  after  1  minute  and  20 
seconds,  this  time  being  sufficient  for  the  observer  to  rise, 
unclump  the  instrument,  reverse  it,  and  resume  his  position  for 
tlie  observation.  Thus,  even  with  an  instrument  of  large  dime  :- 
sions,  the  system  of  observation  given  in  Art.  186  is  easily  carried 
out. 

The  pressure  on  the  Vs  is  in  part  removed  by  the  coanter- 
poises  W'tV  acting  at  NN. 

The  pressure  on  the  two  Va  is  equalized  by  placing  at  H^ 
weight  equal  to  that  of  the  telescope.  ^H 

The  level  LL  may  remain  upon  the  axis  during  reveraahv^H 

The  finder  J^ia  aimilar  to  that  described  in  Art  120.  ^ 

The  reticule  at  the  focus  m  contains  15  vertical  threads  and 

*  Dmcription  dt  Cabitrvatoire  aitroit«mipit  ttntrat  da  Paulkota  (St.  Peterabora 
IMG),  p,  IGT.  JH 
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two  horizontal  threads,  as  shown  in  Fig.  2.  All  the  transits  over 
the  vertical  threads  should  be  made  to  occur  exactly  midway 
between  these  two  horizontal  threads,  the  telescope  being  made 
to  follow  the  star's  change  of  altitude  by  a  fine  motion  screw 
(not  ahown  in  the  plate),  the  handle  of  which  is  within  reach  of 
the  observer's  hand.  The  equatorial  interval  between  the  ex- 
treme vertical  threads  is  15'  15"  or  61'  of  time. 

There  is  also  a  movable  micrometer  thread  parallel  to  the 
transit  threads. 

The  field  is  illuminated  by  light  thrown  through  the  horizontal 
axis  and  reflected  by  a  mirror  at  E  towards  the  reticule. 

190.  Example. — The  following  observation  was  taken  by 
Struvb  with  the  instrument  above  described.* 


1842.  January  15. 

oDraconis, 

EMt  VertioL— 60.6  B. 

West  Vertical.-^®.4R. 

Tube  S. 

TubeS. 

Level.  +  40*.35         35'.8 

+  40.5 

—  85.85 

40.4 

85.8 

40.55 

35.35 

40.4 

85.8 

40.5 

35.4 

40.4 

85.8 

40.45 

35.4 

Thrtad$. 

I     17* 

54-  30'.7 

19' 

'  42-  51'.4 

II 

55     8 .65 

42    18.65 

III 

65   44.4 

41    88.0 

IV 

56    22.25 

40    59.85     . 

V 

57     0.6 

40    21.7 

VI 

57    40.9 

89    41.4 

VII     17 

58    19.5 

TttbeN. 

19 

89      2.7 

Tube  S. 

vn  i8» 

1-   4'.0 

• 

19' 

'  36-  17'.85 

VI 

1    45.5 

85    87.0 

V 

2    29.8 

84    52.85 

IV 

3    12.7 

84      9.8 

III 

8    57.6 

33    24.7 

n 

4    39.8 

82    42.1 

I    18 

5    26.85 

19 

81    55.6 

Level  +  37'.2 

-89'.0 

+  37' 

.25 

88^7 

37.2 

89  .0 

37 

.25 

88.7 

87.2 

39.0 

87 

.8 

38.7 

87  .15         39  .1 

87 

.25 

88.7 

*  AstranomiMehe  Naehriehteny  Vol.  XX.  p.  209. 
Vol.  IL— 18 
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The  value  of  one  diviaion  of  tlie  level  was  1".002.  The  Wti- 
tude,  (5  =  59°  46'  18".O0.  The  correction  of  the  interval  betweeu 
the  cast  and  west  transits  for  the  rate  of  the  clock  was  +  0'.09. 
The  temperature  of  the  air  ia  recorded  at  tlie  time  of  the  obser- 
vation (in  degrees  of  Keaumur),  as  the  value  of  a  divisibn  of  the 
level  depends  in  some  degree  upon  it. 

According  to  formula  (17fi),  the  declination  will  be  found 
from  ttiese  observations  by  the  formula 

tan  3  ^  tan  J.'  cos  J  {(  +  f )  cob  HJ  —  f) 

where,  ;9  being  the  mean  inclination  ofthe  axis,  we  have  jf'^^ — ^, 
( =  i  elapsed  time  between  the  observations  on  the  same  thread 
for  "tube  south,"  ('  —the  same  for  "tube  north."  We  omit  the 
factor  COS  X,  because  a  Used  instrument  can  always  be  adjusted 
80  accurately  that  we  can  put  cos  *t  ^  1. 

But,  instead  of  computing  3  directly  by  this  formula,  we  may 
find  an  approximate  value  by  using  the  constant  value  of  ip  in 
the  second  member,  and  then  apply  a  correction  for  the  incH- 
Dstion  ^.    Thus,  we  find* 

tan  d'  —  tan  f  cos  i  ('  +  '')  "os  i  ((  —  (')  V 

=  Bin  2a'  f 

3=  J'+  aa  ) 

in  which  we  make  &S  additive  by  supposing  ^9  to  be  positive 
when  the  soulh  end  of  the  axis  is  too  high. 

The  distance  c  of  any  thread  from  the  colUmation  axis  may  be 
found  from  the  two  equations 

—  ein  c  ^  coe  jo'sin  3  —  sin  y  cob  S  coat 
sin  c  ^  cos  jr  «n  d  —  sin  (»  cos  s  cost' 

the  difference  of  which  gives 

sin  c  =  —  sin  y  cos  S  sin  i  ((  +  (')  sin  J  ((  —  (')  (l&l) 


— ,  whence  wc  rekdjly  dcduae 


■in  (i  —  &)  =  lin  (#'  -f)~ 


which  giTea  tbe  fgrmvla  for  Ad  nstd  in  tha  text,  irliea  iU  sign  is  ahuiged  for  tba 
reuoQ  giten. 
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The  computation  of  the  preceding  observation  may  be  sjraBgcd 
in  the  following  form : 


N 


■     1   ■• 

m 

IT       j        V 

„ 

m 

1**8- ».™ 

«-  :•.« 

«-M«.M 

*l-ST.«lwnM» 

tl-  O-^H 

*i-«.ai 

28     J  JO 

»  17,10 

Ui-^f) 

0   «   «M 

U  M.87 

«  M.Zi 

«    M.» 

48  M.OS 

u  M^si 

IK-O 

0    t  rw 

i  «jn 

a    li-i 

1   33  SI 

k|«|(r  +  i) 

OMl 

9241 

ooao 

i»l«((r-f) 

Mttfaa 

MOS 

«I18D 

M2S 

OMa 

ojsuin 

6129 

nas 

nai 

(7M 

OJHHM 

tmi 

M66 

MM 

*' 

"°  "'»•'■«> 

je-w 

WJi 

38-;M 

WOI 

t^-M 

ao-ii 

Mean  3'  =  59'  11'  39" .077 
Ad  =  +0  .815 


By  comparing  the  mean  value  of  d'  vrith  the  sevoral  vatuen 
found  from  the  different  threads,  we  find  the  probable  error  of  a 
single  detenninution  by  one  thread  in  the  four  positions  ia  in 
tbie  caae  only  0".08.  This  obsei-vation,  however,  was  taken 
when  the  atmosphere  was  unusually  steady.  From  a  diFcuBBion 
of  the  obeervalions  of  29  days  on  this  star,  Struve  finds  the 
pwbable  error  of  a  single  determination  by  one  thread  to  be 
0".125,  and  that  of  the  mean  of  seven  threads,  consequently,  only 
0".04T.  To  this  is  to  be  added  the  probable  error  of  the  level 
determination,  which,  from  the  above  example,  is  evidently  cx- 
Wdingly  amalL  Stbuve  eonchides  that,  under  the  moat  favorable 
conditions  of  the  atmosphere,  the  declination  is  determined  by 
liis  method  with  a  probable  error  of  not  more  than  0".05,  and  in 
average  circumstances  with  a  probable  error  under  0",1. 

191,  If  we  wish  to  compute  the  time  of  the  transit  of  the  star 
o?er  the  meridian  of  tbe  instrument  from  these  obscrvatjone 
with  the  utmost  rigor,  we  must  fcikc  into  account  the  difference 
ff  level  at  the  east  and  west  transits  over  the  prime  vertical. 
The  effect  of  a  difference  of  level  is  the  same  as  that  of  a  differ- 
ence of  latitude:  hence,  differentiating  the  equation 

cos  r  ^  tan  3  cot  ip 
in  which  t  is  the  hour  angle  at  the  west  transit,  we  have 
..        __    Ay  ton  i  _  ikf  sin  3 

sin'  ^  ein  t       sin  p  y  [sin  (f  +  "0  ""  Cl*  —  '')] 
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'  The  mean  of  the  times  of  traDait  over  the  east  and  vest  vertical, 
or  T^  will  be  iucreased  by  i^r.  Putting  then  ^  —  ^  for  ajp,  the 
correction  of  the  time  7],  will  be  expressed  hy  the  formula 


(<*-<9')Bi 


30  sin  p  y'[sin  (ji  +  t)  sin  (p  —  i)] 


(185) 


Thus,  in  the  preceding  obBervations,  we  have  at  the  east  transit 
fi=  +  0".689,  and  at  the  west  transit  ^^  =  +  0".924,  and 

i  Cr,)  =  18»48-41'.09 

e  —  ff=  —  0".235  &  r,  =  —  0.08 

Corrected  7;^  18  48    41.01 

We  can  now  find  the  exact  azimuth  of. the  instrument.  The 
clock  correction  at  18*  48"  was  +  8',31,  and  the  apparent  right 
ascension  of  o  Dracorm  waa  18*  48"  50'.17 :  hence 


=  18»  48-  49'.82 
=  18  48  50.17 
z_  0.85  = 


-  12".75  m  arc, 


where  I  is  the  angle  which  the  meridian  of  the  instrument  makes 
with  the  true  meridian,  nence,  a  being  the  azimuth  of  the 
rotation  axis,  wo  have,  by  the  formula  a^  I  sin  ip, 

a  =  —  11".0 
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the  perfect  accuracy  of  the  declination  deduced,  arising  from  the 
possibility  of  a  change  of  azimuth  between  the  east  and  west 
transits.    It  is  evident  from  the  formula 

sin  c  =  —  sin  n  sin  d  -j-  cos  n  cos  d  cos  (t  —  >l) 

that  an  increase  of  X  by  the  quantity  a^  has  the  same  eft'ect  as  an 
equal  decrease  of  the  hour  angle  r,  and  a  change  of  —  aA  in  r 
produces  a  change  of  —  Ja>1  in  the  hour  angles  used  in  com- 
puting i.  To  find  the  effect  of  this  upon  the  computed  dy  we 
have,  by  difierentiating  the  equation 

cos  r  =  tan  d  cot  f 

with  reference  to  r  and  ^, 

tkd  =.  —  At  cos*  d  tan  f  sin  r 

or,  putting  J  a^  for  —  Ar,  and  eliminating  r, 


-m 


COS  fp 


cos  d  |/[sin  (^  +  d)  sin  (^  —  ^)] 

~— ~       Atf  •  — — ^— ^^— — ^— -^— ^— — — ^— ^— — — — — — — ^— — ^ 

sin  2f 


(187) 


The  following  table,  computed  by  this  formula,  is  given  by 
Struve  to  exhibit  the  effect  of  a  change  of  azimuth  Aa  =  1",  for 
different  values  of  f  —  d. 


f-i 

U 

0»    V 

C'.OOO 

0    20 

0  .042 

0    40 

0  .060 

1      0 

0  .074 

2      0 

0  .108 

3      0 

0  .136 

4     0 

0  .162 

The  values  of  a^  here  increase  very  nearly  as  Vtp  —  d.  For 
•  DraconiSj  the  correction  would  be  ^d  =  0'^055.  Struve  inves- 
tigated the  probability  of  a  change  of  azimuth  occurring  in  his 
instrument.    He  found  that  the  fluctuations  of  the  azimuth  during 
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a  whole  year  had  not  probably  exceeded  one  second  of  arc  o! 
eithor  side  of  its  moan  value,  and  that  even  the  extreme  change 
of  temperature  from  winter  to  summer  had  not  produced  an 
sensible  etteet  upon  it,  Henee  he  concludes  that  since  the  ten: 
puratures  ut  the  east  and  west  transita  of  a  star  on  the  same  da 
never  diiFered  by  more  than  2°  R.  or  4J°  Fahr.,  and  generally  bu 
a  fraction  of  a  degree,  the  variations  of  the  azimuth  could  nc 
linve  produced  any  error  which  amounted  to  even  0".01,  It  i 
important  to  observe  that,  during  the  period  referred  to,  tli 
screws  for  adjusting  the  azimuth  were  not  touched. 


193.  Micrometer  observations  in  the  prime  vcrlieal. — When  a  sta 
passes  within  a  few  minutes  of  the  zenith,  its  lateral  motio 
(across  the  threads)  becomes  so  slow  that  the  observation  of  th 
transit  over  the  side  threads  would  occupy  too  much  time.  Th 
star  may  indeed  be  within  the  limits  of  the  extreme  thread 
during  the  wdiole  time  from  its  east  to  its  west  transit.  In  sue 
cases,  the  movable  micrometer  thread  takes  the  place  of  th 
fixed  threads.  This  may  be  used  in  two  ways :  either  by  settin 
the  micrometer  succosaively  upon  round  numbers,  identici 
before  and  after  reversing,  in  which  case  the  observations  ar 
reduced  precisely  as  those  made  on  fixed  threads  ;  or  by  sottin 
at  pleasure  and  as  often  as  the  time  permits,  in  which  case  tb 
observations  are  reduced  as  follows. 

The  micrometer  reading  for  the  case  when  the  movable  threa 
is  in  the  collimatiou  axis  is  known  approximately :  let  its  assume 
value  bo  denoted  by  M,  and  its  true  value  by  M  +  c.  Let  us  sui 
pose  that  tor  "tube  south"  the  micrometer  readings  increase  u 
the  thread  is  moved  towards  the  north;  then,  if  wi  is  the  readin 
at  an  observed  transit,  the  thread  is  at  the  distance  m  —  {M  -\- 1 
north  of  the  colliraation  axis,  and  this  distance  is  to  be  substitute 
for  c  in  our  fundamental  equation  (166).  In  this  equation,  w 
shall  also  put  >i  =  0,  ?;  =  90°  —  <p,  on  the  supposition  t}iat  th 
azimuth  and  inclination  of  the  axis  are  each  zero,  since  th 
resulting  declination  may  be  corrected  by  the  methods  abov 
explained.     We  have  then 


fAn  ijn  —  M  —  c')  ^=-  —  cos  f  sin  *  +  sin  y  cos  3  cos  r 
=  sin  (jn  —  6)  —  2  sin  y  cos  a  sin'  \  r 


or,  since  in  the  cose  here  considered  ip  —  5\s  but  a  few  minntei 
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For  convenience  in  computation,  let  us  put 


sin  1" 


sin  f  COB  8 


in  which  Bin  ^  cos  j  will  be  constant,  and  log  — -. — ^t;-  may  bo 

directly  from  our  Table  VI. ;  then  the  equation  becomes 

z  Jr  c  =  R~e  (188) 

which  e  is  ,given  by  the  observation  for  each  thread,  and  Ji  is 
to  be  computed  for  the  several  values  of  r  found  from  the  ob- 
served sidereal  times  and  tlie  star's  right  ascension. 

This  equation  applies  to  the  case  of  "  tube  south."  When  we 
have  "  tube  north,"  the  equation  becomes 

2  sin  ^  cos  3  sin'  }  r 


^^rawhi 


—  m  +  jtf-f  c  = 
so  that,  putting  in  this  case 


sin  1" 


The  II 


i  — c^A  — e*  (189) 

!lie  instnunent  is  reversed  but  once.     The  first  series  of  ob- 
•ervatioOB  is  tnken  before  the  meridian  passage,  and  the  second 

after  it.  We  thus  find  from  the  means  of  the  observations  the 
v&lues  of  z  +  c  and  z  —  c,  whence  both  z  and  c.  The  uncorrected 
declination  is  then 


to  which  we  apply  the  correction  for  the  level,  aa  in  Art.  190, 
and,  if  necessaiy,  also  the  correction  for  the  azimuth  according 
to  (186). 

It  is  evident  that  this  method  may  be  applied  even  to  stars 
whose  declinations  are  somewhat  greater  than  the  latitude. 

Example. — The  following  observations  arc  given  by  Btruvb 
from  among  those  taken  with  the  Pulkowa  instrument:* 
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1842,  JMiumry  16. 

var4mMvoriM. 

EMtTeHJOAL 

(-6' 

'.6B.)        WaatVartlwO. 

l^btS. 

TiAtN. 

Levd.  +  40'.25 

-87'.3 

+  88'.0 

-SO".? 

40.3 

37.36 

38.0 

89.7 

40.3 

37.35 

38.0 

89.7 

40.3 

37  .35 

88.0 

39.7 

Traneita. 

Miorom. 

Truaita. 

Mioroffl. 

8'  SO-  29'. 

9'.3I5 

9»  48-  42'.5 

14'.771 

30    56.5 

9.550 

48    14 

14  .527 

81    24.5 

9.775 

47    46 

14.276 

82      0 

10 .083 

47    17 

14.068 

82    28 

10 .298 

46    41 

13  .826 

32    54 

10 .470 

46      9 

13  .597 

83    29 

10 .691 

45    35 

18  .361 

84      4 

10.879 

45    11 

13  .232 

34    37 

11.062 

44    40 

18  .077 

9  35    11 

11 .226 

9  44    12 

12  .942 

Level.  +  40'.3 

-37'.25 

+  38'.0 

-Zi'.l 

40.35 

37.3 

38.0 

89.7 

40.35 

37  .25 

38.0 

39.7 

40.25 

37.3 

38  .0 

39.7 

/» 

=  +  0'.323  , 

=  +  0".324 

In  these  observationa,  in  order  to  avoid  any  possible  error  of 
loat  motion  in  the  micrometer  screw,  the  thread  is  always  set  in 
advance  of  the  star  by  a  final  positive  motion  of  the  screw,  that  is, 
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the  final  value  of  z  when  the  hour  angles  on  the  opposite  sides 
of  the  meridian  are  so  nearly  equal  as  in  the  present  case. 
TTith  the  value  f  =  69^  46'  18",  we  find  log  sin  ip  cos  5= 9.68846. 

rte  assumed  value  of  M=  12^.000 ;  and  hence  the  observations 

may  be  reduced  as  follows : 

Tube  S. 


-9-  9* 
8  41.5 
8  18.5 
7  88 
7  10 
6  44 
6     9 
6  84 
5     1 

i  27 


Uk^"^*^ 

R 

m— Jf 

log  (m -10 

77".02 

"*  rinl" 

2.21581 

71".49 

2^.686 

0.42894 

2.17118 

64  .61 

2.450 

0.88917 

70  .28 

2.12825 

57  .77 

2.225 

0.84783 

68  .88 

2.05842 

49  .76 

1.917 

0.28262 

54  .99 

2.00863 

48  .86 

1.702 

0.23096 

48  .82 

1.94946 

88  .72 

1  .580 

0.18469 

48  .89 

1.87075 

82  .80 

1.809 

0.11694 

87  .65 

1.78420 

26  .46 

1.121 

0.04961 

82  .16 

1.69885 

21  .49 

0.988 

9.97220 

26  .91 

1.58974 

16  .91 

0.774 

9.88874 

22  .20 

R «a.«-f  C 


5".53 

5  .77 

6  .06 
5  .28 

4  .96 

5  .17 
5  .25 
5  .70 
5  .42 
5  .29 


Mean  —  5  .488 


TubeN, 


H-4-84'. 
5      2 


5 
5 

e 

7 
7 
8 


88 
57 
81 

6 
89 

8 
8   86 

y    4.5 


Jf— m 

1.61222 

17".81 

0^.942 

9.97405 

27".02 

1.69678 

21  .64 

1.077 

9.03222 

80  .90 

1.78160 

26  .81 

1.232 

0.09061 

86  .34 

1.84204 

80  .28 

1.861 

0.13386 

39  .04 

1.92105 

86  .27 

1.597 

0.20880 

46  .81 

1.99551 

48  .06 

1.825 

0.26126 

52  .35 

2.06081 

49  .98 

2.068 

0.81655 

59  .82 

2.11852 

56  .49 

2.276 

0.36717 

66  .29 

2.16198 

68  .16 

2.527 

0.40261 

72  .49 

2.20867 

70  .88 

2.771 

0.44264 

79  .49 

«  —  e 


9".21 
9  .26 
9  .08 

8  .81 

9  .64 
9  .80 
9  .84 

8  .80 

9  .83 
9  .16 


^ence  we  have 


Mean  —  9  .178 


Tube  S, 


z  +  c  =  —  5".438 
z  —  (?  =  —  9  .178 


Diff.  ftt>m  mean. 


—  0".09 

—  0  .88 

—  0  .62 
4-0  .21 
-f  0  .48 
-f  0  .27 
-f  0  .19 

—  0  .26 
-f  0  .02 
-fO  .15 


—  0".03 

—  0  .08 
-f  0  .15 
-f  0  .37 

—  0  .36 

—  0  .12 
^0  .16 
-f  0  .88 

—  0  .15 
-fO  .02 


z  =  —  7  .308 

^  =  59<>  46^  18".000 

^  =  ^  —  2r  =  59    46  25  .308 

Corr.  for  incl.  of  the  axis  =  +    0  .824 

^  =  59    46  25  .632 


c=  +  1".870 


From  the  differences  in  the  last  column  of  this  computation, 
We  find  the  probable  error  of  a  single  observation  to  be  0'M94, 
produced  by  the  error  of  observation  and  the  error  of  the  micro- 
meter. This  agrees  well  with  the  probable  error  found  for 
4>Drac<miSy  which  was  0'^08  for  four  observations  on  one  thread. 


The  probable  error  of  four  observations  of  u  Ursce  Majoris  is 
0",ifi4  -^  2  =  0".09T,  which  ie  somewhat  greater  than  0".08, 
apparently  because  it  iuvolves  the  addiUonal  error  of  tlie  niicro- 
meter. 

The  probable  error  of  the  moan  value  of  ?  or  of  the  value  of  S 
found  by  the  preceding  micrometer  observations  is  0".194  -^  p-  20 
=  0".043.  The  reaulta  obtained  by  the  micrometer  have,  tliero- 
fore,  very  nearly  the  same  degree  of  precision  as  those  obt»ined 
by  the  fixed  threads,  when  each  method  ia  skilfully  applied. 

The  extreme  precision  of  the  observations  with  this  instrument 
in  the  hands  of  Strvve  is  strikingly  exhibited  in  the  accordance 
of  the  values  of  the  aberration  constant  determined  from  the 
changes  of  declination  of  seven  stars,  which  have  already  been 
cited  in  Vol.  I.  Art.  440. 
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THE  HGRIDIAN  CIRCLE. 
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194.  ToB  Meridian  Orcle,  or  D-ansil  GtcU,  is  a  combination  of  a 
transit  instrument  and  a  graduated  vertical  circle.  This  circle 
is  firmly  attached  at  right  angles  to  the  horizontal  axis,  and  ia 
read  by  verniers  or  microscopes  (see  Arts.  18  and  21),  which  are 
in  some  eases  attached  to  the  piers,  and  in  others  to  a  frame 
which  rests  upon  the  axis  itself. 

By  means  of  this  combination,  the  instrument  serves  to  deter- 
mine both  co-ordinates  of  a  star's  position, — the  right  ascension 
from  the  time  of  it^  transit,  and  the  declination  from  the  zenith 
distance  measured  with  the  circle ;  or,  if  the  star's  place  is  given, 
it  serves  to  determine  either  the  local  time  or  the  latitude  of  the 
place  of  observation. 

For  the  measurement  of  declinations,  it  takes  the  place  of  the 
Mural  Circle,  which  consists  of  a  circle  mounted  upon  one  side 
of  a  pier,  the  circle  being  secured  to  the  end  of  a  horizontal  axis 
which  enters  the  pier.  As  the  latter  instrument  cannot  be  re- 
TCrsed,  and  its  axis  is  not  symmetrically  supported,  it  is  not  suited 
to  the  accurate  determination  of  right  ascensions,  and  is  to  be 
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regarded  as  designed  sololy  for  (he  measurenient  of  declinations. 
Even  for  this  purpose  the  meridian  circle  is  preferable,  as  il 
idiiutB  of  reversal ;  and  there  is  always  an  advantage  in  com- 
biuing  determinations  made  in  reverse  positions  of  an  instrument, 
whereby  unknown  errors  may  be  either  wholly  or  in  part  elimi- 
Bftted.  I  shall,  therefore,  not  treat  specially  of  the  mural  circle. 
It  is  Dot  probable  that  any  more  instruments  of  that  form  will 
hereafter  be  constructed;  and  the  method  of  using  those  that 
adstwill  readily  be  understood  by  any  one  who  has  mastered 
tho  meridian  circle. 

196.  Plates  VII.,  Vtll.,  and  IX.  pepreeent  a  meridian  circle  of 
Rkpsold,  belonging  to  the  U.  S.  Naval  Academy,  and  mounted 
at  Annapolis  in  18.52.  It  is  almost  identical  in  form  with  the 
uifiridian  circles  constructed  by  the  same  artist  for  Stbuve  and 
BfissKL  at  the  Pulkowa  and  Kijnigsberg  Observatories. 

It  has  two  circles,  CC  and  C  C,  of  the  same  size,  but  only  one 
<*f  these,  CC,  \s  graduated  finely;  this  is  read  by  four  microscopes, 
IWo  of  which  arc  seen  at  ^7?.  The  microscopes  arc  carried  upon 
*  square  frame  which  is  centred  upon  the  rotation  axis  itself; 
'^be  form  of  this  frame  ia  shown  in  Plate  IX.,  where  the  instru- 
fiVvnt  is  represented  upon  the  reversing  car.  The  horizontal 
*»de9  of  the  frame  carry  two  spirit  levels  /,  /,  by  which  any  change 
*>f  inclination  of  the  frame  with  respect  to  the  horixon  may  bo 
detected. 

The  second  circle  CC,  constructed  of  the  same  size  as  the  first 
for  the  sake  of  symmetry,  ia  graduated  more  coarsely,  is  read  at 
either  of  two  points,  and  is  used  only  as  a  finder. 

The  counterpoises  ITTC'act  at  XJ,  points  nearly  equidistant 
between  the  telescopes  and  the  Vs,  and  very  near  to  the  circles ; 
tn  arrangement  which  prevents  the  possibility  of  any  appreciable 
flexarc  in  the  horizontal  axis,  at  the  same  time  that  the  pressure 
on  tho  Vs  is  reduced  to  a  very  small  quantity. 

The  inclination  of  the  rotation  axis  is  measured  with  a  hanging 
level  LL. 

An  arm  FG,  turning  upon  a  joint  at  F,  receives,  when  hori- 
zontal, an  arm  which  is  connected  with  a  collar  upon  the  rotation 
axis.  By  turning  u  screw,  the  head  of  which  is  at  G,  the  tele- 
scope is  clamped  in  the  collar,  and  then  a  screw  (not  seen  in  the 
drawing)  acting  horizontally  near  G  gives  fine  motion  to  the 
teleacope  by  acting  upon  the  vertical  arm. 
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Another  arm  fy,  nearly  similar  in  ita  form  and  Brrangement  to 
FG.  receives  a  vertical  arm  attached  to  the  microscope  fi-ame. 
HcrewB  acting  horizoutully  at  g  upon  the  vertical  arm  serve  to 
adjust  the  frame. 

These  arms  are  shown  in  Plate  VilL  as  they  appear  when 
thrown  down  and  out  of  use  while  the  instrument  is  being 
reversed.  Id  this  plate  is  also  seen  the  arrangement  of  the 
vertical  arms  and  the  friction  rollers  by  which  the  counter- 
poises act  upon  the  horizontal  axis,  together  with  the  form  of 
the  Vs. 

Tlie  field  is  illuminated  by  light  thrown  into  the  interior  of  the 
telescope  through  tubes  at  AA  and  reflected  towards  the  reticule 
by  a  mirror  in  the  central  cube.  The  quantity  of  light  is  regu- 
lated by  revolving  discs  with  eccentric  apertures  at  the  extremi- 
ties of  the  tubes  nearest  to  the  Vs.  These  discs  are  revolved  by 
means  of  a  cord  to  which  hangs  a  small  weight  S. 

The  reticule  at  m  contains  seven  transit  threads  and  three 
micrometer  threads  at  right  angles  to  the  transit  threads.  These 
three  threads  have  a  common  motion,  their  distance  from  each 
other  being  constant.  This  distance  being  known,  an  observa- 
tion on  eitlier  of  the  extreme  threads  can  be  reduced  to  the 
middle  thread.  The  micrometer  thus  arranged  is  intended  for 
the  measurement  of  small  difterences  of  declination,  and  also  for 
the  measuremeut  of  absolute  declinations  when  used  in  con- 
junction with  the  graduated  circle,  as  will  be  fully  explained 
hereafter. 

The  graduated  circle  of  this  instrument  is  nearly  30  inches  in 
diameter,  and  reads  directly  to  2"  by  the  graduations  on  the 
micrometer  heads  of  the  reading  microscopes ;  and  by  estimating 
the  fraction  of  a  graduation  of  the  micrometer  head,  the  reading 
is  carried  down  to  0".2.  This  is  a  sufficiently  great  degree  of 
accuracy  of  reading  to  correspond  to  the  dimensions  and  optical 
power  of  this  instrument;  but  in  larger  instruments  the  reading 
is  sometimes  carried  down  to  0".O5,  or  even  less. 

The  discussion  of  the  errors  of  the  circle  of  this  instrument  ia 
given  in  Arts.  28,  32,  and  33.* 


*  The  errors  of  the  circla  ni»j 
(empcr&ture  oF  lie  Tnrioug  parls 
different  lemperalnres  wilt  be  itir 
inoreue  of  tcniporature  in  unifoi 
cision,  therefore,  we  sboulil  eailec 


nol  be  ennsisnt,  since  the;  ma;  fluctuate  wilh  tbt 
We  itmy.  however,  ussumo  thai  the  errors  at 
entile,  provided  the  eipiiiision  of  Ihe  circle  for  as 
n  thrnughoul  all  i(a  purls.  For  the  grea(*«t  ppo- 
-or  to  secure  this  condilion  of  uni/nrrn  ttmyaalurt. 
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A  mercury  collimator  ehonld  be  placed  permanently  beneath 
the  floor  directly  under  the  centre  of  the  instrument,  covered  by 
a  movable  trap-door. 

I  proceed  to  consider  the  methods  of  observing  with  the  ineri- 
diaa  ciivle.  Its  application  aa  a  transit  inutrumunt  will  be  stiffi- 
cienlly  clear  from  the  preceding  cliapter.  It  ia  necessary  to  treat 
kteonly  of  the  use  of  the  circle  and  micrometer  in  the  men- 
surcment  of  nadir  distance,  zenith  distance,  polar  distance,  or 
altitude  of  a  star,  from  which  either  the  declination  of  the  star 
or  tho  latitude  is  found. 

196.  Nadir  point. — The  first  of  the  methods  of  using  the  instru- 
ment which  I  sbali  treat  of  is  that  iu  which  all  ohaervationa  wilh 
lie  circle  are  referred  to  the  nadir.  Let  us  tirst  suppose  the 
lutmrneut  to  be  perfectly  adjusted  in  the  meridian,  and  the 
observation  of  a  star  to  btl  made  at  the  instant  of  its  transit.  The 
Mdir  point  is  obtained  by  directing  the  telescope  vertically 
towards  the  mercury  collimator.  To  take  the  simplest  case,  let 
uiuppose  the  eight  line  to  be  determined  by  a  fixed  horizontal 
Ateid  (at  right  angles  to  the  transit  threads).  Let  this  thread 
Hbrought  into  coincidence  with  its  reflected  image.  The  sight 
Btifl  is  then  vertical,  and  the  reading  of  the  circle  (by  which  we 
>lw«y»  understand  the  mean  of  all  the  microscopes  added  to  the 
flogrees  and  minutes  under  the  first  microscope,  or  microscope 
^)  represents  the  nadir  point  of  the  circle.  Let  this  reading  he 
uenoted  by  C„,  The  telescope  being  tlien  directed  towards  a 
star,  and  the  fixed  honzontal  thread  being  made  to  bisect  the 
«tar  at  the  instant  ot  the  transit  over  the  middle  vertical  tliread, 
let  the  circle  reading  be  C.  Then  the  apparent  nadir  distance 
of  the  star,  which  I  shall  danotfi  by  iV',  will  be 


ud,  for  this  piirpoBe.  il  li  adiiaable  'o  mako  the  piers  luflicienll;  bigb  and  braitd  to 
proleet  tlie  whole  circle;  for,  aince  the  tempernturc  of  Iho  piers  will  atiea  differ 
rpom  that  of  Ihe  cimU,  Ihe  radiation  frnm  tlicm  will  tend  to  produce  uiiequnl  tem- 
pernlurcfl  in  the  difTerenl  parts  of  the  circle,  unless  the  latter  in  equally  expoeed  lo 
Itaii  radiation  throughout.  But  oTea  thU  arrnngeriieDl  will  Tail  of  its  ottjecl  if  the 
lampcralure  of  the  piers  is  not  uniform  :  and  therrfare  they  mast  be  prolecled  agniusl 
luctnalioat  of  temperature  aa  oiiich  ns  possible  ;  for  eiamplo,  b;  first  coaling  them 
Ttlh  oil  or  lome  other  preparation  to  eicliido  moisture,  llien  wrnpping  ihani  in  olo'h. 
uut  Inallj  encasing  them  in  vcrod,  as  propoied  b;  Dr.  Qditld  far  tha  meridian  circle 
of  Ih«  Dadlcf  Obaervatorj. 
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ftud  thia  distance  is  usually  reckoned  from  0°  to  360°  from  tiie 
nadir,  through  either  the  south  point  or  the  north  point,  accord- 
ing to  the  direction  in  which  the  graduationa  increase.  This 
direction  ie  different  in  tlie  two  positions  of  the  rotation  axie, 
Supposing  the  position  of  the  axis  to  be  indicated  by  that  of 
the  circle  itself,  let  us  assume  that  the  nadir  distance  is  reckoned 
through  the  south  point  for  circle  east,  and  through  the  nortt 
point  for  circle  west.  If  we  denote  the  apparent  zenith  distance 
of  the  star  south  of  the  zenith  by  z',  we  shall  then  have 


;^^  ±  (18Q°~N') 


f  -j-  for  circle  east  1 
I  —  for  circle  west  / 


4 


In  obtaining  the  circle  readings  C^  and  C",  the  correction  foi 
error  of  juna,  when  such  error  exists,  must  be  applied  as  explaine-: 
in  Art.  22.  But,  with  the  aid  of  the  telescope  micrometer,  tv( 
can  avoid  the  "rror  of  runs,  as  follows.  In  observing  the  nadii 
point,  set  the  circle  so  that  an  exact  division  is  under  or  nearly 
under  the  zero  of  one  of  the  reading  microscopes,  that  Is,  st 
that  all  the  microscopes  will  road  nearly  0"  :  their  mean  will  noi 
require  any  sensible  correction  for  runs.  But  the  fixed  threat 
will  then  not  be  in  coincidence  with  its  image.  Measure  th( 
distance  of  the  fixed  thread  from  its  image  by  the  micrometer 
One-hnlf  this  distance,  being  applied  to  the  circle  reading,  will 
give  *Jie  reading  for  absolute  coincidence.  In  like  manner,  ic 
observing  the  star,  set  the  circle  again  upon  an  exact  division, 
and  bisect  the  star  with  the  micrometer  thread  ;  the  distance  of 
the  micrometer  thread  from  the  fixed  thread,  being  applied  tc 
the  circle  reading,  will  give  the  required  reading  C. 

But,  when  the  micrometer  is  employed,  it  is  altogether  prefer- 
able to  dispense  with  the  fixed  thread  and  to  depend  solely  upon 
the  movable  one.  Thus,  to  determine  the  nadir  point,  having 
brought  the  circle  division  which  is  nearest  to  tlie  nadir  point 
reading  under  microscope  A,  let  the  mean  reading  obtained 
from  all  the  microscopes  be  called  CJ,.  Bring  the  micrometei 
thread  into  coincidence  with  its  image,  and  let  the  micrometei 
reading  be  M^,  which  we  shall  suppose  to  be  converted  into  arc 
by  multiplying  by  the  value  of  a  revolution  found  according  t<] 
Art.  46  or  47.  It  is  now  evident  that  when  the  telescope  is 
directed  upon  a  star,  if  the  micrometer  reading  remains  M^  while 
the  thread  bisects  the  star  and  tlie  circle  reading  is  C",  the  nadii 
distance  is  C  —  C„  precisely  as  if  the  micrometer  tliread  were 
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fiiei  But  the  readiag  6"  will,  in  general,  involve  an  error  of 
msB,  to  avoid  which,  aet  the  circle  ae  before  upon  a  neighboring 
exact  division,  and  let  the  reading  be  still  called  C"  ;  then  bisect 
the  star  with  the  micrometer  thread,  aud  let  the  reading  be  M' ; 
the  nadir  distance  of  the  star  will  be 


N'={C'-C,)  +  {M--M,) 


C190, 


In  practice,  this  method  will  be  found  much  simpler  than  it  at 
Gn[  appears.  The  finder  should  always  be  adjusted  .so  that 
whole  minutes  in  its  reading  correspond  to  whole  minutes  of  the 
principal  circle.  Then,  in  all  observations  of  the  nadir  point, 
we  aet  the  tinder  to  the  same  exact  division  ;  and,  in  observing 
the  star,  we  compute  its  approximate  nadir  distance  to  the  nearest 
minute,  and  set  the  finder  upon  this  minute. 

In  the  above  formula,  we  Huppose  the  micrometer  readings  to 
increase  with  the  circle  readings, 

ExiUPLB. — On  May  4,  1856,  the  telescope  of  the  Meridian 
Circle  of  the  Naval  Academy  was  directed  to  the  nadir  by  setting 
the  finder  upon  0°  0',  and  the  mean  of  the  four  microscopes  gave 
the  circle  reading 

C„  =  359°  oy  64".70  (or  —  0°  C  6".80) 

The  micrometer  thread  was  then  brought  alternately  north  and 
wnth  of  its  own  image  in  the  collimator,  so  as  to  form  each  time 
a  square  with  the  middle  transit  thread  and  its  image  (as  in  Art. 
U7),  and  the  micrometer  readings  were  as  follows : 


Imi««ir. 

s. 

Mou. 

fr-  S3'.4 
82.9 
33.0 
33.5 

40'.8 
40.4 
40.3 
40.5 

5-  S-'.IO 
86.65 
36.65 
37.00 

lat  M^  was  the  reading  when  the  micrometer  thread  waa  in 
coincidence  with  its  image. 

The  telescope  was  then  directed  to  Polaris  at  its  upper  culmi- 
nation by  setting  the  finder  at  229°  32'  (the  latitude  being  38"  59', 
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the  declination  88"  32',  aad  the  refraction  1',  approximately),.^ 
and  at  the  time  of  the  star's  trauait,  the  micrometer  threads 
bisecting  the  star,  there  were  found  ^^^ 

Cirdo  reading  C  =  229'  82'  7".47  ^H 

Microm.    •■       M'=    5' 5t,'.6  ^J 

The  value  of  one  division  of  the  micrometer  was  0".927.  Ilenc^^ 


C-~C^^  229"  82'  12".77 

:  +  13'J5  =  +  Ig  .75 

(N')  =  229    32  26  .52 


f 

Ath^ 


This  is  the  apparent  nadir  distance  upon  the  suppoBition  that  t 
position  of  the  reading  microscopes  (which  rest  on  the  axis  ot 
the  telescope*)  remained  absolutely  lixed  while  the  instrument;^ 
revolved   from   the   nadir  to  tlie  star.     To  determine  this,  the=^ 
spirit  level  was  applied  to  the  microscope  frame.     At  the  uadir" 
reading,  the  inclination  of  the  frame  was  („  =  —  1",23,  and  at  the 
observation  of  the  star  it  waa  i'  —  —  1".54 ;  and  hence  we  ha' 


{If)  =  229"  82*  25". 


^  229    32  25  .21 


In  this  observation,  the  circle  was  east,  and  the  nadir  distai 
was  reckoned  through  the  south  point. 

197.  Siuce  Q  and  J/^will  be  applied  in  reducing  all  the  obser- 
vations made  on  the  same  day,  or  so  long  as  these  quantities  are 
regarded  as  coustant,  it  will  be  convenient  to  combine  them  ouc« 
for  all.  We  may  either  convert  the  micrometer  reading  into 
seconds  of  arc  and  add  it  to  the  circle  reading,  which  will  give 
the  circle  reading  when  M^=  0;  or  convert  the  seconds  of  the 
circle  reading  into  divisions  of  the  micrometer  and  add  it  to  the 
micrometer  reading,  which  will  give  the  micrometer  reading 
when  C„^  0.  Thus,  if  we  take  the  latter  method  in  the  pre- 
ceding example,  we  have  Co=  ^  6". 80  =  —  5''.72  of  the  micro- 
meter.     We    then    take    {M)  =  C^-^  M^=  b' m*.%h  —  h''.Tl  = 

"As  Lbia  coDBlruc'ioa  iniotvea  Ike  Deoesaily  of  rd  additional  observktion,  ind 
tbun  InlroduceH  Biiollirr  source  of  error,  it  appears  to  be  prefernblo  (o  attach  tlie 
rending  micro'Copei  pcrmnnenll;  to  tbe  pUra,  provided  Lbe  piers  are  veU  gUBrdnl 
■gamst  cliangee  of  temperMure  which  might   alter   tha   relatiTe  poBitiana  of  Uw 


5' 3IM3,  whicli  we  may  cull  tho  microtneter  zero;  and  in  any 
observation  of  a  star  when  the  circle  reading  is  C  and  raicro- 
tneter  reading  M',  the  nadir  distance  will  be  simply  {N')  =  C 
H-  if'  —  (JIT).     In  this  example,  therefore,  we  should  have 


-iM): 


C  =  229"  32'    7".47 

--  +  19-.47  = +  18  .05 

(iV)  =  229    32  25  .62 


Instead  of  a  single  micrometer  thread,  Bebsel  used  a 
double  one.  consisting  of  two  very  close  parallel  threads.  The 
sight  line  is  then  a  line  which  bisects  the  angle  between  the 
threads,  and  a  star  is  always  observed  when  it  is  estimated  to  be 
midway  between  them.  It  was  the  opinion  of  BEsgEi.  that  even 
greater  accuracy  was  attainable  in  this  way  than  in  Itisecting  a 
star  by  it  single  thread.  Although  tliere  may  be  some  doubt  of 
this  being  true  for  all  observers,  still  the  method  has  advantages 
in  determining  the  nadir  point.  The  sight  line  determined  by 
the  middle  point  between  the  tlireads  will  be  vertical  when  each 
thread  is  in  coincidence  with  the  image  of  the  other  thread.  But, 
as  we  cannot  depend  upon  such  directly  observed  coincidences, 
the  micrometer  reading  for  coincidence  is  found  by  taking  the 
mean  of  two  observations,  at  one  of  which  the  ^.    ,, 

image  of  one  of  the  threads  is  placed  midway 
between  the  threads,  and  at  the  other  the  image  ■ 

of  the  other  thread  is  so  placed.     Thus,  at  one  . i ._ 

observation  we  make  the  observation  n.  Fig.  47,  

wid  at  thi3  other  the  observation  fc,  and  take  the  mean  of  the 
correaponding  readings. 

,99.  Reduction  to  the  meridian. — In  the  above  metliod  of  obser- 
fion,  tlie  determination  of  tho  nadir  point  is  made  very  precise 
repeating  the  readings  of  the  circle  and  micjomcter,  but  the-' 
reading  for  the  star  dejienda  upon  a  single  oliHervation.  In  order 
to  give  both  measures  at  least  equal  precision,  we  must  mako- 
»eA"crul  bisections  of  the  star  by  the  n)icrometcr  thread  duriug- 
the  passage  of  the  star  across  the  field.  But,  since  the  star  in 
gcncml  deacribes  a  small  circle  in  the  field,  all  tlie  measures  on 
eitlier  side  of  the  meridian  will  require  a  correction.  In  inves- 
tigating this  correction,  I  phall  suppose  that  tlie  instrument  is  not 
precisely  in  tho  meridian,  in  order  to  see  what  effect  it8  errors 
e  upon  the  observed  declination. 
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Li  Fig.  48,  conetmcted  as  in  Art.  123,  U't  0  be  the  position  of 
p.    ^^  the  atiir.     The  great  circle  described 

by  the  toleacope  is  N'Z'S',  and  Z'  in 
the  zenith  of  the  lustrunient.  The 
ait  j40  di'awii  from  the  pole  of  the 
great  circle  N'Z'S'  to  the  star  inter- 
Beets  this  circle  in  0',  and  00'  rc- 
preaents  the  micrometer  thread  which 
bisects  the  star,  since  this  thread  ia 
also  peqjeiidicular  to  the  plane  of  the 
instrument,  and  O'O  =  c  is  the  dis- 
tance of  tlie  star  from  the  collimation 
axis.  If  the  telescope  were  directed  to  t!ie  pole,  tho  thread 
would  coincide  with  PP',  P'  being  the  point  in  whicli  the  great 
circle  j4P  intersects  N'Z'S'.  Hence,  P'  U  the  apparent  pole  of 
the  instrument,  and  tho  apparent  polar  diatance  of  the  atar,  ae 
given  by  the  instrument,  is  P'0'=  90° —  S'  (denoting  the  in- 
strumental declination  by  3').  But,  since  the  triangle  P'AO'  is 
right  angled  at  P' and  0',  the  angle  P'AO' is  measured  by 
P'O'.  We  have,  therefore,  in  the  triangle  i'vlO(with  the  nota- 
tion of  Art.  123),  the  aides  PA  =  90°  —  «,  AO -=  90*  +  c,  PO 
=  90°  —  5,  with  the  angle  APO  =  90°+  t  —m,  and  the  angle 
PAO  ^  90°  -  J'.     Hence,  by  Sph.  Trig., 


a\n  3  =  — 

sin  n  sin  c  +  cos 

COS  S  sin  ( 

—  m)  = 

COS  n  sin  c  -|-  sin 

COB  d cos ( 

—  m)  = 

B  c  sin  3'  ~i 
B  c  Bin  S'  s. 
a  c  cos  i'   J 


(191) 


in  which  3  is  the  corrected  declination,*  r  is  the  east  hour  angle 
of  the  atar,  and  m  and  n  are  the  instrumental  constants  as  deter- 
mined by  transit  observations  (Art,  151).  But,  since  n  is  exceed- 
ingly email  (seldom  more  than  0',5  =  7". 5)  and  e  not  more  than 
15'  even  when  the  star  is  observed  near  one  of  the  extreme 
transit  threads,  the  product  sin  c  sin  n  will  be  inaenaible,  and  we 
may  always  put  cosh  =  1.  The  first  and  third  of  these  equa- 
tions, therefore,  become.  ^H 


tan  3  :=  ( 


m): 


=  COB  c  Bin  S' 

=  cos  C  COS  3' 


B  (t  —  ra)  tan  3' 


(192) 


•  Thai  la,  il  is  the  apparent  deftlinslion  (affected  bj  refraelion  and  panllfti)  « 
wouldbegWeubyaD  otiBervaiiun  in  ibe  meridian  with  a  porreclly  adjusted  inilram 
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from  which  it  appears  tliat  the  only  correction  for  the  error  of 
the  inetrument  with  respect  to  the  meridian  is  the  Bubtractiori 
of  the  constant  vi  from  the  hour  angle.  The  value  of  d  will  be 
found  more  conveniently  by  developing  it  in  series  by  PI.  Trig. 
Art.  254 ;  we  find 

f'  sin  4^' 


3  =  1'+-'—;" 


1 1" 


ii" 


-  &c. 


In  which 


sin'lC  —  "») 

1  —  sin'  i  (r 


m) 


=  —  tan*  i  (r 


-m) 


As  it  is  more  convenient  to  employ  sin*  J(r  —  m)  instead  of 
lan'J(r  —  rn),  because  tables  of  the  former  quantity  are  in  com- 
BKRi  use  (see  Tables  V.  and  VI.),  we  develop  q  in  the  form 


5  =  —  Bin*  j  (r  —  m)  [1  - 

=  -Bin*J(r-m)-. 


sin' ^  (r 


■")]-' 


■nd,  Bnbetituting  this  value,  we  find 


"i). 


sin"  3'      (193) 


••■here  the  last  terra  ia  usually  insensible,  and  the  term 
*iii  23'  is  called  the  reduction  to  the  meridian.*  In  computing 
^flia  terra,  we  may  use  3  for  3'.  The  correction  is  always  Bub- 
*^*Tictive  from  the  instrumental  declination.  If,  however,  we  wish 
*^  apply  it  to  the  observed  nadir  distance  N',  we  must  observe 
'*^lie  sign  of  N'  in  (190).  For  circle  cast,  the  reduction  will  be 
^^itive  to  N',  and  for  circle  west,  subtractive  from  JV'. 

Example. — In  the  observation  of  Polaris  on  May  4,  1856,  p, 
■^87,  the  star  was  not  only  observed  at  the  time  of  its  transit,  hut 
»t  was  bisected  by  the  micrometer  thread  a  number  of  times 
during  ita  passage  over  the  field,  the  dock  being  noted  at  eiich 

I       l)i«ection,  as  in  the  following  table,  which  contains  also  the  re- 

J^qhiBtion  of  the  observations: 


M  lenn  of  the  leriu  bcoomrs 

C0°,  in  which  «ue  ihe  Tnlue  ar  ibo  term 

a  ff  .01  only  *h.:ii  t  —  m  =  C-  23".     For  i!  =  88°  SC,  tha  lenn 


i  v/3,  whicli 


U<>*.01  only  when  r  —  w  =  li"". 
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The  colamn  T  contains  the  observed  clock  times ;  M'  the  micro- 
meter  reading  at  each  bisection  of  the  star;  M'  —  M^  is  found 
from  the  observation  of  the  nadir,  which  gave  J1!fj=  5'  36''.85, 
and  M"  is  the  value  of  M'  —  M^  in  arc,  the  value  of  a  division 
being  0".927.  To  find  r  —  m,  we  observe  that  the  hour  angle  t 
is  found  by  the  formula 

T  =  »  — (T+ aT) 

a  being  the  right  ascension  of  the  star  and  A^the  clock  correc- 
tion, and  hence 

r  — m  =  »  — aT— m—  r 
or,  patting 


aT— m 


W-fel 
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tiuice  with  the  eame  sign  an  to  the  declination,  for  the  finderwaa 
west,  und  the  nadir  distaiico,  beiug  reckoned  through  the  south 
j>oiut  over  the  zenith,  increasea  with  the  declination.  The  two 
qoaotitiea  M"  and  Ji  being  applied  to  the  difterence  of  the  circle 
K-eudiugs  for  the  nadir  point  and  the  star,  we  have  the  apparent 
Ks^if  diatauce  of  the  star  in  the  meridian.  The  sum  M"  +  R 
««hould  then  he  the  same  for  each  observation,  and  we  have  here 
f«and  its  value  for  eacli  in  oi'derto  determine  the  probable  error 
*r>f  observation.  From  the  "differences  from  the  mean"  in  the 
Xast  column,  we  find  that  the  probable  error  of  a  single  observa- 
-cion  waa  0".28,  wliich  inclndcs  the  error  in  bisecting  the  star  by 
«:.he  thread,  the  error  arising  from  unsteadiness  of  the  star,  and 
errors  of  the  micrometer. 

The  meridian  nadir  distance  of  the  star  from  the  mean  of  all 
tlie  observ-ations  is  then  found  as  follows : 


(From  page  288)  C  —  C,  = 
Corr.  for  incl.  of  microacopes  ^  i'  —  i\  ~ 
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The  observation  was  taken  to  determine  the  latitude,  and,  in 
"tier  to  find  the  refraction,  the  barometer  and  tliermometer 
Were  observed  both  before  and  after  the  observation,  aa  foil 


Barometer 
Attached  Therm. 
External       " 


*leiice,  using  Bessel's  Refraction  Table,  we  find 


—  5*  =  49°  32'  24".90 
Hefroction  =  1     8  .05 

—  z  ^  49  33  32  .95 
a  =  88  32  26  .09 
p  =  38    58  53  .05 

200.  JTorizontal  point. — Observation  of  a  star  by  reflection. — The 
a«cond  method  of  using  the  iustrnment  is  that  in  which  the 
upparcut  altitude  of  a  star  la  determined  by  taking  half  the 
ttngular  distance  between  the  star  and  its  imago  reflected  in  a 
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boain  of  mercury.  The  direct  observation  of  the  star  is  nsuallT- 
uiade  before  the  meridian  transit,  und  that  of  the  reflected  image 
after  the  transit,  or  rwf  versa,  and  each  is  reduced  to  the  tneridian. 
The  difference  of  the  two  reduced  circle  readings  {plus  the  dif- 
ferenee  of  the  micrometer  readings  if  the  obeervationa  are  made 
on  the  movable  thread)  ia  twice  the  meridian  altitude.  The  half 
Slim  of  these  readings  is  the  reading  wheu  the  sight  lino  is  hori- 
zontal, and  represents  the  horizontal  point  of  the  circle.* 

In  observing  equatorial  stars  by  this  method,  the  circle  ia  set 
approximately  for  the  direct  obaerviition,  and  the  microscopes 
read  otf  before  the  star  cornea  into  the  field.  Then  one  or  more 
bisections  of  the  star  are  made,  with  the  micrometer  thread, 
before  tba  star  arrives  at  tlie  middle  transit  thread.  The  teles- 
cope ia  then  quickly  turned  towards  the  mercury  and  clamped  at 
tbo  approximate  position  of  the  reflected  image,  several  bisec- 
tions are  made  with  the  micrometer,  and  finally  the  circle  ia 
again  road  off.  That  no  time  may  be  lost  in  setting  the  circle 
upon  the  reflected  image,  a  spirit-level  finder  attached  to  the 
tube  of  the  telescope  is  previously  set  to  the  approximate  depres- 
sion of  the  image ;  the  telescope  is  then  revolved  .until  the  bubble 
plays. 

In  the  ease  of  stars  near  the  pole,  the  circle  may  be  read  off  a 
number  of  times  during  the  transit,  as  in  the  following  example 
from  Bessel. 

Example. — The  following  observations  of  a  UrscE  J/ijioto  were 
taken  by  Besbbl  with  the  Hepaold  meridian  circle  of  the  Kiinigs- 
hcrg  Observatory  in  1842,  April  22.  Tlie  star,  or  its  reflected 
image,  was  brought  in  the  middle  between  the  two  close  threads 
of  the  micrometer  by  mov*ing  the  telescope  by  the  tjvngent  screw, 
the  micrometer  thread  being  used  as  fixed,  and  the  circle  was 
read  off  after  each  observation.  Five  direct  observations  are 
preceded  and  followed  by  three  reflection  observations. 

•  Tho  (letormiiiBiion  of  Ilia  hori»outal  pcim  by  rcapoiion  utiSiirvatiiiiiH  sboald  be 
used,  in  ciinj  unci  ill  Q  with  ibt  oilier  methoda  glTra  in  ilio  tcxi.  for  Ibe  nuke  or  ircrifi- 
oaiion.  ItidvEd,  il  is  doslmblr  ihnl  a.'l  tbs  in*truni«nifl.1  auii9iiints  ihoutil  be  roiinil 
by  at  lenut  Iwo  imlcpcndent  metbodn.  The  onelrurtion  of  the  inBtrutn?nl  to  lliit 
this  sbnU  *Iwiiy«  br  peHsible  preienls  itiffi(?ullle8.  whirh,  hnwevor,  hnve  been  sueous- 
fullj  overcome  by  l)n.  B.  A.  Ooitlh  in  Ihe  lare«  Taeridiui  circle  e 
bU  dlreoliou  for  the  Dudley  Observatory. 
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a  Unm  Minor  it. — Upper  CulmlnBlioB. 
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44  40  .82 
15  27  .50 


App.  merid.  aen.  diat. 
rom.  29^808  Alt.  Therm,  47''.:  F.  i       „       . 

Ext.  ■'  49.0"  |R^fr»'^f«" 
Correction  of  the  circle  gradualion  +  0".470 
Corr.  for  diBtance  of  mercury  +  Q  .018 


Star's  polar  distance  I 

Complement  of  latitude    35 


+    0  .49 
SI  58  -5S 


17     9  .44 
42  50  ,5G 


P  oomputing  r  —  m  bj  the  form  a'  —  T,  we  have  aBsamed 
^'—  1'  3"  14".  The  circle  readings  are  the  meana  ohtaiiied  from 
the  readinga  of  four  microscopes. 

The  reiidction  to  the  meridian  R  is  computed  for  the  reflection 
«b8cr\-atioti3  by  tlio  saiiie  fonnuIiB  as  for  direct  ouea,  only 
vbangiiig  its  sign. 

The  oorrection  of  the  circle  graduation  was  derived  \>y  Bebsbl 
from  ft  special  investigation  of  the  errors  of  those  divisions  which 
come  into  use  in  the  observation  of  Polaris  by  direct  and  reflection 
observations  at  its  upper  culmination.  For  a.  given  zenith  dis- 
tance z,  the  four  divisions  tliat  como  into  use  in  the  direct  obeer- 
vation  by  the  use  of  the  four  microacopoB  are  z,  90°  +  z, 
180"  -+-  ?,  270°  +  z ;  and  in  the  reflection  observation,  360°  —  z, 
90°  —  2,  180°  —  2,  and  270°  —  z.  The  correction  0".470  is  here 
the  meaiiof  the  corrections  of  these  eight  divisions  for  2  ^^  33°  44', 
the  eign  of  tlie  correction  for  the  reflection  observations  being 
changed.* 


■  See  Bib 


.■l.lrnn.  A'ocA..  Nos.  481  and  182. 
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The  correction  for  the  distance  of  the  mercury  from 
instrument  is  simply  the  difference  of  the  latitude  of  the  niercui7 
baain  and  the  centre  of  the  ttleBcope.  For  in  tliis  method  we 
really  measure  the  angle  between  the  direct  and  reflected  raya 
which  is  formed  at  the  surface  of  the  mercury,  and,  cousequently, 
the  latitude  determined  is  that  of  the  mercury.  The  basin  was 
here  north  of  the  inetrumcut,  and  the  deduced  latitude  would 
require  a  Bubtractive  collection,  or  tlie  zenitli  distance  an  additive 
one. 

To  find  the  horizontal  point  of  the  circle  corrected  for  the 
division  errors,  we  have,  according  to  Pgssel,  for  z  =  33°  44'  in 
the  direct  observation,  the  correction  +  0".156,  and  for  the  sup- 
plement of  this  the  correction  —  0".784,  the  half  difference  of 
which  is  the  correction  -f  0".470  used  above,  and  the  half  sum 
—  0",314  is  the  correction  of  the  horizontal  point  found  by 
taking  the  mean  of  the  circle  readings  in  the  direct  aud  reflectQ( 
observations.     Thus,  we  have 


Monn  of  circle  readings  —  90°  V  4".16 
Corr.  of  graduations  —  —  0  .81 
Horizontal  point  =  90    0  3  .85 


ct^^^ 

long 
tant 
ract^ 

J 


The  zenilh  point  of  the  circle  is,  therefore,  0°  0'  3".85.  So  long 
as  the  state  of  the  instrument  is  unchanged,  this  is  the  constant 
correction  of  all  zenith  distances  observed,  additive  or  subtrat^- 
ive,  according  as  the  object  is  south  or  north  of  the  zemth. 

201.  The  nadir,  horizontal,  and  zenith  points  of  the  circle  fi 
all  determined  when  any  one  of  them  is  determined,*  and  there- 
fore we  ought  to  be  able  to  combine  the  results  obtained  by  the 
mercury  collimator  and  by  reflection  obsei'vafions  of  stars. 
Nevertheless,  observers  have  sometimes  found  discrepancies 
between  the  two  methods  which  appeared  to  be  greater  than 
could  fairly  be  ascribed  to  errors  of  observation.  Among  the 
sources  of  error  which  may  produce  such  discrepancies,  we  may 
here  mention  the  persovat  equation  in  bisecting  a  star  by  a  micro- 
meter thread.  Prof.  J.  H.  C.  CoFFiNf  has  demonstrated  the 
existence  of  such  an  efjuation,  more  or  less  constant,  between 
different  observers,  by  comparing  the  declinations  of  the  e 


•  ProYidetl  Ihc  errors  of  dEviBiuD  and  nf  lloiii 
f  A'tronomical  Journal,  Vol.  111.  |i.  1:11. 


e  beea  ilulf  eliminated. 
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star  obtuncd  W  tlie  difierent  obaorvera  using  tlio  miipal  circle  of 
the  Waahington  Observatory  duriiiKr  the  years  1845  to  1849 
ixxclusive,  the  declinatioiiB  huving  ail  been  reduced  to  the  eame 
etpocli.  He  aUo  found  a  constant  (lifterent-e  between  tbo  dccli- 
XKStions  of  zeiiitb  stars  observed  by  himself  when  tbey  were 
olMerved  as  southern  stars — i.e.  with  the  body  fronting  south — 
s»»d  when  they  were  observed  as  iiortheni  stars,  and  this  under 
<r«nditione  wliich  excluded  the  hyiiotlu'sia  of  a  paralhis  resulting 
fTom  a  maladjustment  of  focus.  This  difference  amounted  to 
X*  early  0",5. 

A  really  constant  eri-or  in  bisecting  a  star  will  affect  the  zenith 
distances  of  all  stare  alike,  but  will  have  opposite  effects  upon 
the  deduced  declinations  of  stars  north  and  south  of  the  zenith. 
It  will  also  have  opposite  eftecta  upon  tlie  declination  of  the 
Baiae  star  deduced  from  direct  observations  and  by  reflection; 
and  hence  the  discordance  between  the  results  of  these  two 
kinds  of  observations  will  be  twice  tliat  error.  It  will  also  cause 
the  zenith  points  determined  from  north  and  south  stars  to  differ 
by  twice  the  error  of  bisection. 

Professor  Coffin  also  suggests  that  the  discrepancies  referred 

'0  may  possibly  be  produced,  in   part  at  least,  by  a   habit  of 

making  the  bisection  constantly  before  or  constantly  after  the 

"iBtaot  for  which  it  is  recorded,  in  which  case  tlie  error  will  vary 

''ith  the  declination.     Thus,  if  the  observation  is  recorded  as 

"lade  at  the  time  tlie  star  passes  the   middle  thread,  and  the 

''Osen'er  always  makes  tJie  bisection  at  a  cousliml  time  before  or 

*fter  the  transit,  the  error  will  be  simply  the  reduction  to  the 

Uieridian  for  this  time,  and,  consequently,  proportional  to  sin  29; 

*^XA  if  he   observes   at   the  constant  distance  c  from   the  middle 

thread,  the  error  in  the  time  being  esec5,  the  corresponding 

^tror  iu  the  declination  will  be  proportional  to  c"  see' ^  sin  2d, 

that  is,  propoi-tional  to  tan  H. 

Inclination  of  the  micrometer  thread  is  another  source  of  error, 
H'hich  should  always  be  attended  to  and  removed  by  adjustment 
if  possible,  or  by  computing  the  correction  for  it.  It  ia  evident 
that  tlie  error  in  the  observed  declination  will  be  proportional 
to  the  distance  of  the  point  at  which  the  observation  is  made 
irora  the  middle  thread.  The  inclination  will  be  determined  by 
bisecting  a  star  at  two  extreme  points  on  the  right  and  left  of 
the  field.  The  difference  of  the  two  observations,  when  both 
liave  been  reduced  to  the  meridian,  will  give  the  required  correc- 
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tion  for  inclination.  A  star  near  the  pole  will  be  preferable  fi^n 
tbis  purpose,  as  a  number  of  bisections  may  be  made  at  eacsrt 
extremity  of  tbe  field. 

202.  Example. — ^As  an  example  involving  all  the  various  co  =■ 
rectione,  I  extract  the  following  from  the  Greenwich  Observ^EB 


\s  observed  willi  the  Transil  Circle. — GrecnwicL,  April  18.  1852. 
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At  the  observation  of  ly  Booiis  there  were  also  observed 
Burom.  29'".80,  Att.  Therm.  33=.2,  Ext.  Therm.  SC^.S. 


1 


The  pointer,  which  ia  used  in  setting  tbe  circle  for  an  observa- 
tion, gives  the  degrees  and  next  preceding  5'  of  tbe  circle 
reading. 

One  revolution  of  a  circle  microscope  is  called  a  "  tfominol 
minute,"  and  the  mean  value  of  4^902  corresponds  to  5',  so  that 
the  nominal  minutes  are  reduced  to  true  minutes  of  arc  by  in- 
creasing them  by  their  j'j  part.  Since  the  mean  of  the  micro- 
scopes is  to  be  found  by  dividing  their  sura  by  6,  and  the  deci- 
mal part  of  the  quotient  is  then  to  be  converted  into  nominal 
seconds  by  multiplying  by  60,  the  nominal  socouds  in  the  mean 
are  obtained  at  once  by  simply  adding  the  decimals  of  the 
several  microscope  readings  (making  the  integers  tbe  same  in 
all)  and  removing  the  decimal  point  one  place.  Thus,  in  the 
first  observation,  making  2  the  common  integer,  the  sum  of  the 
decimals  ia  .610,  and  hence  the  mean  is  2'  6". 10  (nominal), 
which  increased  by  its  A  or  j^  part  is  2'  8".62  of  are.  This 
requires  a  furthej-  correction  for  variation  of  the  value  of  a 
microscope  revolution  from  its  mean  value,  that  is,  for  error  of 
runs  (Art,  22).  The  correction  for  runs  on  the  given  dato  was 
+  0".576  fur  100  nominal  seconds,  and,  therefore,  the  correetioo 
of  the  first  observation  is  -\-  0".57G  X  1.261  ^  +  0".78. 
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ITiCTC  18  next  to  be  applied  the  correction  for  crrOr  of  gradna 
tion  ami  of  flexure,  Theae  are  cODibincd  in  a  table  given  iu 
the  introduelion  to  the  observatioDB,  from  which  thoir  v&lueB,  as 
Qscd  in  the  following  reduction,  ore  taken  with  the  argument 
"  Pointer  reading." 

The  value  of  one  revolution  of  the  telescope  micrometer  waa 
29".626,  and  the  reading  multiplied  by  this  number  is  alwaja 
Additive  to  the  circle  reading. 

The  distance  of  the  etar  from  the  meridian  is  expressed  by 
the  number  in  the  last  enhimn  of  the  above  table,  here  denoted 
by  jV,  which  IB  the  number  of  the  transit  thread  at  which  the 
bisection  is  made.  The  middle  thread  is  assumed  to  be  in  the 
meridian  ;•  and,  since  the  average  distance  of  two  adjacent 
llireuds  was  207".31,  the  number  of  the  middle  thread  being  4, 

■distance  of  the  star  from  the  meridian  is  represented  by 
c=207".31(iV— 4) 

rhe  formula  for  reduction  to  the  meridian  is  put  under  the  ap- 
proximate form 

R  ^^  I  r*  ain  1"  ain  2  J  ^=  ^  t*  ain  1"  sin  S  oca  8 

«nd  r  is  also  found  approximately  by  the  formula  r  =  c  sec*: 
lience,  according  to  this  (rather  inaccurate)  Tnetbod,  we  have 


W 


B  =  J  c*  ain  1"  tan  H 
for  the  Greenwich  instrument  gives 

S  =  0".1042  tan  -I  X  (iV  —  4)' 


as  given  in  the  explanations  of  the  observations. 

The  micrometer  thread  was  inclined  bo  that  an  observation  at 
one  of  the  aide  threada  required  the  correction  —  0".775  X 

(jr-4). 

The  complete  reduction  of  the  above  observationa  is,  there- 
fore, as  follows.  In  computing  the  reduction  R  we  have  as- 
eumed  d  ^  IQ"  8'. 


*  I  am  here  aliUiiig  (lie  laelliail  emplajed  kl  the  Greenwich  Obttcrvnlur}'.  i 
•otDiueDding  It.     For  slars  nvar  llie  pole  it  is  not  sulfiaieiitly  acuurtilc,  aa  i 
I       html  by  reducing  saoie  of  Uie  observnlions  of  a  ami  A  Una  Minorii  by  ou: 
■■i^ntonnula  (193).     A  difTercnoe  of  0".2  or  it".3  occurs  in  eome  caaea. 
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H«u>  of  mieroMopM 

BeduoiioD  to  arc  =  ^ 

Correction  fur  rum 

DiTisioQ  error 

Telescope  micromeler 

Beiluctlon  to  meridUn 

Corr.  for  mcliastion  of  tbre»d 

Pointer 

Corrected  merid.  olrek  reading 


,»»ttl(ll) 

,ai«(t(D) 

K^r«. 

+     2-    6-.  10 

+   ff62".ie 

+     0'40".82 

+          2.62 

+          1  .04 

+          0  .82 

+          0  .73 

+          0.80 

+          0  .24 

+          I  .51 

+          1  .24 

+          0  .86 

+     9  26  .10 

+    9  67  .86 

+  10  32  .93 

—          0  .82 

+          0  .82 

+          2. 83 

—          2  .83 

147"  20- 

32'    ff 

ITS' 40- 

U7    81   39  .02 

32    10  60  .08 

179    61   16  .67 

Hence,  by  tj  Bootis,  we  have 


App.  Eonith  dist.  (R) 
.,  ,.         .,    (D) 

Ucan  app.  zen.  di^t. 
Befraction 


32°  28'  20  .98 
82  10  50  .08 
32  19  35  .58 
+  38  .01 
s  =  32  20  13  .54 
y  =  61    28  38  .20 


i  =  n     8  24  .66 

The  half  difference  of  the  apparent  zenith  distances  (R)  and 
(D)  is  evidently  the  zenith  point  correction,  and  is  here  +  8'  45".45 
additive  to  all  circle  readiiiga.  According  to  the  nadir  point 
observation,  it  is  +  8'  44".SS.     The  practice  at  the  Greenwich 
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tlo  inclination  of  tlic  micmscope  frame,  micrometer  reading,  ic. 
JE^ow  reverse  tlio  rotatiDii  jixis,  ami  make  a  similar  observation 
«iIK>ii  the  colliinaU)r.  Let  C"  be  the  corrected  reading.  Then  it 
5  «  (n-ident  that  J  ( C  —  6")  ia  the  true  zenith  distance  of  the  colli- 
suator  (aiipposing  the  readings  to  commence  at  the  Kcnith),  while 
^  (f'+  6")  ifl  tlio  true  reading  when  the  telescope  ia  vertical,  and 
r^jireBenta  the  zenith  point.  Tliis  mctliod  may  occasionally  lie 
txstil  for  the  purpose  of  comparison  with  the  methods  already 
given ;  hut  it  id  too  troublesome  for  constant  use.  Moreover, 
oWer\'Btions  depending  on  the  spirit  level  are  not  so  reliable  as 
tlioee  nutde  from  the  surface  of  mercurj-,  which,  when  at  rest, 
must  be  'perfedly  horizontal. 

Another   method,   suggested    by   the    ever-inventive   Bessei, 

(before  the  introduction  of  the  mercury  collimator,  liowever),  is 

also  dependent  on  the  spirit  level,  but  admits  of  greater  accuracy 

than  tlie  above,  because  a  level  of  larger  dimensions  may  be  used. 

The  lovel  is  applied  to  th«  colUmating  telescope,  which  is  placed 

'n  the  horizontal  plane  of  the  axis  of  the  meridian  circle.    Wlien 

tH(i  bubble  is  in  any  given  position,  the  sight  line  of  the  colli- 

rn»itor  makes  a  given  angle  with  the  vertical.    If,  then,  the  eolli- 

tt>ator  with  its  level  is  tirst  placed  south  and  then  north  of  the 

'^>«^:le,  and  the  bubble  of  the  level  brought  to  the  same  reading 

***  each  case,  the  zenith  distance  of  the  cross  tliread  observed  by 

'^He  circle  must  be  the  same,  but  on  opposite  sides  of  the  zenith. 

Tie  mean  of  the  two  circle  readings  will  therefore  be  the  zenith 

I>«int  reading.     Instead  of  bringing  the  level  of  the  collimator 

*^  the  same  reading,  it  will  be  preferable  to  observe  the  inclina^ 

*ion  in  each  position  north  and  south,  by  reversing  the  level  in 

^lie  usual  manner;  then  the  diifcrenco  of  the  inclinations  will 

^ie  applied  as  a  correction  to  the  mean  of  the  circle  readings  to 

*>btain   the  true  zenith  point.     This  method  has  the  advantage 

«if  not  rt-quiring  a  reversal  of  the  axis  of  the  meridian  circle. 

^late  HI.  Fig.  2  represents  a  collimator  with  its  spirit  level,  as 

"fc-equired  in  tbis  method.     Two  piers,  one  north  and  one  south 

«>f  the  circle,  are  each  provided  with  Va,  which  receive  the  col- 

limating  telescope  alternately. 

Finally,  to  complete  the  enumeration  of  methods  depending 
on  the  spirit  level,  the  coilimating  telescope  ma^'  be  placed  vei^ 
tioally  over  or  under  the  telescope  of  the  meridian  circle.  The 
level  is  then  attached  to  the  collimator  nt  right  angles  to  its 
optical  axis.     Two  obsen'ations  are  made  upon  the  cross  tliread 
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of  the  collimator  as  before,  the  collimatiiig  telescope  being 
(between  the  two  obsorvatioiie)  revolved  180°  about  the  vertical 
line.  The  mean  of  tlic  circle  readings,  corrected  for  difference 
in  the  inclination  of  the  collimator  as  shown  hy  the  level,  will 
be  the  zenith  or  nadir  point  reading. 

204.  Flexure. — Notwithstanding  the  conical  form  which  is 
given  to  the  teleacope  tubes  of  large  instrumcntB,  their  weight 
produces  a  sensible  flexure,  which  may  change  the  position  of 
the  optical  axis  of  the  telescope  with  respect  to  the  zero  points 
of  the  circle.  It  is  important,  therefore,  to  investigate  the 
amount  of  this  flexure.     The  following  is  Besbel's  method. 

Two  collimatore,  sucli  as  that  represented  in  Plate  LEI,  Fig.  2, 
are  mounted  in  the  horizontal  plane  of  the  axis  of  the  circle,  one 
north  and  the  other  south.  The  ci-oss  threads  of  the  colliniators 
admitof  adjustment  (by  a  micrometer  screw,  for  example),  so  that 
they  may  be  brought  to  coincide  wilh  each  other,  the  meiidiaii 
circle  being  raised  upon  the  reversing  apparatus  during  this 
adjustment.  The  two  intersections  of  the  cross  threads  of  the 
collimators  now  represent  two  infinitely  distant  points  whose 
angular  distance  ia  exactly  180°.  The  meridian  circle  being 
replaced,  observe  this  angular  distance  in  the  usual  manner.  It 
ie  evident  that  the  errors  of  division  of  the  circle  will  not  enter, 
since  the  same  two  divisions  come  under  the  opposite  reading 
microscopes  in  the  two  obaen'ations  in  reverse  positions.  The 
difference  of  the  two  circle  readings  will,  therefore,  be  exactly 
180°  if  there  is  iio  flexure.  But  if  the  difference  is  lees  than 
180°  by  a  quantity  z,  then  Ji  ia  the  correction  for  flexure  in  the 
horizontal  position  of  the  telescope.  In  this  way,  Airy  found 
that  when  the  Greenwich  transit  circle  was  directed  upon  the 
south  collimator,  the  circle  reading  was  89°  46'  15".52,  and 
when  upon  the  north  collimator,  269°  46'  16".85;  the  difference 
180°  0'  0".83  is  the  apparent  distance  of  the  two  opix)8ite  points 
measured  through  the  nadir,  and  hence  one-half  of  0".83,  or0".41, 
ia  the  effect  of  flexure  in  increasing  apparent  nadir  distances  or 
in  diminishing  apparent  zenith  distances. 

In  different  positions  of  the  telescope,  the  mechanical  effect  of 
each  particle  of  metal,  supposing  it  to  act  simply  as  a  weight 
attached  to  a  lever,  will  vary  as  the  sine  of  the  zenith  dii^tancc: 
BO  that  iff  is  the  horizontal  flexure,  /sin  z  expresses  tlie  flexure 
in  general.     It  is  not  quite  certain,  however,  that  the   fleruro 
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alwsya  follows  thia  simplo  law ;  and  to  determine  the  law  experi- 
meotally,  we  slioiild  bavc  the  means  of  mounting  u  pair  of  col- 
luutors  in  a  line  making  any  an^lo  with  the  vertical. 
tIShe  flexure  determined  by  the  al>ovc  mctho<l  ie  properly 
■'MUed  tlte  agronomical  flexure,  as  it  gives  tlic  deviation  of  the 
vfGfsai  axis,  which  bccomca  a  direct  correction  of  our  aatro- 
iiomical  measures.  It  is  evident,  however,  tliat  it  does  not 
express  the  absolute  flexure  of  tlie  tube.  If  when  the  tube  ie 
boHzontal  both  ends  drop  the  same  distance,  the  optical  line 
determined  by  the  centre  of  the  objective  and  the  micrometer 
tliread  will  merely  be  moved  parallel  to  itself,  and  no  flexure 
will  appear  from  the  cin-le  readings;  for  the  coliimators  do  not 
deterniiuo  merely  a  single  flxed  line  in  space,  but  rather  a 
ajAem  of  parallel  lines,  or  simply  a  fixed  direction. 

The  effect  of  the  flexure  upon  an  obHcrvation  is,  tlien,  zero 
if  the  absolute  flexures  of  the  two  halves  of  the  telescope  are 
«^qiial ;  and  when  these  are  unequal,  the  eft'oct  is  proportional  to 
ihtir  differencG.     This  leads  directly  to   the  method  of  elimi- 
nating flexure,  first  suggested  by  the  elder  Rkpsold  in  1823  or  '34, 
°y  interchanging  the  objective  and  ocular  of  the  telescope.    Let 
tts  suppose  that  at  any  given  zenith  distance  the  centre  of  tlie 
'Objective  drops  the  linear  distance  a,  and  the  horizontal  thread 
*H  the  focus  drops  the  distance  n',  so  that  a  and  a'  represent  the 
absolute  flexures  of  the  two  halves  of  the  tube.     Then,  if  the 
^hole  length  of  the  tube  is  denoted  by  2r,  tlie  angles  of  depres- 
sion of  the  two  portions  may  be  expressed  by  —  and  —  respects 
ively.     If  then  ;•  is  the  angle  which  the  sight  line  now  makes 
^Vrith  the  direction  it  would  liave  had  if  no  flexure  had  taken 
^lace,  we  have  j'  =  —^ — ;  that  is,  tlie  astronomical  flexnre  ie 
"Jiroportional  to  the  absolute  flexure.    Now  let  the  objective  and 
ocular  be  interchanged,  and  the  telescope  revolved  180°,  so  as  to 
1)6  again  directed  upon  a  point  at  the  same  zenith  distance  as 
before.      The  tiholnle  JJcxtcrcs  being  the  same  as  htfore,  that  of  the 
object  end  is  now  a',  and  that  of  the  eye  end  is  a:  bo  that  the 


astronomical  flexure  ia  now  - 


-—  —  r.     Ilence  the  mej 


lof 


two  observations  of  the  same  star  made  with  the  objective  and 
ocular  reversed  will  be  free  fmm  the  eA'cct  of  flexure.  More- 
over, the  half  difference  of  the  measured  zenith  distances  will 
be  the  astronomical  flexure     It  is  here  assumed  that  the  abso- 
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lute  flexures  of  the  two  halves  remain  the  same  when  the  ob- 
jective and  ocular  are  intereimnged.  For  a  discussion  by  Hansen 
of  the  conditinus  necessary  in  the  construotiou  of  the  telescope  ill 
order  to  satisty  this  condition  (if  possible),  see  Astr,  Nach.,  Vol, 
XVII.  p.  70.* 

As  to  the  effect  of  gravity  upon  the  form  of  the  circle,  see 
Bessel's  paper.  Aslr.Nach.,  Vol.  XXV. 


205.  Obstrralioiis  of  the  decimation  of  Ike  moon  wilk  the  meridian 
circle. — In  these  obaervationa,  the  micrometer  thread  is  usnally 
brought  into  contact  witb  the  full  limb,  and  a  correction  is 
applied  to  the  deduced  declination  of  the  limh  for  the  moon's 
parallax  and  aomidiamcter.  When  the  obaen-ation  is  not  made 
in  the  meridian,  the  reduction  to  the  meridian  (194)  is  also  to  b& 
applied,  togetber  with  a  correction  for  the  moon's  proper  motion. 
The  most  precise  formula  for  making  these  reductions  is  thai 
given  by  Bessel,  which  is  deduced  as  follows. 

In  Fig.  46,  p.  290,  let  0  now  represent  the  apparent  position 
of  the  moon's  centre,  and  suppose  the  observed  point  of  the 
moou's  limb  to  be  designated  by  ^{uot  given  in  the  figure). 
Conceive  an  arc  to  be  drawn  from  A  tangent  to  the  moon's  limb. 
The  point  of  contact  ]if,  and  Ihe  points  A  and  0,  form  a  triangle, 
right  angled  at  M,  of  which  the  side  MO  is  the  moon's  apparei 
semidiaraeter  =«',  the  side  AO  =  90°  +  c,  and  the  angle  afri 
may  be  denoted  by  d.    We  have  then 


sin  s*:^  sin  rf  cos  c 

=  the  observed  declination  of  the  limb,  corrected  for  r»- 

fraction, 
=  the  apparent  declination  of  the  moon's  centre  j 


n  the  triangle  AOP  we  have  the  sides  A0=  90°  +  c. 
90°  —  w,  PO  =  90°  —  8',  and  the  angles  PAO  =  d,  +  rf. 


reidj,.- 


then 
PA  = 

APO  =  90°  +  (r  —  m) ;  whence,  as  in  Art;  199 


cos  S'sin  (t  —  m)  =^ 
cos  J'  cos  (r  —  m)  := 


n  sin  c  +  cos  n  cos 


•  sin  fJj  +  e 
;  sin  (_i^^dyi 

■  cos  (3,  ^  d) 


«  See  also  Dr,  Qodld's  rennrliB  on  (ho  mi 
ProceediDgs  at  the  Am.  Asxacislion  Tor  the 


ikn  i;lrcle  of  Ihe  Duilley  OhBerraton' 
of  Scil^nc<!.  lOlh  meeting,  p.  llty 
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But)  88  before,  we  shall  neglect  the  insensible  term  sin  n  sin  e, 
and  put  cos  n  =  1,  and  then  the  first  and  third  of  these  equa- 
tions will  suffice  to  determine  5'.  Moreover,  since  in  the  case 
of  the  moon  r  will  not  exceed  1*,  the  neglect  of  m  will  cause 
no  sensible  error  in  cos  (r  —  m).    Hence  we  take 

sin  d'  =  cos  c  sin  (^^  =p  (f)  , 

cos  d'  cos  T  =  cos  c  cos  (^j  qi  d) 

or,  developing  the  second  members, 

sin  d'  =  cos  c  cos  d  sin  d^  q:  sin  ^  cos  d^ 
cos  ^'cos  r  =  cos  c  cos  d  cos  ^,  ±:  sin  «' sin  dj 

whence,  by  eliminating  cos  c  cos  rf,  we  find 

ip  sin  «'  =  sin  ^'  cos  ^,  —  cos  ^'  sin  d^  cos  r  (1^&) 

If  now  we  put 

d  =  the  moon's  geocentric  declination, 

« =         "  "  somidiamoter, 

X  :z=         <'  eq.  hor.  parallax, 

^  =  the  geocentric  or  reduced  latitude  of  the  place  of 
observation, 

p  =  the  earth's  radius  for  the  latitude  ^, 
J,  J'  =  the  moon's  distance  from  the  centre  of  the  earth 
and  from  the  place  of  observation,  respectively,  the 
equatorial  radius  of  the  earth  being  unity, 

e  have,  by  the  formulae  of  Art.  98,  Vol.  I., 

J'  sin  S'  ==  J  sin  ^  —  /t>  sin  ^' 

J'  cos  d'  z=  A  cos  d  —  p  COS  ^'  COS  T 

this  last  being  equivalent  to  the  more  rigorous  one  in  (183)  of 
Vol.  L,  when  the  moon  is  near  the  meridian;  and  by  Art.  128,, 
Vol.  I.,  we  also  have 

J'  sin  s'  =  J  sin  8 

Substituting  these  expressions  in  (195),  afler  multiplying  it  by 
J',  we  find 

q:  J  sin  «  =  J  sin  (d  —  ^,)  +  2  J  cos  9  sin  ^,  sin* }  t 
—  p  sin  (^'  —  d^)  —  p  cos  ^'  sin  d^  sin*  r 
Vol.  II.— »i 
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Dividing  by  J  = 
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)  this  becomes 


7  aiD  A  =  Bin  (d  —  S^)  -{-  2  C06  i  bId  ^,  eio* }  t- 

—  psinit  Bin  (?»'  —  3,)  —  /t  gin  jt  cos  f'  Bin  ^,  sin'  r 

where  the  last  term  ia  evidentlj  insensible.    If  then  we  put 

elo  p  =  p  ein  «  sin  (y'  —  a,)  (196) 

2  COB  d  Bin  d,  Bin' t  r 


we  have 


sin  (8  —  ij)  ^  sin  j>  T  sin  s  - 
The  last  term  (which  ia  the  reduction  to  the  meridian)  will 
seldom  exceed  1",  and  may  he  put  under  the  form 


The  quantity  r  is  here  the  true  hour  angle  of  the  moon,  to 
find  which,  let 

P^  ^=  the  sidereal  time  of  the  observation, 
/»  =  "  "  moon's  transit, 

n's  right  ascension  In  one 


,1  =  the  increase  of   the 
sidereal  second ; 


r=(l-;)0»-A.) 
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as  given  by  Bbshel.'*'    The  upper  or  lower  sign  is  to  be  nsed 
according  as  the  north  or  the  south  limb  is  observed. 

The  declination  thus  found  is  reduced  to  the  time  /a^  of  the 
observation.  But  if  we  wish  its  value  at  the  time  of  the  meri- 
dian passage,  we  must  add  to  it  the  correction  {p.  —  /ij  ^',  in 
which  X'  is  the  increase  of  the  declination  in  one  sidereal 
second,  or 

60.1643 

where  ^d  =  the  increase  of  declination  in  one  minute  of  mean 
time,  as  now  given  in  the  American  Ephemeris.  The  value  of 
1  —  >l  is  found  as  in  Art  154:  namely,  taking  Aa  =  the  increase 
of  the  moon's  right  ascension  in  one  minute  of  mean  time,  we 
have 

Aa 


;i  = 


BO  that,  putting 


^^^e  shall  have 


60.1643 


'-'  =  B 


log  (1  —  A)  =  ar.  CO.  log  B 


mnd  log  B  may  be  taken  from  the  table  on  page  179. 

In  practice,  it  will  generally  be  most  convenient  to  apply  the 
several  reductions  directly  to  the  observed  zenith  distance,  as  in 
the  following  example. 

Example.— The  declination  of  the  moon  was  observed  with  the 
meridian  circle  of  the  Washington  Observatory,  1850,  September 
17.     The  nadir  point  was  first  observed  as  follows : 


Nadir  point 
at  20*.5 

Circle  Microscopes. 

Micrometer  thread  in  co- 
incidence with  its  image: 
mean  of  10  readings  — 
38'.934. 

A 

B 

C 

2".2 
2  .0 
2  .10 

D 

Means. 

0".9 
0  .7 

1".9 
1  .4 

1".4 
1  .6 

1".60 

1  .42 

Means 

0  .80 

1  .65 

1  .50  1  .51 

The  value  of  one  revolution  of  the  micrometer  =  84".356,  or 


*  TabuUe  Regiomontanm,  Introd.  p.  LV. 
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1"  =  0'.0291 ;  and  hence,  by  the  method  of  Art.  197,  the  micro- 
meter zero  (or  reading  of  the  micrometer  wht;u  the  circle  readiug 
WU8  0°  0'  0")  was 

( J/)  =  38'.934  +  0'.0291  X  151  =  38'.978 

The  obaervation  of  the  moon  was  as  follows,  S.L.  deuoting 
Einuth  limb: 


Ctrole  MiirroMopeB. 


55°  52'  45"."|42".8|45".2|46".l  |  44".95 
BBrom.30*'.]14  Att.  Therm. 64°.  E«.Tliorai.52«,8 
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39.904 
39  .873 


The  circle  was  ices(,  in  which  position  the  readings  are  zenith 
distances  towards  the  nouth.  The  correction  for  runs  was 
—  0".75  for  3',  and  aince  the  excess  of  the  reading  over  a  nmitiiile 
of  3'  is  1'  44". 05,  the  proportional  correction  for  runs  is  —  0".43, 

Tho  clock  time  of  trauaitof  the  moon's  centre  over  the  metidian 
was  n  =  21*  17"  16'.80. 

The  latitude  of  the  observatory  \»  f  =  SS"  53'  39". 25,  and 
therefore  f  —  ip' =  \V  14".54,  log p  =  9.9994302.  The  longitude 
is  5*  8"  12*  west  of  Greenwich. 

For  the  date  of  the  observation,  we  take  from  the  Nantical 
Almanac 

5  =  _  16=  r.7 
A3  =  +  G".377     in  1-  mean  time,         tt  =  W    9".64 
a»  =       2'.0150   "    "      "        "  s  =  14'  45".49 

whence   log  (1  —  ;)  =  9.98521  and  i'  ^  +  OMOflO 

The  correction  for  the  micrometer,  or  iW  —  {M),  converted  into 
Beconds,  is  additive  to  the  circle  reading.  Tho  reduction  to  the 
meridian,  or  M,  found  hy  (197),  is  also  algehniically  additive  to 
the  circle  reading,  attention  being  paid  to  the  sign  of  8 ;  and  the 
correction  for  change  of  declination  to  be  added  to  the  circle  read- 
ing will  be  ^(/i —  /',)/'■  Since  the  sum  of  these  three  corrections 
should  be  the  same  for  each  micrf)meter  observation,  the  precision 
of  the  oljservatioiiB  will  be  shown  by  computing  this  sum  for 
each.     Thus,  we  find 
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f  —  IH 

M-(M) 

Jt 

-(^-ft)*' 

SiunB. 

—  4'.2 

—  15.2 

—  26^ 

88".60 
81  .82 
80.82 

—  0".00 

—  .08 

—  .09 

+  0".44 
+  1  .61 

+  2  .78 

84".04 
33  .40 
S3  .51 

Mean  =  33  .65 


Sence  we  have 


f 


f*—  \=9—^i  —  (9  —  9') 
=55^43'  29" 

By(196),i?=44'4r.75 


Circle  reading  = 

Corr.  for  runs  = 

Mean  corr.  for  mierom.,&c.  = 

Apparent  zenith  distance  = 
By  Table  II.  Eefraction  = 

-(P  +  ^)  = 
— Ki>  +5)8in  j?Bin5  = 

^  —  d  =z 
9  = 


SS" 

52'  44" 

.95 

—    0 

.43 

+  83 

.65 

55 

53  18 

.17 

+ 

1  25 

.60 

55 

54  48 

.77 

— 

59  27 

.24 

— 

0 

.10 

54 

55  16 

.43 

38 

53  39 

.25 

^  =  —  16     1  37  .18 


206.  Observations  of  the  declination  of  a  planet^  or  the  sun. — The 
larger  planets  are  observed  in  the  same  manner  as  the  moon, 
'ti'hat  is,  by  making  the  micrometer  thread  tangent  to  the  limb, 
^nd  when  the  planet  is  treated  as  a  spherical  body  the  observa- 
tion is  also  reduced  in  the  same  manner. 

In  the  case  of  the  sun,  both  limbs  may  be  observed.  The 
'I'eduction  to  the  meridian  may  be  facilitated  by  a  table  giving 
the  logarithm  of  the  factor 


*  = 


225 


Binr'(l  — ;i)»Bin2d 


for  each  day  of  the  fictitious  year  (Vol.  I.  Art  406),  such  as 
Bbssel's  Table  XII.  of  the  TabulcB  Segiomontance,  This  table 
also  gives  for  each  day  of  the  year  the  value  of 

a  =  increase  of  the  sun's  declination  in  100  sidereal  seconds, 

flo  that  the  reduction  of  the  observed  declination  to  the  meridian, 
meluding  the  correction  for  the  change  of  declination  in  the 
iaterral  r»  is 

100^ 
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Tho  correction  for  parallax  may  be  put  tinder  the  form 

8".57116     .    ,  ,      , 

p  =^ p  Bin  {<p  —  S) 

ill  which  r  =  sun's  distance  from  the  earth,  the  mean  distance 
licing  unity,  and  in  each  obaervatorv  this  quantity  may  be  eom- 
imted  for  the  latitude,  and  for  each  day  of  the  year,  and  also 
inserted  in  the  table.  In  order  to  embrace  every  thing  necessary 
for  the  complete  reduction  of  the  observed  declination,  the  table 
contains  also  the  sun's  semidiameter  for  each  day  of  the  fictitious 


207.  Qyrreclion  of  the  observed  decimation  of  a  planets  or  the  moon's 
limb  for  spheroidal  figure  and  defective  illumination. — Let  us  con- 
sider the  most  general  case  of  a  spheroidal  planet  partially 
illuminated.  The  correction  to  reduce  the  observed  declination 
of  the  limb  to  that  of  the  centre  is  equal  to  the  perpendicular 
distauco  from  the  centre  to  the  micrometer  thread,  which  is 
tangent  to  the  Hmb  and  perpendicular  to  the  meridian.  The 
formulse  for  computing  this  perpendicular  in  general  are  {Vol. 
p.  580) 

tun  ft 
= Bin  X 


tan  fl'  = 


=  sin  *'  sin  V 


s  Bin  6  ooa  / 


I 


in  which  s"  is  the  required  perpendicular,  &  the  angle  which  it 
makes  with  the  axis  of  the  planet  (reckoning  fi-om  the  north 
point  of  the  disc  towards  the  cast),  c  is  a  constant  depending  upon 
the  eccentricity  of  the  planet's  meridian,  Vthe  angular  distance 
of  the  earth  and  sun  as  seen  from  the  planet,  and  s  is  the  equa- 
torial radius  of  the  disc,  or  greatest  apparent  semidiameter  at  the 
time  of  the  observation.  The  perpendicular  here  coincides 
with  the  declination  circle,  and  consequently  we  have  at  once 
t?  =  —  ^,  or  180°  —  p,  according  as  the  north  or  the  south  limb 
is  observed;  p  denoting,  as  in  the  article  referred  to,  the  position 
angle  of  the  axis  of  the  planet.  From  the  discuaaion  in  Tol  I. 
Art.  354,  it  follows  that  (putting  —  p  for  (?)  the  north  limb  will 
be  full  (and,  consequently,  the  south  limb  gibbous}  when  sin  p 
and  sin  V  have  the  same  sign.  We  shall,  therefore,  here  change 
tho  sign  of  ain  j;,  and  take 


I 
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ain  ji;  ^^  ein  jj'Bin  V 


in  which  a„=^  the  greatest  apparent  semidiiimeter  at  the  mean 
«lietance  of  the  sun  from  the  earth,  and  r'  =  the  planet's  geocen- 
tric distance.  We  then  have  the  rule :  the  north  or  the  south  limb 
is  the  full  limb  according  as  sin  i  is  positive  or  negative.  The  formulte 
for  computing  p,  V,  and  c  are  given  in  Vol.  I.  Arts.  348  et  seq., 
and  s,  ia  given  on  p.  578. 

The  gibbosity  of  Saturn,  however,  ia  wholly  insensible,  and 
even  that  of  Jupiter  at  the  north  and  south  points  of  the  limb 
cannot  exceed  0".05,  which  is  so  much  less  than  the  usual  errors 
of  declination  obser\-ation8  that  it  may  be  disregarded.  Hence, 
for  Saturn  and  Jupiter  the  correction  will  depend  only  upon  the 
figure  of  the  planet,  and  will  be  computed  by  the  equations 


^s, 


tany: 


tanp 


f    eosp' 


which   for  Jupiter  we  take  log  c  =  9,9672,  and  for  Batum 

c  =  |/(1  —  €€  cos'  0  =  t '  (1  —  [^.2706]  C03*  I),  I  and  p  being  taken 

directly  from  the  tables  for  Saturn's  lling  given  in  the  Epheracris. 

A  further  simplification   may  be   permitted   in   the  case  of 

Saturn ;  for,  on  account  of  the  small  values  of  p,  the  ratio -, 

cs  ''™P 

"will  be  very  nearly  unity,  and  if  we  take  s"=— ^we  shall 

Tiave  the  true  value  of  s"  within  less  than  0",05. 

It  is  hardly  neceasiary  to  remark  that  when  we  neglect  the 
gibbosity  of  Jupiter  or  Saturn,  the  mean  of  the  observed  decli- 
nations  of  the  north  and  south  limba  gives  at  once  tlie  declination 
of  the  centre. 

For  Mars,  Venus,  and  Mercury  the  correction  will  be  only  for 
defective  illumination:  but  in  this  case  we  can  avoid  the  separate 
computation  of  p  and  V,  as  follows.  Substituting  in  the  equa- 
tion for  sin  j^  (199)  the  values  of  sinp  and  sin  V  given  in  Vol.  I. 
p.  577,  and  moreover  obaen'iug  that,  since  these  bodies  are 
regarded  as  spherical,  we  have  c  =  1,  and,  consequently,  p'  ^  p, 
there  results 


;  [cos  d'Bin  D  —  sin  i'  cos  D  cos  (•'  —  A}}      (200) 
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■',  it'  ^  the  planet's  right  aaccnsion  and  dcdinacion, 

A,  S>  ^  the  sun'a  "  "  " 

R,  K  ^  the  earth's  and  the  pluDot's  distances  fi-om  the  sun; 

and  a  positive  value  of  sin  j;  will  here  also  indicate  that  the  north 
limb  is  full  and  tbe  south  limb  gibbous,  and  a  negative  value 
the  reverse.  Adapting  this  formula  for  logarithms,  we  have, 
therefore, 

tan  F  =  tan  J>  sec  (o'  —  A)  | 


R    ain  (if  —  d')  sin  Z) 
^         R!  Bin  F 

>r,  more  conveniently,  perhaps, 

t&D  E  =  taa  i'  ooB  (>'  —  A) 


(201) 


Bin; 


if 


sin(D^S)cos  S' 
cos  E 


E  being  taken  less  than  90°,  with  the  sign  of  its  tangent. 
Then  we  find  tlie  reduction  to  the  centre  of  the  planet  by  the 
formula 

s"  ~  —  COS  X  (202) 

If  the  declination  of  a  ciL^p  of  Venus  or  Mercury  has  been 
observed,  we  must  find  p  by  the  formula  (Vol.  I.  p.  677) 


-  A)  sin  i^F  —  S')  sec  F 


(203) 


ill  which  ^has  the  same  value  as  above,  and  then  the  reduction 
to  the  centre  of  the  planet  will  be 

For  the  moon,  when  the  gibbous  limb  has  been  observed,  the 
forinulte  (201)  may  be  used  for  computing  ^ ;  but  uji  account  of 
the  small  diflereme  of  R  and  R\  we  may  put  their  quotient  =  I. 
Since  the  declination  of  the  gibbous  limb  will  not  be  observed 
except  when  the  moon  is  nearly  full,  it  will  be  best  to  reduce 
the  observations  as  if  the  observed  limb  were  ftill,  according  to 
Art.  205,  and  tlieu  to  apply  a  small  correction  for  gibbou^ 


stion  for  gibboai^|^_ 
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This  correction  will  be  a5  =  «  —  «  cos  jr  =^  ♦  veiBin  jr.    Hence  the 
/onnal»  for  the  moon  will  be 

tan^=3  Un  a'cofl(o'  — ^1) 

sin  (D—  E)  cos  d'  . 

siny   = ^^ -f )    (204) 

A«  =  5  versin  ^ 

Example  1. — The  apparent  declination  of  the  southern  cusp 
C>f  Venus,  at  its  transit  over  the  meridian  of  Greenwich,  July  16^ 
1852,  observed  with  the  transit  circle,  was 

d'  =  15^  (K  45".60 

From  the  Nautical  Almanac,  we  have 

a' =8*  11*    1*.46  log  r'=  9.4675 

A=  7  43    42.80  D       =  2^  W  S" 


and  from  Vol.  I.  p.  578, 


s^  =  8".55 
ence,  by  (203),  we  find  log  tan  p  =  0.0031,  and,  consequently, 

«"  =  ^  cos  D  ==  20".53 
r' 

the  apparent  declination  of  the  planet's  centre  was,  ther^ 

d  =  15^  1' 6M3 

Example  2. — The  apparent  declinations  of  Jupiter's  north  and 
*^-outh  limbs,  observed  at  Greenwich,  March  18,  1852,  were — 

N.L.  ^' =  —  17*  21' 57".36 
aLu   ^'=  —  17    22  37  .61 

To  illustrate  the  complete  formulae,  let  us  take  the  gibbosity 
^f  the  planet  into  account.  For  this  purpose,  we  take  from  the 
^auticat  Ahoaianac 

•'  =       230*  56'.4  A  =  224*  2^.0 

a' =—    17    22.2  «  5^    23    27.6  log  1^=0.6783 

and  from  Vol  I.  p.  574, 

n  =  357*  56'.5  t  =  25*  25^.8 
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Hence,  by  the  formtUn  (619),  Vol.  L, 

F=  201"  23'.5  -1  =  284"  52'S 

F=J— J  =  ~10''27'.7 
J"  =  —  20"  47'.fi  log  Un  j)  =  9.4281 

Then,  by  (199),  taking  log  c  =  9.9672,  we  have 

log  sin  X  —  n8.7025 

from  which  it  follows  that  the  south  limb  was  full, 
taking  $0=  99".70,  we  find 

For  full  limb       («")  =  ^  ■  ^^  =  19".50 

r*  Bin  p' 
For  gibboas  limb  «"  =  {»")  cos  ;f   =  19  .47 


Hence, 


The  declination  of  the  centre  was,  therefore,  according  to 
these  observationa, 


FromN.L. 
"     S.L. 


3  =  ~1T>  22'  16".83 
"     "    18  .11 


Considering  the  difference  of  these  results,  which  is  by  no 
means  as  great  as  oftea  occurs  in  the  Greenwich  observations  of 
Jupiter,  it  appears  that  the  practice  there  followed  of  always 
applying  the  polar  semidiameter  (which  is  the  one  given  in  the 
Nautical  Almanac)  is  quite  accurate  enough /or  these  observations. 
Our  more  exact  method  will  not  be  without  application,  however, 
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which  BhowB  tliat  the  north  limb  was  gibboua.     The  correctiou 

tie 

as  =  s  versin  ^  ^  1".33 

ind  the  true  declination  was,  therefore, 

i  =  +  130  17'  l".9l 


,  CHAPTER  Vn. 

THE   ALTITUDE   AND  AZIMUTH   INSTRUMENT. 

208.  This  inBtrunieut  may  be  regarded  as  a  transit  instniment 
*^ombined  with  both  a  vertical  and  a  horizontal  circle,  by  means 
*^t  which  both  the  altitude  and  the  azimuth  of  a  etar  may 
*>e  ohaerv'cd  at  the  instant  of  its  transit  through  the  vertical 
t>ltuic  described  by  the  telescope.  This  combination  is  not  often 
^Ased  for  the  higher  purposes  of  astronomical  research,  as  eveiy 
additional  movement  introduced  into  an  instrument  diminishes 
itfl  Btftbility  and  increases  the  risk  of  error.  However,  at  Green- 
■^ricli.  a  regular  series  of  extra-meridian  obsen-ations  of  the  moon 
is  carried  on  with  such  an  instrument,  for  the  sake  of  compariBon 
■*nth  meridian  observations.  The  instrument  has  there  received 
%he  name  of  the  altazimuth.  In  other  places,  it  has  been  called 
the  astronomical  Iheoilolite;  and,  in  fact,  the  general  theory  of  the 
Siutrument,  which  will  he  given  hereafter,  will  be  found  to  be 
directly  applicable  to  the  common  theodolite  employed  in  geo- 
detic measurement. 

Still  another  name  is  the  universal  inafrument^  so  called  on 
account  of  its  numerous  applications;  hut  this  name  is  usually 
given  only  to  the  portable  instrumenta  of  this  class.  The  small 
universal  instruments  of  Ertel  are  well  known. 

209.  Sometimes  the  horizontal  circle  is  reduced  to  small 
dimensions,  and  designed  simply  us  a  finder,  or  to  set  the  instru- 
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aie&t  approximately  at  a  given  aEimuth ;  while  tbe  vertical  circle 
18  made  of  unusually  large  dimenaiouH,  ami  is  intended  for  tlie 
moat  refined  aatrouaiuiuiLl  uieatiarcnieut.  The  instrument  is 
then  known  simply  as  a  verlieal  circle.  Such  is  the  Ebtel  Vertical 
Circle  of  the  Pulkowa  Observatory,  tbe  telescope  of  which  hw 
a  focal  length  of  77  inches,  and  ita  vertical  circle  B  diameter  of 
43  inches.* 

Thia  inatrument  is  permanently  mounted  upon  a  solid  granite 
pier  G,  Piatea  X.  and  XI.,  which  ia  insulated  from  the  walla  and 
floor  of  the  hulldlng.  It  standa  upon  a  tripod  which  ia  adjuetcd 
by  foot  screwa.  The  three  ffeet  are  so  placed  that  two  of  them  are 
in  the  east  and  west  line :  hence,  but  one  of  these  two  is  seen  in 
Plate  X.,  which  is  a  projection  of  the  inatrument  upon  the  plane 
of  the  meridian,  while  idl  three  are  aeen  in  Plate  XI.,  which  ia 
a  projection  upon  the  plane  of  the  prime  vertical.  The  meridional 
foot  screw  oj  carries  a  small  circle  y  graduated  into  360°,  the  index 
of  which  ia  attached  to  the  foot.  One  revolution  of  this  circle 
chnrigea  the  iucliriation  of  the  instrument  in  the  plane  of  the 
meridian  318"  :  consequently,  one  divieiou  correaponds  to  0".88. 

The  centre  of  the  instrument  is  held  iu  place  by  the  support 
a  attached  to  the  pier. 

The  vertical  stand  consists  of  a  hollow  cone  of  brass,  in  which 
turns  tbe  steel  axia  b.  The  lower  extremity  of  this  axis  is  convex 
end  amoothly  finished,  and  ia  supported  by  a  system  of  three 
couutorpoiaes  c,  suspended  upon  levers  which  relieve  the  pressure 
upon  the  bearing  points  of  the  vertical  axis,  and  thus  diminish 
the  friction.  At  the  top  of  the  conical  atand  is  a  13  inch  azimuth 
circle,  the  verniers  of  which  are  attached  to  the  axis.  Thia  ia 
provided  with  a  clamp  and  tangent  screw  which  is  moved  by  the 
rod  U  in  giving  the  upper  portion  of  the  inatrnment  a  small 
motion  in  aztmutli. 

The  upper  extremity  of  the  vertical  steel  axis  carries  the  strong 
oblong  bar  e,  which  may  he  called  the  bed  of  tlie  instrument. 
On  this  bed  rests  the  udjustable  frame  rfyr,  which  supports  the 
horizontal  axis  i  iu  the  Va  at  vv.  This  axis  should  he  perpen- 
dicular to  the  vertical  axis,  and  its  adjustment  in  this  respect  ia 
effected  by  means  of  two  opposing  screws  at  A. 

The  axis  i  has  two  equal  cyltudriuat  pivots  of  steel  at  vv.  It  ia 
hollow,  to  admit  light  from  the  lamp  x,  which  ia  reflected  upon 
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the  threads  of  the  reticule  of  tlio  teleecopG  by  a  mirror  in  the 
iuleriorof  the  tiilw'  at  u.  The  ti-lcwcoiie  ami  jirincipal  vertical 
•.■■irt'le  0  are  finnlv  aiwl  iuvariwbJy  attachoU  to  one  exti-emity  of 
"ttiiAiutiA.  At  tbc  opposite  end  of  the  axm  ia  a  smaller  vertical 
«irclo  m,  which  scr\'eB  as  a  finder.  From  the  eciiti-c  of  this 
iindiu§;  circle  radiate  four  conical  arms  torDiiimtiiig  in  ivory 
l>allHn.  The  telcBcope  is  awept  iu  the  vertieal  plant'  w^lcly  by 
Tiiean»  of  these  balU,  never  by  touching  the  teiescoi>e  or  prin- 
cipal vertical  circle,  Whcti  the  telescope  ia  approximately 
pointed  and  damped,  fine  vertical  motion  ia  givcu  to  tlic  tangent 
screw  by  the  rod  A.  The  instrum»?nt  is  swept  in  n;;tmuth  by 
means  of  an  ivory  ball  at  I,  the  fine  azimuthal  motion  being 
given  by  the  rod  d. 

The  circle  is  read  off  by  four  microscopes  attached  to  a  square 
frame  a,  which  is  fixed  to  the  frame  vfijv.  The  level  /9  attached 
to  this  frame  indicates  its  inclination  with  respect  to  tlie  horizon. 
The  circle  is  divided  to  2',  and  the  micruacopea  read  directly  to 
ftiiigle  seconds,  and  by  estimation  to  0".l,  or  even  leas.  The 
probable  error  of  reading  of  a  single  microscope  ia  given  by 
Pmns  as  only  0".090  in  observations  by  day,  and  0".098  in 
observations  by  night. 

The  friction  of  the  horizontal  axis  in  the  Ts  is  diminished  by 
fte  single  counterpoise  p,  which,  by  means  of  a  lever,  the  fulcrum 
of  which  is  at  g,  suj^rts  tlie  principal  part  of  the  weight  of  the 
telescope,  vertical  circles,  and  horizontal  axis,  by  exerting  an 
tipward  pressure  at  r.  The  point  r  being  at  suitable  distances 
from  the  two  Va  respectively  {nearer  to  the  principal  circle  than 
to  the  finder),  the  friction  iu  both  Vs  is  equally  relieved ;  while 
the  whole  weight  of  the  movable  portion  of  the  instrument  is 
teansfcired  to  a  point  q,  very  near  to  the  vertical  axis  of  rotation. 

The  striding  level  s  rests  upon  the  pivots  of  the  horizontal 
Vns,  and,  hy  reversal  in  the  usual  manner,  serves  to  measure  the 
iBcUnation  of  thia  axis  to  the  horizon. 

The  reticule  at  ( is  composed  of  three  horizontal  threads,  two 
of  which  are  close  parallel  threads  (the  clear  space  between  them 
freing  ouly  6"),  which  serve  for  the  obsen-ation  of  objects  which 
presQtit  aensiblc  discs,  or  of  those  which  are  too  faint  to  be 
observed  bj'  bisection  (see  Art.  198).  The  thinl  thread  is  18" 
from  the  others,  and  ia  used  in  observing  stars  by  biftection. 
The  unequal  distances  prevent  mistakes  in  the  choice  of  threads. 
These  horizontal  threads  are  crossed  by  two  vertical  ones,  the 


dUtance  of  which  is  1'  of  arc.  The  middle  point  between 
determiuea  the  optical  centre  of  the  iiiBtrument,  and  all  i 
vations  are  made  as  nearly  as  possible  at  this  point. 

The  extreme  accuracy  attainable  in  the  observation  of  s 
distances  with  this  instrument  may  bo  inferred  from  the  fi 
ing  values  of  the  zenith  point  ^(see  Art,  219)  of  the  circ 
cited  by  Struve,  from  observationB  by  Peters  upon  Polaris 
tipper  and  lower  culminations: 


1843. 

Upper  irttdsil. 
Z 

DilT.  from 

April  13 

0"  0'  33".13 

-  0".32 

14 

3S  .26 

-0  .19 

17 

33  .g2[+0  .37 

19 

33  .27  -  0  .18 

20 

33  .75+0  .30 

22 

33  .IT 

-0  .28 

24 

33  .45 

0  .00 

25 

33  .68 

4-  0  .23 

26 

S3  .29  -  0  .16  j 

27 

83  .68 

+  0  .23 

UeaD  0   0  33  .45 


Loirer  Irangil. 

Dill 

Z 

April  14 

0- 

0'  33".04 

_ 

16 

33  .32 

— 

20 

SS  .45 

— 

21 

33  .94 

+ 

22 

33  .48 

— 

24 

33  .50 

_ 

25 

33  .94 

+ 

26 

33  .98 

+ 

27 

33  .82 

+ 

28 

34  .12 

+ 

Moan  0    U  33  .72 


cdi 


Hence,  assuming  that  the  zenith  point  of  the  circle  was  e 
the  probable  error  of  an  observed  value  of  Z  was,  for  i 
series,  =  0".22.  This  error,  however,  is  the  combined  effc 
error  of  observation  and  variability  of  Z.  But  the  pro 
error  of  observation  was  obtained  from  the  discrepancies  bel 
the  several  values  of  the  latitude  deduced  from  these  sume  ( 
vations,  and  wa8  =  0",17:  so  that  the  probable  error 
arising  from  variation  in  the  instrument  was  —  j/QO 
—  (0".17)']  ^  0".14.  The  means  for  the  two  transits  diff 
0".27,  which  results  from  the  nse  of  different  divisions  c 
circle  and  different  parts  of  the  micrometers.  To  compare 
justly,  it  would  be  necessary  first  to  eliminate  especiaJl; 
division  errors. 

In  order  to  eliminate  the  effects  of  flexure,  the  objed 
ocular  are  made  interchangeable  (see  Art.  204). 

The  dimensions  of  the  various  parts  of  the  instrument? 
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takon  from  the  plates,  wliich  are  accurately  drawn  upon  a  scale 

»f  *■• 

210.  The  portable  universal  instruments  are  usually  so  arranged 
that  the  vertical  circle  may  bo  removed  altogether  from  the 
instrument  when  horizontal  angles  only  are  to  be  meaenred. 
One  of  these  instruments  is  represented  in  Plate  XII.  In  Fig.  1, 
the  instrument  is  arranged  for  moaanring  horizontal  angles 
exclusively.  In  Fig.  2,  the  telescope  of  Fig.  1  is  replaced  by 
another  which  is  cnnnccted  with  a  vertical  circle  and  {unlike  the 
azimuth  telescope)  is  at  the  end  of  the  horizontal  axis.  The 
weight  of  the  tcleseopc  and  vertical  circle  is  counterpoised  by  a 
weight  fit  the  opposite  end  of  the  axis.  The  focal  length  of  the 
telescope  in  instruments  of  this  kind  seldom  exceeds  24  inches. 

The  following  discussion  of  the  theory  of  these  instruments 
will  ajjply  to  any  of  the  forms  above  mentioned,  as  I  shall  con- 
«der  their  two  applications — to  azimuths  and  to  altitudes — 
independently  of  each  otlier. 

211.  Azimuths. — Let  A^II,  Fig.  49,  represent  the  true  liorizon, 
^tlie  zenith.  Let  us  suppose  the  vertical  Fia  4b 
axis  of  the  instrument  to  ho  inclined  to  the 
true  vertical  line,  so  that  when  produced  it 
meets  the  celestial  sphere  in  Z'.  Let  A^H' 
be  the  great  circle  of  which  Z'  is  the  pole. 
The  plane  of  this  circle  is  that  of  the  gra- 
duated horizontal  circle  of  the  inatrmnent. 
Let  us  suppose,  farther,  that  the  horizontal 
rotation  axis,  which  should  he  at  right 
angles  to  the  vertical  axis,  and,  consequently,  parallel  to  the 
horizontal  circle,  makes  a  small  angle  with  tliis  eirch^.  As  tlie 
instmmeut  revolves  about  its  vertical  axis,  this  rotation  axis  wilt 
describe  a  conical  enrface,  and  the  prolongation  of  this  axis  to 
the  celestial  sphere  will  describe  a  small  circle  AA'  parallel  to 
A^I'.  Let  A  he  tlio  point  in  which  this  axis  produced  throngh 
the  circle  end  meets  the  sphere  at  tlic  time  of  an  observation. 

rand  O  the  position  of  a  star  obaer^'cd  on  any  given  vertical  thread 
k*  For  all  (be  parLicuUrs  of  llie  uae  of  ihis  iQatruDii-nl  in  Ihc  dctormmatioD  of  tho 
■dlnallon  of  a  oimumpolar  ei&r.  consult  iho  memoir  of  Dr.  C.  A.  F.  Piters, 
■■awn.  ffaeh..  Vol.  XXII.,  Jteiiillale  aui  Biobachtunafi  it*  Fotartteriu  an  ErUUekttt 


no  ALTtTUDK   AND   AZIHDTn   INSTRUMENT, 

lu  Uie  field.  Ah  tiie  telescope  revolvee  upou  the  horizontal  axis, 
its  axis  of  collimation  deacribes  a  great  circle  of  wbicli  A  ia  the 
pole,  and  the  given  thread  describes  a  small  circle  parallel  to 
this  great  circle.     Let 

c  ^  tlio  distance  of  the  thread  from  the  collimation  axis, 

positive  when  the  titroad  is  on  the  same  aide  of  the  J 

collioiation  axis  as  the  Tertical  circle, 
b  =  the  elevation  of  A  above  the  horizon  as  given  by  thol 

Bpirit  level  n]iplicd  to  the  horizontal  axis,  positive  wheiV'J 

the  circle  end  of  this  axis  is  too  high, 
J   =  the  inclination  of  the  vertical  axis  to  tlie  tme  vertical! 


«'  =the  inclination  of  the  horizontal  axis  to  the  azimath  | 

ciPcJe, 
a  =  AZH, 
a'  =  AZ'H, 
A  =^  the  azimuth  of  the  star  0,  reckoned  from  A^  as  the 

origin, 
2  =  the  zenith  distance  of  the  star; 

then,  in  the  triangle  AZZ',  we  have  AZ—SiO^  —  b,  ZZ'-=l, 
AZ'^9(i°—i',  AZZ'=  180° —  a,  AZ'Z^a',  aud  hence,  by 
Bph.  Trig., 

sin  b  :=  OOB  a' COS  I'sin  i  -^  Bin  I'eos  i  ,^_ 

0O8  b  COS  a  =  cos  a'  cos  i'  cos  i  —  sin  i"  sin  i  .^^M 

ooab  ftm  a  =  sin  a'  cos  t'  ^H 

But,  i,  i',  and  b  being  always  so  small  that  we  can  neglect  their 
squares,  these  equations  may  be  reduced  to  the  following 


b  =  i  cos  a'  -{•  1"^=  i 


(205) 


In  the  triangle  AZO,  wo  have  the  angle  AZO  =  A^ZO  +  A^ZA 
=  ^  +  90"— a,  and  the  sides  ^O  =  90°+r,  ^2^90°— 6, 
ZO  =z;  and  hence 


-  sin  c  =  sin  6  cos  2  —  cos  b  sin  z  sin  (A 


or,  since  c  and  h  are  small, 


Hence  ein  {A  - 


9  a  small  quantity, 
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IB  either  nearly  0"  or  nearly  180°.  ^Vben  the  vertical  circle  at 
the  extremity  of  the  horizontal  axis  is  to  the  left  of  the  observer, 
aa  Bupposed  ia  the  above  diagram,  it  is  evident  that  A  and  a  are 
nearly  equal,  and  A  ~  ais  nearly  0°.  But  if  the  instrument.be 
revolved  about  its  vortical  axis,  the  azimnlh  circle  remaiDittg 
fixed,  and  the  telescope  be  again  directed  to  the  same  point  0, 
the  vertical  circle  will  be  on  the  right  of  the  observer,  and  the 
angle  a  will  be  increased  by  180°.  In  this  case,  therefore,  180* 
~  {A  —  o)  will  be  a  small  quantity.  Putting,  then,  ^  —  a  or 
180"  —{A  — a)  for  sin  {A  ~  a),  we  have 

A  ^=  a  -\-  b  cot  £  -j-  c  C08CC  z  [Circle  L.] 

A  =  a  -i-  180'  —  b  ovtx  —  c  cosec  z    [Circle  E.] 

a  is  not  read  directly  from  the  azimuth  circle  ;  but  if  we 
put  j4'=the  actual  reading  and  .i4(p=the  reading  when  the 
point  ^4  in  the  diagram  is  at  A'  (in  which  case  the  telescope, 
'when  horizontal,  is  directed  towards  the  point  A^,  we  have 


and,  therefore, 


a  ^  a 

I  +  180= 


=  A'~A„ 


[Circle  L.] 
[Circle  R.] 


:  6  cot  z 


'We  have  supposed  the  azimuths  to  be  reckoned  from  the  point' 
J,;  but  it  is  inditferent  what  point  of  the  circle  le  taken  as  the 
origin  when  the  instrument  is  used  only  to  determine  differences 
of  azimuth,  since  the  constant  A„  of  the  above  equation  will 
disappear  in  taking  the  difference  of  two  values  of  A.  Tot- 
abaoliifc  azimuths,  let  us  denote  the  azimuth  of  the  point -4,  from 
I  the  sonth  point  of  the  horizon  by  A, :  then  the  azimuth  of  the 
IT,  also  reckoned  from  the  south  point,  will  he  equal  to  the 
{•bove  value  increased  by  Ai.  If,  therefore,  we  add  A^  to  the 
Kond  member,  and  then  write  &A  for  the  constant  A^  —  A^  we 
!ill  have 


A  ^  A'  -^  &A  ±  b  cot  z  ±  c  cosec  z 


r+  Circle  li.y 
[_  Circle  B.i 


(206^^ 


here  A  now  denotes  the  absolute  azimuth  of  the  star,  and  aA 
U  the  index  correction  of  the  ciivle,  or  reduction  of  tlie  reading? 
to  absolute  azimuths.  The  readings  for  circle  right  diftcring  by 
180"  from  those  for  circle  left,  we  shall  always  assume  that  the 
former  have  been  increased  or  diminished  by  180°,  when  two 
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observatioDR  in  different   positions  of  the  instrument  are  com- 
pared.    We  must  now  determine  the  quantities  f,  b,  nnd  &A. 

212.  To  find  *;  and  b. — The  most  convenient  method  of  finding 
c  with  a  fixed  instrument  is  to  employ  a  coUimatiug  telescope 
placed  on  a  level  with  the  horizontal  axis,  such  as  that  of  Plate 
HI.  Fig.  2.  The  cross  thread  of  the  collimator  is  observed  as  an 
infinitely  distant  point  or  star,  whose  zenith  distance  is  90°  ;  and 
hence  cotz  =  0,  cosecz  =  1.  Observing  it  both  with  circle  lett 
and  circle  right,  let  A'  and  A"  be  the  readings  of  the  azimnth 
circle  (the  latter  reading  being  changed  180°);  then  we  have 

A  =  A'  -^  nA  +  c  ^M 

A  =  A"+a.A  —  c  JH 


c  =  iiA"-A-) 


(2*0 


which  will  give  c  with  its  proper  sign  for  circle  left. 

If,  however,  the  collimator  is  below  the  level  of  the  horizontal 
axis,  BO  that  the  telescope  must  be  depressed  to  observe  it,  we 
Bhall  have 

A  =^  A'  +  4A  +  6  cot  z  -)-  c  coaec  z 
A  =  A"  -\-  A.l  —  b  cot  z  —  c  cosec  z 

in  which  2  =  the  zenith  distance  of  the  collimator  —  90°  +  de- 
pression of  the  telescope,  as  given  by  the  vertical  circle;  and 
then 

c  =  i  (A"  —  A')  ain  s  —  6  coa  z  (208) 

and  b  must  be  observed  with  the  striding  level  applied  to  the 
axis,  as  in  the  case  of  the  transit  instrument. 

When  tlie  telescope  is  furnished  with  a  micrometer,  the  valne 
of  c  can  be  found  with  still  greater  accuracy,  by  meana  of  two 
collimators,  as  in  Art.  145. 

213.  In  some  cases  the  spirit  level  cannot  be  reversed  upon 
the  axis,  bnt  is  permanently  attached  to  it  or  to  the  frame  which 
supports  it.  It  is  then  reversed  only  when  the  instrument  is 
reversed,  and  it  becomes  necessary  to  know  the  level  zero,  or 
that  reading  of  the  level  which  corresponds  to  a  truly  horizontal 
position  of  the  axis.  Let  this  reading  be  denoted  by  l„  and  let 
I  be  the  reading  at  any  observation ;  then  we  have 
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ffbere  I  is  the  mean  of  the  readinga  of  the  two  ends  of  the 
bubble,  the  reading«  towards  the  circle  end  being  always 
reckoned  »s  positive.  Then  to  tind  /^  we  have  recouree  to  the 
observation  of  two  Htars,  one  near  the  zenith  and  the  other  near 
rite  horixon,  or  of  the  same  star  at  different  timeR.  Let  A'  and 
i"  he  the  circle  readinge,  z'  and  s"  the  zi^nith  diBtjinces  of  the 
high  star  for  circle  left  and  circle  right,  reepetitively ;  I',  I"  the 
level  readings ;  then,  A^  and  A^  being  the  true  azimuths,  we  have 

A,=A'+aA+  (/'  ^  y  cot  y  +  c  ooBec  y 
A,^A"~aA  —  (("—  y  cot  2"— ccoeec/* 

The  difference  hetwecn  j1,  and  A^  may  be  accurately  conipnted 
from  the  known  place  of  the  star,  and  a  small  error  in  its 
assumed  place  will  not  senijibly  affect  this  difference.  If  the  star 
is  near  the  meridian  (which  will  be  advisable),  the  change  in 
azimuth  will  be  sensibly  proportional  to  the  interval  of  time 
between  the  two  observatiouB;  so  that  if  T'  and  T"  are  the 
sidereal  clock  times,  and  SA  Uie  change  of  azimuth  in  one 
second,  we  shall  have 

^,  —  vi,  =  W  C  T"  —  V)  (209) 

in  seconds ;  and  3A  may  be  found  by  the 


in  which  T"  —  T  u 
differential  formula 


^■^       dT  Bin-'  I 

where  d  =  the  star's  declination,  and  the  parallactic  angle  q  if 
found  by  Art.  15  of  Vol.  I.     The  difference  of  the  above  equa- 
■>  lions  will  then  give  us  the  equation 

—  m/,  -f  nc  =  J)  (8X0) 

lere,  to  abbreviate,  we  denote  the  known  quantities  aa  follows : 

fn  ■=  cot  s  +  cot  y  n  ^=  coseo  /  -|-  oosec  ?"    1     ,»« .  ^ 

f  =A"  —  A'  —  {A,  —  A^)  —  Voom  —  V'cot£'        ]    ^      ' 

\  Hke  manner,  the  low  star  gives  a  similar  equation, 

—  m'  I,  +  n'c  =  p'  (212) 

'  Ind  from  the  two  equations  the  unknown  quantities  /,  and  c  are 
found  by  the  usual  method  of  elimination.    If  a  greater  number 
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of  Btarfl  have  been  observed,  the  equutione  maj  be  combined  by 
the  method  of  leaet  eqiiareB.  Where  there  is  a  collimator,  it 
may  always  be  used  as  the  low  star  ol'  this  method. 

214.  To  determine  the  index'  correction  a^,  observe  any 
known  star  in  either  position  of  the  inetrument;  then,  having 
eomputej  its  true  azimuth  A  (Vol.  I.  Art.  14),  we  have 

(213) 


a^  =  4  —  (j4'  ±  6  cot  s  ±  c  coaeo  i) 


215.  With  a  portable  instrument,  such  as  ia  described  in  Art, 
210,  the  use  of  a  collimator  is  impracticable,  since  the  teleacope 
ia  at  the  extremity  of  the  axis,  and,  therefore,  cannot  be  directed 
towards  the  collimator  in  both  positions.  We  must  tlicn  employ 
stare,  as  in  the  preceding  article ;  but,  as  in  portable  instruments 
the  inclination  6  is  usually  found  directly  by  the  striding  level, 
a  single  star  observed  in  both  positions  of  the  instrument  ^vill 
suffice.  If  we  take  the  -pole  star  when  near  the  meridian,  we 
cnn  suppose  z  to  have  the  same  value  for  both  observations,  and 
we  shall  have  the  two  equations 

A^^  A'  -\-  a.4  +  b'  cot  z  -\-  c  cosec  z  ^H 

J,  ^^  A"  +  ii.  —  b"  cot  z  —  c  coaeo  z  ^^^ 


-  (d,  —  J,)]  Bin  i  ~  i  (ft'  +  ft")  COS  z 


(214) 


and  it  will  then  be  expedient  to  determine  i^A  at  the  same  til 
from  either  -d,  or  A^. 


'UI'U 


216,  If  instead  of  a  single  vertical  thread  there  are  sevi 
such  threads,  the  horizontal  IrmisU  of  the  star  is  observed  over 
each  by  the  clock,  as  in  ordinary  transit  observations,  the  reading 
of  the  horizontal  circle  remaining  constant.  If  the  star  is  not 
too  far  from  the  equator,  the  intervals  of  time  between  the 
transits  over  the  threads  may  be  assumed  to  be  proportional  to 
the  distances  of  the  threads,  and  then  tlie  mean  of  the  times 
will  be  the  time  of  the  star's  transit  over  the  mean  thread.  The 
collimation  constant  c,  determined  from  stars  as  in  the  preceding 
articles,  will  then  be  that  of  the  mean  thread. 

If  some  of  the  threads  have  failed  to  be  observed,  let/,,/, 
be  the  distances  of  the  threads  from  the  mean  thread,  posil 
for  threads  on  the  same  side  of  the  mean  as  the  vertical  cin 


and  !et/o  be  the  mean  of  the  distancee  of  the  threads  obaerved, 
und  T^  the  mean  of  the  observed  times,  Then/^  -(-  c  is  the  dis- 
tuice  of  the  mean  of  the  observed  threads  from  the  coIUmation 
axis ;  and  the  azimuth  at  the  time  T^  is  found  by  the  formula 
(206),  substituting/,  +  e  for  c. 

217.  If,  however,  we  wish  to  proceed  rigorously,  we  can 
reduce  each  thread  to  the  mean  thread  by  the  complete  formula 
(138), 


Bin/ 
cos  d  cos  n  CUB  t 


+  2  tan  ( sin'  i  / 


11  81  ni- 
LetA, 


Tig.  SO. 


where  /  is  the  interval  of  time  in  which  the  star  describes  the 
distnnce  /,  and  I  =  r  —  m,  r  being  the  east  hour  angle  of  the 
star,  and  m  and  n  being  determined  by  (78),     But  we 
plify  this  formula  for  our  present  purpose  as  follows. 
V\g.  50,  be  the  point  in  which  the  horizontal  axis  of  the 
instrument  meets  the  sphere  when  produced  through 
the  circle  end  (as  in  Fig.  49) ;  Z  the  zenith ;  P  the  pole  ;        y1\ 
0  the  star  when  in  the  collimation  axis  of  the  telescope.  o^l\ 
Since  the  small  inclination  of  the  horizontal  and  verti-        ^7 
cat  axes  will  not  sensibly  aft'ect  the  thread  intervals,  we         /  / 
can  here  regard  A  as  the  pole  of  the  vertical  circle  ZO,         1/ 
and  the  ti-iangle  OPD  may  be  regarded  as  right  angled         r 
at  D.     In  this  triangle  we  have,  according  to  the  de- 
finitions of  m,  H,  and  r  in  Art.   123,  the  angle   OPD  =  OPZ 
~APZ  ^  —  r  —  (90°  —  m)  =  —  90°  —  /,    and    the   side   PD 
-^AP—  90°  =,  (90°  —n)  -  90°  =  —  n.      We  have  also    OP 
90*  —  i,  and  the  parallactic  angle  POlt  =  q.     Hence 


^^^90 

w 


n  COS  (  =  - 
tan(  = 


tan  q  sin  i 


our  formula  becomes 


-  -{-  2  sin  ^  tan  q  sin*  1 1 


Trbis  applies  for  circle  left.  For  circle  right  it  is  only  necessary 
to  change  the  sign  of  the  first  term,  so  that  the  complete  for- 
mula is 


sin  /  =^  :f -J-  2  sin  J  tan  q  sin' }  / 

COS  3  COS  q 


(215) 
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Ui  which  we  take  T "PP^^   siga  for     .    ,    ,,'  ,  and  /  will  be  the 
llowerJ     "  Icircle  R.J 

correctioD  algebraically  additive  to  the  observed  time  on  a  thread 

to  reduce  it  to  the  mean  tbi'ead.     The  angle  q  la  found  by  the 

formula 

(216) 

value  of  flin  A, 


cos  3 


where  q  will  have  a  negative  value  for  a  uegati 
that  is,  for  a  star  east  of  the  meridian. 

It  is  evident  that,  except  for  stars  of  considerable  declination, 
the  last  term  of  (215)  will  be  inappreciable,  and  that  we  may 
usually  take 

7  =  qr ^L—  (217) 

ooa  X cofi  q 

which  amounts  to  assuming  that  /is  proportional  to/,  as  in  the 

preceding  article. 

218.  To  find  the  eqnatnrial  values /of  the  thread  intervals, 
we  observe  the  transit  of  a  slow  moving  star  near  the  racridiaii, 
and  from  the  observed  intervals  /  we  deduce 

Bin  /  ^=  ^  sin  I  oos  d  cob  q 

219.  Zenith  dislances.— Let  Z,  Fig.  51,  be  the  zenith;  Z'  and  A 
the  points  in  which  the  vertical  and  horizontal  axes  meet  the 

celestial  sphere;  BB'Cy  the  great  circle  of 
which  A  is  the  polo,  and,  eonsecpiently,  the 
circle  which  represents  the  vortical  circle  of 
the  iiistninient.  This  circle  is  also  that  which 
in  described  by  the  collimation  axis  of  the 
telescope.  Let  the  star  0  be  observed  ou  a 
horizontal  thread  00',  which  is  perpendicular 
to  the  gi-eat  circle  BO'  and  coincides  with 
the  arc  AC  produced.  The*  point  B',  in 
which  AZ'  produced  meets  the  circle  BB',  represents  the  ex- 
tremity of  that  diameter  of  the  alidade  circle  which  is  in  the 
plane  of  the  vertical  axis  of  the  instrument.  The  arc  B'O',  or 
the  angle  B'AO'  which  it  measures,  is  then  the  zenith  distance, 
as  given  directly  by  the  cirole  when  the  circle  readings  for  B' 
and  0'  arc  given.  Let  the  reading  of  tlie  circle,  when  the  thread 
is  at  B',  be  denoted  by  ■■„,  and  the  reading  ou  the  star  by  f,  and 
put  B'O'  or  B'AO'  =  ^^ ;  then,  for  circle  left, 

2.  =  :<,  -  C 


8ST 

the  gmdoations  of  the  circle  be'm^  supposed  to  increase  from 
ri|^t  to  left.  Now,  for  different  azimuths  the  relative  poeitiOD 
of  £  ftnti  £'  is  diflerent;  and  tliey  coincide  only  wheu  tbe  point 
^  is  in  the  plane  of  the  circle  ZZ'.  Their  relative  position  at 
IDj-  time  is  given  by  tlie  level  attached  to  the  alidnde  circle ;  for 
Ik  l^  be  the  reading  of  the  level  when  B  and  Ji'  coincide,  and 
(ttie  reading  in  any  other  case ;  then,  denoting  £B'  by  &z„  wo 
li&ve 


irfaere  we  take  the  left-hand  end  of  the  level  as  the  positive  end. 
the  observer  facing  the  circle,  and  I  is  half  the  algebraic  sum  of 
the  readings  of  the  ends  of  the  bubble. 
Let  us  now  denote  the  are  BC/  by  z';  then  we  have 

mnd  in  the  triangle  A  OZ  we  have  the  required  true  zenith  dis- 
tance ZO  —  z,  the  angle  OAZ  =^  z';  and,  in  accordance  with 
the  notation  before  employed,  AO  =  90"  +  00'  =  90"  +  c, 
AZ=90''  —  b.     Hence 


k 


Substituting  coa  z'  ■■ 


—  Bin  c  6in  b  -{-  C06  c  <i06  b  ooe  a* 
=  eos*}z'  —  am*\z',  we  obtain 


oos  2  =  —  sin  c  sin  b  (ooa'  ii^  +  sin'  i  z") 
+  cos  C  cos  t  (cosM  .-' -  Bin' i  O 
=  COB  (c  -j-  b)  cos"  J  y  —  coa  tc  —  b)  sin' )  «* 
-0O8«  =  28Jn  iU+z')Hin  1(3-2") 

^  2  sin'  i  (c  +  b)  coa'  J  z*  ~  2  sin'  i(c  —  b)  sin'  J 


^^W>ii 


The  second  member  inx'olving  only  the  squares  of  the  small 
Quantities  c  and  b,  tlie  correction  z  —  z'  is  very  small,  so  Uiat  for 
the  factor  8inJ(z  +  z')  we  may  take  aiu  2'=  2  sin  Jz'eos  Jz'. 
Sence.substitutingtlie  arcs  for  the  sines  of  the  quantities  ^(z  —  z'), 
♦(<?  +  i).  i(c  — A),  wefind 


J  sin  r'ooti/  - 


J  sin  1"  t*n  i  /  = 


(218) 


c  will  denote  the  correction  for  coUimatioa  and  the  inclina- 
>n  of  the  horizontal  axis.  Substituting  the  value  of  y  above 
given,  we  Snd  as  tbe  value  of  the  zenith  distance  given  by  the 
observation  circle  left, 


In  this  eqiiiitioti  l-\e  conetiiiits  ^jaiid  l^are  unknown;  but  if  we 
now  revolve  the  inetnitnent  180°  in  azimuth,  and  ob8er%"e  thft  ] 
zenith  diBtance  of  the  same  point,  we  shall  have 


i,  ^  C  - 


\=-ih-n 


where  J'  and  t'  denote  the  new  readiuga  of  circle  and  level ;  and  | 
hence,  for  circle  rigkl, 

2 -:'-:„-(„  4- /'  +  £- 

which  e'  is  computed  by  the  formula 


sin  l"cot  )/- 


BID  l"tan  \  y 


k 


''  and  b'  being  the  collimation  and  the  inclination  of  the  hoti-  J 
zontal  axis  in  this  second  observatioD.  The  mean  of  the  tw^-J 
valuea  of  z  is 

Their  dift'ereiico  givea  the  constant  quantity 

!:.+  '.  =  K:'  +  C)  +  H''+0+1C''-0  (220)J 

If  the  observed  point  ie  moving,  as  in  the  case  of  a  star,  the  value  1 
of  z  obtaiucd  by  (219)  \i  the  zenith  distance  at  the  mean  time  I 
between  the  two  observationa ;  and,  in  general,  if  a  series  of  zenith 
distances  is  taken,  one  half  in  each  position  of  the  circle,  and  if 
Z  denotes  the  mean  of  all  the  readings  of  the  circle  in  the  first 
position,  (^'the  mean  of  all  the  readings  in  the  second  position, 
( and  I'  the  corresponding  means  of  the  readings  of  the  circle 
level,  the  value  of  z  given  by  (219)  will  be  the  zenith  distance  at 
the  mean  of  all  the  observed  times,  provided  always  that  the  scries 
is  uot  extended  so  far  as  to  introduce  second  differences  of  the 
change  of  zenith  distance.  The  correction  for  second  dificrencea, 
when  necessary,  may  be  found  by  Vol.  I.  Art.  151. 

The  corrections  e  and  e'  are,  however,  usually  rendered  insen- 
sible in  practice  by  observing  the  star  only  in  the  middle  of  the 
field,  or  as  near  the  middle  vertical  thread  aa  possible,  which  is 
effected  by  giving  the  instrument  a  slow  motion  in  azimuth  while  , 
tiie  star  passes  obliquely  across  the  field,  and  thus  keeping  the  I 
middle  thread  constantly  upon  the  star  until  it  is  bisected  by  the  1 
horizontal  thread. 
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220.  The  equation  (220)  gives  the  constant  ^„  -t-  '„  only  when 
the  observed  point  is  fixed.  The  cross  thread  of  a  colliuiating 
tel«3Copo,  or  a  distant  terrestrial  object,  may  he  used  as  euch  a 
fix«d  point ;  and,  making  the  observationa  in  the  two  positions  of 
tbc  circle  oiily  in  the  middle  of  the  field,  we  shall  have  t'  —  e  ^=  0: 
»o  that  if  we  denote  this  constant  by  Zwq  shall  have 

z=-l(:  +  '")  +  K'  +  ''j  (221) 

I  ^Tlththis  constant  thus  determined,  a  single  observation  of  a  star, 
I  irt  either  position  of  the  instrument,  will  suffice  to  determine  its 
)      Kenith  distance,  since  we  sliall  then  have 


i  =  Z  —  (C  +  i)    fur  circle  L. 


(222) 


The  constant  2!  expresses  the  zenilk  point  of  the  ivstrumcni,  since 
im  any  position  of  the  iuatruraent  it  is  equal  totlie  corrected  circle 
»-«ading\vhen  the  obser\'ed  object  is  in  the  zenith. 

If  we  wish  to  deduce  Z  from  the  two  observations  of  a  star,  at 
"the  times  2"  and  T',  we  must  compute  the  difference  between  the 
zenith  distances  for  the  interval  T'  —  T,  which,  when  tlie  interval 
■-•  Amall,  may  be  done  by  the  diflerential  formula 


I 


which  T'  —  7"  is  supposed  to  be  reduced  to  seconds  of  arc ; 
then  we  aliall  have 

^=  H;  +  :')  +  U' +  '')-*" 

It  should  be  remarked  that  when  j'  is  numerically  less  than 
•fc   we  should  increase  it  by  360°,  both  in  finding  z  and  Z. 

AVlien  the  two  observations,  in  opposite  positions  of  the  axis, 
**e  made  very  near  to  the  meridian,  it  will  be  advisable  to  reduce 
^a<;h  to  the  meridian  by  applying  the  correction  for  cireum- 
»tieridian  altitudes,  Vol  I.  equation  (289)  or  (290). 

Example. — To  determine  the  zenith  point  of  an  Ebtel  uni- 
versal instrument,  the  telescope  was  directed  towards  a  distant 
terrestrial  object,  and  the  horizontal  thread  was  brouglit  into 
coincidence  with  a  sharjily  defined  point  in  tlie  object,  twice  in 
each  position  of  the  veitital  circle.     The  readings  of  the  circle 


pM  altitcde  and  azimuth  insthument. 

and  level  were  sls  below.  The  gradtiationB  of  the  level  proceed 
coiuinuousiy  iVora  tlie  right  to  the  left  cud  of  the  tube,  so  Uiat 
the  values  of  /  are  simply  the  arithmetical  nieanB  of  the  rcadiugs 
of  the  two  ends  of  the  bubble.     The  value  of  oue  diviaiou  —  2".0. 


Hence,  taking  the  means, 


Cirole  readings, 

Leiel  readings. 

I 

180»     2' 30". 

40.2     14.6 

27.4 

180      2  35 

40.4     14.5 

27.45 

359    56  20 

38.2     12.8 

25.5 

359    50  30 

38.5     12.9 

25.7 

180"  2'32".5 
359  56  25  . 


C,=  269 


/  =  27.43 
l'=  25.60 
/.=  26.52  z: 


53  -04 
0  21  .79 


A  BericB  of  zenith  distances  of  the  sun's  lower  limb  near  the 
meridian  was  then  taken,  as  follows: 


» 


Cirde 
veiding. 

L«Tel 
reading. 

Circle  re«dii.g  cor- 
reeled  for  level. 

Obserred  lenith 
dieunce. 

, 

229°  50'  50" 

38.4 

12.7 

229° 

51'  41".l 

40°    8'4r.7 

1 

229    57  15 

38. 

12.3 

229 

58     5  .3 

40     2  le  .6 

Circle  L.. 

230      2    5 

37. 

11.5 

230 

2  53  .5 

80   67  28  .3 

1 

230      6  15 

37.6 

12. 

230 

6    4  .6 

39   54  17  .2 

' 

230      7     0 

37. 

11.4 

230 

7  48  .8 

39   52  33  .0 

309    52  15 

33.4 

7.9 

309 

52  66  .3 

39    52  84  .5 

809    54  10 

88. 

7.4 

809 

64  50  .4 

39   54  28  .6 

Circle  E. 

309    57  50 

33.6 

8.0 

309 

68  31  .6 

39   58     9  .8 

310     2  40 

33.8 

8.3 

310 

3  22  .1 

40     3     0  .3 

810     9  15 

34. 

8.8 

310 

9  57  .8 

40     9  36  A 

Here  we  have,  at  the  first  observation, 

diT. 
C  =  229°  50'  60"  i  t=  4-  25.65  =  +  31".l 

and  hence  the  corrected  circle  reading  is 

C  +  f  =  229"  51'  41".l 
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Tha  correction  e  being  neglected,  as  all  tlie  observations  were 
Bade  ncitr  the  middle  vertical  tbread,  we  obtain  the  observed 
xenith  diiitance  by  subtracting  thia  number  from  the  sbove  read' 
iiig  Z  of  the  zenith  point,  whence  z  =  40°  8'  40".7. 

In  like  manner,  the  fifth  observation  gives  j''  -f  /'  ^  309°  62' 
56".3,  from  which  Z  is  subtracted  to  obtain  the  observed  zenith 
distance.     The  resulta  are  given  in  the  last  column. 

These  obsei-vutions  have  been  employed  in  Vol.  I,  Art.  171,  as 
cireummeridian  zenith  distances  for  determining  the  latitude. 

221.  Ill  the  methods  of  observation  above  adopted,  a  know- 
ledge of  the  deviations  i  and  i'  of  the  horizontal  and  vertical  axes 
from  their  nonnal  positions  is  not  required :  it  is  only  necessary 
ttat  they  should  be  small.  Their  values,  however,  can  be  readily 
iMTeeligated.  Di  the  triangle  AZZ\  Fig.  61,  we  have  the  angle 
^j1Z'  —  .BB'  =  a^i  — /fl— ^  as  given  by  the  level  of  the  vertical 
I      circle ;  and  this  triangle  gives,  with  the  notation  of  Art.  211, 

Uk,  sin  I  sin  o* 

^^^^^'  cos 

^^H^  UluDg  a  for  a', 

^^^^  1  sin  a  =^  ?,  —  i 

-At  the  same  time,  we  have,  from  the  level  6  of  the  horizontal  axis. 


Now,  revolving  the  instrument  180°,  the  angle  a  becomes 
**  ~t-  180°,  and  if  the  level  reading  of  the  vertical  circle  alidade  is 
'low  I',  and  the  inclination  of  the  horizontal  axis  is  b',  we  have 

—  I  sin  a^l^ —  I' 
—  ico8  a  +  i'=  i' 

^«Dce,  combining  these  equations  with  the  former  ones,  we  find 

isma  =  ^if-l)  1 

1  determine  i  and  a;  and  for  /'  we  have 

.--■(ft  +  fi')  (224) 

Ve  can,  also,  find  i  and  t'  from  the  inclinations  of  the  horizontal 
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axis  aloiio.     Lt-t  the  alidade  of  the  azimuth  circle  be  set  at  an]H 
assumed  reading  A',  and  then  also  at  A'  +  120"  and  A'  -\-  240' J 
and  let  b,  b',  b",  be  tlie  inclinations  of  the  horizontal  axis  ^vaftl 
by  the  spirit  level  in  the  three  positions.     Then  we  have 

COS  a  +  r  =6 

cos  (a  +  120°)  -i-  i'  =  b' 
cos  la  -i-  240")  -f  t'=i" 

the  sum  of  which,  since  cos  (a  +  120°1  +  cos  (a  +  240°)  =  —  cos  a, 
gives 

i'=J(6  +  6'+n  (225)- 

This,  subtracted  from  the  Ist  equation,  gives 


and  the  difference  of  the  2d  and  3d  equations  gives 


1  am  II  ^^  - 


|/3 


(227)1 


which  determine  i  and  a.     This  method  may  be  used  for  iostru 

ments  intended  only  for  ttie  measurement  of  horizontal  anglea. 
In   other   instruments,    both    metJioda   may   be   used,    and   th^ 
accordance  of  the  results  will  iudieate  the  degree  of  perfectly 
in  the  workmanship  of  the  vertical  pivots  of  the  instrument. 


222.  If  there  are  several  horizontal  threads,  the  vertical  tran^ 
of  the  star  over  each  may  be  obser\'ed,  revolving  the  instrument 
slowly  in  aziranth,  so  as  to  make  the  transit  occur  in  the  middle 
of  the  field.  The  level  of  the  alidade  should  be  read  both 
before  and  after  the  observation,  and  the  mean  taken  as  the 
value  of  I  at  the  mean  of  the  times  of  observation.  "VVbcn  the 
star  is  not  near  the  meridian,  the  zenith  distance  represented  by 
the  mean  of  the  threads  may  be  assumed  to  correspond  to  the 
mean  of  the  observed  clock  times ;  but  when  near  the  meridian 
a  correction  for  second  differences  will  be  necessary. 

In  Vol.  I.  Art.  151,  we  have  found  that  if  T„  T^,  T,,  &c.  are 
tbe  several  clock  times,  and  T  their  mean,  the  corrected  timi 
corresponding  to  the  mean  of  the  zenith  distances  is 


1 
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ID  which,  I  being  the  hour  auglo,  A  the  nzimuth,  and  q  the  par. 

tkiloctic  angle  of  the  star, 

cos  A  (.'09  g 

k  = 2 

sinf 

and  m,  is  the  mean  of  the  quantities 

2 Bin' H r,  —  T)  2ain'i(T,  —  T)  . 


which  can  be  taken  from  Table  V, 
For  the  moon,  the  correction  will  I 


jCl-i)"Am„  = 


15^ 


log  B  being  found  as  in  Art.  154. 

If  the  transit  is  defective,  that  is,  if  only  a  portion  of  t)^ 
threads  have  been  used,  it  will  be  necessary  to  apply  to  the  circle 
reading  a  correction  which  will  be  the  difference  between  the 
Xnean  of  the  threads  observed  and  the  mean  of  all  the  threads. 
Thus,/ denoting  the  distance  of  any  thread  from  the  mean  of 
^dl,  and  n  the  nnmber  of  tlireads  observed,  the  correction  of  tho 
«ipcle  reading  will  be  -  £/.  The  value  of  /  for  each  thread  will 
"lio  most  readily  found  from  complete  vertical  transits  of  stars 
-which  are  not  so  near  to  the  meridian  as  to  require  a  correction 
:for  second  differences,  since  we  can  then  use  the  differential 
^formula 

/  =  15  7  X  ~  ~  15  /  COB  (p  Bin  j< 

t/c 

in  which  /  is  the  interval  between  the  observed  time  on  a  thread 
aud  the  mean  of  all  the  times, 

To  compute /with  regard  to  second  differences,  see  Vol.  I. 
Art.  150. 

223.  Correction  of  (he  observed  azimuth  and  zenith  distance  of  Ike 
limb  of  the  moon  or  a  planet  for  difectice  iUitmination. — I  shall  here 
Consider  only  the  case  where  the  defective  limb  of  a  spherical 
body  has  been  observed.  The  formulae  for  the  more  general 
Case  of  a  spheroidal  planet  may  easily  be  deduced  from  those 
given  in  Vol.  I.  (occultjitions  of  a  planet) ;  but  they  are  rarely 
if  ever  required.     We  can  obtain  the  formulae  necessary  for  our 
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preaent  purpose  from  those  given  in  Artsi  15T  and  207  of  tfcs 
present  volume.  It  is  evident  that  in  computing  the  appareir 
outline  of  the  disc  of  a  planet  as  illuminated  by  tlie  sun,  ai^^y 

Bystera  of  co-ordinates  may  be  used,  provided  the  places  of  tl —  e 

Bun  and  planet  are  expressed  in  the  same  system.     If,  then,  v ^e 

here  substitute  the  zenith  for  the  pole,  and,  consequently,  *^  -***- 
horizon  for  the  equator,  we  have  only  to  substitute  zenith  di  «- 
tance  for  polar  distance  and  azimutli  for  right  ascension,  cn^**" 
rather  the  negative  of  the  azimuth,  since  the  azimuth  is  reckon (^:— ^  ^ 
from  left  to  right,  while  right  ascension  is  reckoned  from  rigt::::^*'"* 
to  left.     Putting,  therefore, 

d  ^  the  sun's  zenith  distance, 
a  ^        "         azimuth, 
A  =  the  planet's  azinmlh, 
s  ^  the  planet's  apparent  somidiameter, 
Jt,  If  ^  the  geocentric  distancea  of  the  earth  and   plai 
respectively, 

we  have,  by  (124),  for  computing  the  horizontal  perpendicul*!? I 
from  the  centre  of  a  planet  upon  the  vertical  thread  in  contAd  I 
with  the  defective  limb,  the  formalse 

flin  X  ^  —  sin  d  sin  (a  —  A") 
^'^  g  cos  X 

The  value  of  sin  ;f  will  be  positive  or  negative  according  as  1 
2d  or  the  1st  limb  is  defective.     The  value  of  s  may  he  fouaAl 
fi-om  its  mean  value  given  in  Vol.  I.  p.  578. 

For  the  moon  we  can  put  R  ^^  It'. 

Since  we  wish  to  deduce  from  the  observed  azimuth  of  t 
defective  limb  that  of  the  true  limb,  the  correction  of  the  circA^ 
reading  will  evidently  be 

3 A  ^  ^^  =  «v™j.  ^^ 


A^ain,  for  computing  the  vertical  perpendicular  from  the  oenti 
of  a  planet  upon  the  horizontal  thread  in  contact  witii  thi 
defective  limb,  we  deduce  from  (200),  by  clianging  the  co-ord3 
nates. 

Bin  j;  =  —  [sin  ;  cos  d  —  con  ;  sin  '/  cos  (rt  —  AJ]        (2&^ 
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*,  hj  inttoincihg  an  auxiliary, 


tan  S  =  tan  d  cob  (a  —  A) 

B    sin  (z  —  E)  cos  d 
Bin  y    =  -=;; ^^ ^ 

^  i?  cobJS; 


(231*) 


-nd  the  correction  to  reduce  the   observed   zenith  distance  to 
"hat  of  the  true  limb  will  be 


dz  =  8  versin  / 


(232) 


negative  value  of  sin  jf  will  Indicate  that  the  upper  limb  is 
<3efective. 

ExAMPLB  1. — The  following  observations  of  the  azimuths  of 
-Jiegulus  and  of  the  moon's  Ist  limb  were  made  at  Greenwich 
^^th  the  "  Alt^azimuth,*'  May  3,  1862. 


Vertical 
circle. 

Clock  time  of 
transit. 

Circle  reading 

Level 

.    Clock 
corr. 

Lefl 

11*  26*  12'.95 

140*^  3^  39".71 

19".79 

+  11'.46 

Right 

12     3    11.30 

328    45  10  .76 

20  .14 

11.51 

Right 

12   31    55.37 

62    54  48  .04 

21  .49 

11.55 

Left 

12  45    26.33 

246    84  47  .08 

19  .28 

11.57 

:Mii. 

I^IL. 

^Regulus. 

The  clock  time  is  the  mean  of  the  transits  over  six  vertical 
tilireads.  The  clock  correction  is  the  reduction  to  sidereal  time. 
*X*he  circle  readings  are  the  means  of  four  microscopes.  The 
l^vel  reading  is  the  mean  of  the  indications  of  six  levels,  per- 
'^>ianently  attached  to  the  instrument,  parallel  to  the  horizontal 
^ucis.     The  level  zero,  found  by  the  method  of  Art  213,  was 

1^  =  ^  30'M6 

*The  collimation  constant  for  the  mean  of  the  threads  was,  for 

circle  left, 

c  =  +  2".68 

The  observations  being  taken  for  the  purpose  of  determining 
the  moon's  azimuth,  we  shall  first  find  the  index  correction  of 
the  circle  from  the  known  star  Regulua.  From  the  Nautical 
Almanac,  we  take 

Regulus,  R.  A.  =       10*  0-  29*.32 
'*         Decl.  =  +  12^^  41'  16".6 
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The  hour  angles  of  the  star  at  the  two  observations  are,  t1 
fore, 

Circle  R    (  =  2*  31-  37'.60 
Circle  L.    t  =  2  45     8  .58 

with  which  and  the  latitude  y  =  51°  28'  S7".84  we  find,  by 
I.  Art.  14,  the  stars'etrue  azimuth  and  approximate  zenith  dlsta 


Circle  B.     vC  =  62»  10  13".10 
Circle  L.     ^  =  55    50  39  .25 


=  49"  22" 
-51     4 


The  zenith  distances  are  apparent,  i.e.  afiected  by  refrac 
The  instrumental  correctiona  for  the  star  are  then  as  folio 


Circle  R. 
Circle  L. 


The  corrected  circle  readings  are,  therefore  (adding  18* 
the  reading  for  Circle  R.), 


i=l~l. 

±  *  cot , 

dieooMOf 

+    8".67 
+  10  .88 

-  r.45 
+  8  .79 

—  3".53 

+  3  .45 
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*  =  »-/, 

db  i  cot  s 

r^  e  OMee  « 

+  10".37 
+  10  .02 

+  2".36 
—  8  .01 

+  2".75 
—  2  .80 

CirdeL. 

-Applying  these  and  the  above  found  index  correction,  the  true 
azimuths  of  the  limb,  as  observed,  were 

Circle  L.  At  11*  26-  24*.41    Sid.  time,     A  =  809^  56'  25".80 
«     R    "  12     8    22 .81      "      "  A  =  818     0  45  .43 

But  thcJ  moon's  limb  was  slightly  gibbous ;  and  we  must  yet 
apply  the  correction  given  by  our  formulae  (229)  and  (230).  As  the 
oorrection  will  not  be  sensibly  diflferent  for  the  two  observations, 
'we  may  compute  it  for  the  middle  instant  between  them,  which 
corresponds  to  the  mean  solar  time  8*  67*  16'.    For  this  time,  we 

find 

Sun's  a  =  2»  44-  15'.74 

«      d=  +  15<^  54'.6 
from  which  we  deduce  the  sun*s  azimuth  and  zenith  distance 


a  =  186<^  4'.9 


d  =  102**  8M 


*J^d  hence,  taking  A  =  818®  58M  (the  mean  value),  we  find 

log  sin  X  =  n8.6670 

Xnce  sin  ]^  is  negative,  the  first  limb  is  defective.     Then,  since 
=  16'  86''.6,  and  the  mean  value  of  z  ='76®  14', 

dA  =  il^I^ILX  _  o".67 

sin  z 

rhich  is  to  be  added  to  the  above  values  of  A  to  obtain  the 
^^^zimuths  of  the  true  limb. 

Example  2. — The  following  observations  of  the  zenith  dis- 
^^iiances  of  the  collimator  and  of  the  moon's  lower  limb  were> 
^%3iade  at  Greenwich  with  the  "Alt-azimuth,"  Sept.  21,  1862. 


Collimator.    Circle  L. 

"     R. 


Circle  reading 

Leyel  reading 

C  +  i 

815**  47'  67".53 
160    23  30  .34 

74".68 
82  .46 

815«  49^  12'M6 
160    24  52  .80 

^=58      7     2  .48 
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The  vertical  transit  of  the  moon  was  observed  on  six  horizon 
threads,  as  follows : 


Tbrekd. 

Cloak. 

r,-r 

iial" 

I 

W  88-  ll'.S 

-  8-  48-.4 

27".22 

II 

89   47.0 

—  2      7.9 

8  .98 

III 

41    16.0 

—  0    88.9 

0  .88 

IV 

42    42.6 

+  0    47.6 

1  .24 

T 

44     6.5 

+  2    10.6 

9  .80 

TI 

46    27.0 

+  8    82.1 

24  .63 

fi^  ===  12  .01 


r=19  41  64.92 
dock  oarr.  =  +7.90 
Sid.  time     =19  42      2.82 

Circle  reading  :  =  Ml"  27'  12".55 

Level      "        I  =  +  80  .90 

C  + 1  =  341    28  33' .45 

Z=    68      7     2  .48 

z  =    76   88  29  .03 

This  zesith  distance  does  not  correspond  precisely  to  the  me 
time  T,  on  account  of  the  moon's  proximitjto  the  meridian.  ' 
obtain  the  correction  for  second  differences  by  our  formula  (22 
we  have  found  above  the  differencea  between  the  several  i 
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The  change  of  the  moon's  right  aBcenaion  in  one  minute  of 
mean  time  was  2'.40;  and  hence,  by  the  table  in  Art.  154, 

ar.  CO.  log  B  =  log  (1  —  ;)  =  9,9823 

We  have,  therefore,  the  correction 

^([-xy  km,  =  +  4:^7 

'^bich,  being  added  to  the  sidereal  time  above  found,  gives 
19*  42"  "'.19  as  the  sidereal  time  correepondiug  to  the  apparent 
zenith  distance  76°  38'  29".03. 

It  should  be  observed  that  in  the  observation  of  the  collimator 
one  of  the  horizontal  threads  is  made  to  bisect  the  cross  thread 
of  the  collimator,  and,  therefore,  in  order  to  make  the  circle 
readings  correspond  to  the  mean  of  the  threads,  they  must  be 
increased  by  the  distance  of  the  horizontal  thread  employed 
from  the  mean.  In  the  above  observations  the  4th  thread  was 
employed,  tiie  distance  of  which  from  the  mean  of  the  aix 
threads  was  1'  0".48.  This  quantity  is  included  in  the  circle 
t^ttdinga  above  given,  so  that  they  represent  the  readings  that 
■^^ould  have  been  obtained  if  the  fictitious  thread  called  the  mean 
thread  had  aetually  been  observed  in  coincidence  with  the 
tlireadti  of  the  collimator. 

In  conclusion,  it  is  to  be  remarked  that  stars  may  be  observed 
ooth  directly  and  by  reflection  in  a  mercury  horizon,  in  which 
<iase  the  difference  of  the  readings  of  the  vertical  circle  (corrected 
'or  any  change  in  the  alidade  levels,  &c,)  will  be  twice  the  atti- 
ttade.  The  combination  of  the  reflected  observations  in  both 
t>«sitions  of  the  axis  gives  the  nadir  point  of  the  instrument, 
t»recisely  as  the  zenith  point  is  obtained  from  the  direct  obser- 
v-ations.  The  method  of  conducting  such  observations  will  be 
•*«adi!y  inferred  from  what  has  already  been  said  under  Meridian 
Circle,  Art.  200. 

fFor  an  example  of  the  nse  of  a  portable  instrument  in  de- 
termining the  longitude  of  a  place  by  the  moon's  azimuth,  see 
^ol.  L  p.  380.] 
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THE  ZENITH   TELESCOPE. 

224,  The  zenith  telescope  is  a  portable  instrnment  epeciaUy 
adapted  for  the  measurement  of  small  differences  of  zenith  dis- 
tance. It  is  essentially  the  invention  of  Capt,  Andrew  Talcott, 
of  the  U.  S.  Corps  of  Engineers  (in  1834) ;  hut,  having  been  exclu- 
sively adopted  in  the  TJ.  8.  Coast  Survey  for  the  detemiiuatiou 
of  latitudes,  it  has  there  received  several  improvemeute,  which 
have  given  it  a  more  general  character  than  it  possessed  at  first, 
Ab  now  constructed,  it  can  he  used  at  all  zenith  distances,  and 
maybe  regarded  as  designed  for  the  comparison  of  any  two  nearly 
equal  zenith  distances  in  any  azimuths.  The  method  of  finding 
the  latitude  by  this  instrument,  now  known  as  TalcoU'a  Method, 
is  one  of  the  most  valuable  iraprovemeuts  in  practical  astronomy 
of  recent  years,  surpassing  all  previously  known  methods  (not 
excepting  that  of  Bessel  by  prime  vertical  transits)  both  lu  sim- 
plicity and  in  accuracy. 

Plate  Xm,  represents  one  of  the  zenith  telescopes  of  the 
U.  S,  Coast  Survey.  The  telescope  is  attached  to  one  end  of  a 
horizontal  axis  Q,  and  is  counterpoised  by  a  weight  0  at  the 
other  end,  which  is  so  connected  with  the  telescope  by  the 
curved  lever  P,  P,  P  as  to  tend  not  only  to  equalize  the  pressure 
of  the  axis  Q  upon  the  two  Vs,  but  to  prevent  the  flexure  of  the 
axis.  The  Vs  of  the  horizontal  axis,  one  of  which  is  seen  at  N, 
are  connected  with  each  other  by  the  horizontal  bar  M,  and 
thereby  to  the  vertical  column  C.  Tliis  colnmn  revolves  about 
a  vertical  axis  and  carries  a  vernier  and  clamp  e,  by  means  of 
wliich  it  may  bo  set  at  any  reading  of  the  horizontal  circle  BB. 
The  vertical  axis  and  horizontal  circle  are  secured  to  a  tripod, 
the  feet  of  which.  A,  A,  A,  are  levelling  screws  for  adjusting  the 
verticality  of  the  axis.  The  striding  level  S  is  applied  to  the 
horizontal  axis,  as  in  the  case  of  the  transit  instrnment. 

We  now  come  to  the  distinctive  features  of  the  instrument, 
the  spirit  level  L  and  the  micrometer  E.     The  level  L  is  at  right 
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a.nglefi  to  the  horizontal  axis,  and,  conaequently,  in  the  plane  of 

KiBotion  of  the  telescope,  and  is  tirmly  connected  with  tlie  tar  //, 

'^^'hich  revolves  upon  a  centre  secured  to  the  telescope :  so  that 

it  may  be  placed  at  any  angle  with  tlio  optical  axie  of  the  telo- 

^KOpe.    In  order  to  set  the  level  at  any  given  angle  approximately, 

-«he  bar  H  carries  a  vernier,  which  by  tlie  clamp  /  can  be  fixed 

^t  any  reading  of  the  vertical  circle  it,  and  this  circle  is  perma- 

Tnently  connected  with  the  telescope.  This  circle,  being  graduated 

from  0°  at  its  middle  point  to  90°  in  each  direction,  will,  when 

properly  adjusted,  give  the  zenith  distance  of  a  star  towards 

which  the  telescope  is  directed  when  the  bubble  of  the  level  is 

in  the  middle  of  the  tube ;  and  it  therefore  sen-es  as  a  finder  by 

setting  the  vernier  upon  the  given  zenith  distance  of  a  star  nnd 

then  revolving  the  telescope  until  the  bobble  plays.     When  llio 

telescope  is  thus  approximately  set,  it  is  clamped  by  the  screw 

G.  which  acts  upon  a  circular  collar  around  the  horizontal  axis, 

and   then  a  fine  motion  iu  zenith  distance  can  be  given  to  (he 

telescope  by  the  taugeut  screw  F.     This  fine  motion  is  required 

oniy  ui  bringing  the  bubble  of  the  level  nearly  to  the  middle  of 

tlic  tube. 

£  is  a  filar  micrometer  with  one  or  more  movable  threads 
Curried  by  a  single  micrometer  screw  with  a  graduated  head 
reading  directly  to  hundredths  of  a  revolution,  and  by  estima- 
tioa  to  thousandths.  In  the  instruments  in  use,  one  revolution 
is  usually  less  than  50",  and  hence  each  observation  is  read  otf, 
\»y  estimation,  within  less  than  0".05.  There  are  usually  added 
several  fixed  vertical  threads,  so  that  the  instrument  can  be  used 
aa  a  transit  instrument  when  required. 

In  the  preliminary  adjustment,  when  setting  up  the  inBtm- 
ment,  tbeitest  of  the  verticality  of  the  axis  C  is  that  the  reading 
of  the  striding  level  S  is  not  changed  while  the  instrument  makes 
a  complete  revolution  in  azimuth.  The  perpendicularity  of  the 
"horizontal  and  vertical  axes  Q  and  C  is  proved  when,  after 
"having  made  C  vertical,  Q  is  horizontal ;  and  the  latter  is  proved 
by  reversing  the  level  5  upon  the  axis. 

The  middle  transit  thread  can  he  approximately  adjusted  by 
causing  it  to  coincide  wifli  a  very  distant  terrestrial  point  in  two 
positions  of  the  telescope  for  wiiieh  the  readings  of  the  hori- 
zontal circle  differ  exactly  180°.  This,  however,  is  but  an 
approximation;  foi'  there  wili  be  a  parallax  in  the  apparent 
position  of  auy  terrestrial  point  aa  observed  in  tlie  two  positions, 
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since  the  absolute  poaition  of  tlie  centre  of  the  telescope  Is 
chaugeJ  by  twice  its  coiistiint  distance  from  the  vertical  axis. 
We  can  easily  compute  the  amount  of  this  pnralUx  in  a  given 
case  and  allow  for  it ;  for  ifd  =  the  distance  of  tlie  centre  of  the 
telescope  from  the  vertical  axis,  D  ^  the  distance  of  the  object, 
and  p  =  the  parallax,  we  have  -^^ 


^       D  Bin  1"  ^^ 

but,  as  the  horizontal  circle  is  not  desig^ied  for  very  accurate 
measures,  it  will  not  nsuiiUy  be  worth  while  to  use  this  method 
further  than  to  make  a  first  adjustment.  A  perfect  adjustment 
can  be  directly  eftected  by  the  use  of  two  colliniating  telescopes 
(Transit  Inst.,  Art.  145),  for  which  we  can  temporarily  use  the 
telescopes  of  two  theodolites  or  other  field  iustruments  at  hand. 
When  the  inatrumcnt  is  used  as  a  trausit,  the  collimation  con- 
stant can  be  determined  from  a  number  of  stars  obser\'ed  in  the 
two  positions  of  tlie  axis  by  the  method  of  least  squares,  sup- 
posing two  dififerent  azimuths  but  the  same  collimatii'U  in  the 
two  sets  of  equations  of  condition,  as  in  the  example,  p.  202. 

The  verticality  of  the  transit  threads  is  proved  by  the  methods 
used  for  the  transit  instrument. 

In  fiudiug  the  latitude  by  meridian  observatioDs,  the  instru- 
ment is  frequently  revolved  in  azimuth  180°  for  the  alternate 
observation  of  north  and  south  stars,  and,  to  save  time  in  this 
operation,  two  stops,  b,  b,  are  provided,  which  can  be  clamped 
'  at  any  points  of  the  limb  of  the  horizontal  circle,  and,  conse- 
quently, at  such  poiuts  that  the  telescopQ  shall  be  in  the  meri- 
dian when  the  clump  e  bears  against  either  stop. 

225.  Talcoit's  method  of  finding  ike  latitude. — Two  stars  are 
selected  which  culminate  at  uearly  equal  zenith  distances,  one 
north  and  the  other  south  of  the  zenith.  The  diflerence  of  their 
zenith  distances  must  bo  leaa  than  the  breadth  of  the  field  of  tlie 
telescope,  and  it  is  better  to  have  it  less  than  halt'  this  breadth,  to 
avoid  observations  near  tlie  edge  of  the  field.  Their  right  aaccn- 
bions  should  be  nearly  equal,  so  that  fteir  transits  may  occur 
within  80  short  a  period  that  the  state  of  tlie  instrument  may  bo 
assumed  to  liavo  remained  unchanged;  but  a  sufficient  interval 
should  be  allowed  for  making  the  necessary  observation  of  the 
level  and  micrometer  and  for  reversing  in  azimuth.     The  f 
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luviiig  been  previously  set  (by  means  of  some  known  star)  so  as 
lo  mark  tbe  meridian,  the  finding  circle  ^ia  set  to  the  mean 
zenith  distance  of  the  two  stars,  and  the  telescope  is  pointed  so 
as  to  make  the  reading  of  the  level  L  nearly  zero.  The  tele- 
scope can  now  be  directed  upon  either  etar  by  revolving  the 
instrument  about  the  vertical  axis,  and  this  axis  is  supposed  to 
be  so  nearly  vertical  that  the  reading  of  the  level  will  not 
be  greatly  changed,  since  for  accurate  determinations  with  a 
spirit  level  it  is  always  important  to  make  the  inclinations  which 
it  b  to  measure  as  small  as  possible,  and  not  to  use  the  extreme 
divisions.  The  chronometer  times  of  the  transits  of  the  stars 
have  been  previously  computed  from  their  right  ascensions  and 
the  chronometer  correction.  The  instrument  being  set  for  the 
star  wbioh  culminates  first,  when  the  star  comes  into  the  field 
an  assistant  calls  the  eecouda  of  the  chronometer,  and  the 
observer  bisects  the  star  by  the  micrometer  thread  as  nearly  as 
pos^ble  at  the  computed  time  of  transit ;  or,  failing  in  doing 
this  satisfactorily,  be  bisects  it  soon  after,  and  records  the  actual 
time  of  the  observation.  He  then  reads  the  level  and  micro- 
meter, revolves  the  instrument  180°,  and  observes  the  second 
star  in  the  same  manner. 

Several  bisections  of  the  star  might  be  made  while  it  is  passing 
through  the  field,  and  each  could  he  reduced  to  the  meridian; 
but  in  the  Coast  Survey  a  single  deliberate  meridian  observa- 
tion is  regarded  as  preferable  to  several  circummeridian  obser- 
vUioDB.* 

We  must  not  fail  to  remark  that,  since  the  excellence  of  this 
method  depends  upon  the  invariability  of  the  augle  which  the 
telescope  and  level  make  ^vith  each  other,  the  observer  must  not 
toneh  the  tangent  screw  /  after  having  set  for  the  proper  zenith 
distance,  until  the  observation  of  the  two  stars  is  completed. 
The  same  restriction  does  not  apply  to  the  tangent  screw  F, 
which  moves  the  telescope  and  level  together;  and,  in  case  the 
vertical  axis  is  not  very  well  adjusted,  it  may  be  necessary  to 


ia  preforable 
be  Tog>rilBd 


■  The  single  obnerTAl' 
rBduoiioDs,  but  il  cann 
properly  laken  obacrral 
u  found  ID  the  present  iMIe  of  Che  s 
*ilh  the  lenilb  iGlcsoopo  is  subject  I' 
in  mast  of  Ilia  cstntogueB  thnt  hui 
■tntpltf;  the  indiTidDal  obrarrationa  i 
pain  of  Btnn. 


of  nimplicii/  in  the  subsequent 
than  the  mean  of  ieTeral 
rcuflon  for  preferring  the  single  obserration 
oat&logues,  for  eTEn  tlie  single  ebservation 
IcfiE  probable  error  than  the  place  of  the  sLat 
0  be  used.  It  is.  therefore,  preferable  to 
to  multiply  obserTntiaos  \ty  laking  diSaraat 
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nee  tbm  screw,  aiter  turniag  to  the  secood  star,  in  .order  to  brin^ 
the  bubble  of  the  level  near  the  middle  of  the  scale. 

Now  let  m  be  the  micrometer  reading  "(reduced  to  arc)  for  the 
Bouthera  star.  Let  iii-„  be  the  micrometer  reading  for  any  point 
of  the  field  arbitrarily  assumed  as  the  micrometer  zero ;  and  let 
Zf  be  the  apparent  zenith  distance  repreeented  by  m^  when  the 
level  reading  is  zero.  Let  ue  also  suppoBo  that  the  micrometer 
readings  increase  as  the  zenith  diatancea  decrease.  Then,  if  the 
level  reading  were  zero,  the  apparent  zenith  distance  of  tho  a 
would  be 

z,  +  (m.  -  m) 

Let  I  be  the  equivalent  in  arc  of  the  level  reading,  positive  when 
the  reading  of  the  north  end  of  the  level  is  the  greater;  let  r  be 
the  refraction.     Then  the  true  zenith  distance  of  the  southi 


9  8t|^ 

when 
:rbe 
itliej|^_ 


The  quantity  2,  4-  ni«  ia  constant  so  long  aa  the  relation  of  the 
level  and  telescope  is  not  changed.  We  shall,  therefore,  have 
for  the  northern  star 


s  have 

r  —  ^  ^=m'  —  m  +  r -fl  +  r  — 


4 


But,  if  3  and  3'  are  the  declinations  of  the  south  and  north  BtarSj^ 

respectively,  and  p  the  latitude,  we  have 


and,  therefore, 


_^,^^m) 


Thua,  to  the  mean  of  the  declinations  we  have  tp  add  three 
rectioae,  which  I  shall  consider  separately. 


226,  The  correction  for   refractim. — The    observationa  bei 
usually  restricted  to  zenith  distances  less  than  SS",  and  the  differ- 
ence of  Kenith  distance  being  neceesarily  less  than  the  breadth 
of  the  field  of  the  telescope,  the  difference  of  the  refraction* 
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a^iiall  that  the  variations  depending  on  the  state  of  the  barom- 
ter  and  thermometer  are  not  sensible,  and  we  maj  employ  the 

dz 

mn  which,  if  z  -—  z'  is   expressed  in  minutes,  the  differential 

4qaotient  -j-  will  denote  the  change  of  the  mean  refraction  cor- 

xesponding  to  a  change  of  one  minute  of  zenith  distance.    If 
^we  take  Bessel's  formula  for  the  refraction, 

r  =  a  tan  z 

in  which  a  may  be  regarded  as  constant  for  small  variations  of 
e,  we  have 

df a  sin  1' 

dz         cos'z 

by  which  we  readily  form  the  following  table : 


s 

dr 
dt 

0« 

0".0168 

5 

.0169 

10 

.0173 

15 

.0180 

20 

.0190 

25 

.0205 

The  principal  term  in  the  value  of  2  —  z'  is  m'  —  m,  and  we 
tuay  in  practice  take  (m'  —  m  being  expressed  in  minutes) 


J(r~r')  =  K^'~^) 


dz 


(234) 


The  correction  for  refraction  then  has  the  same  sign  as  the  cor- 
rection for  the  micrometer.* 


*  If  w«  wiih  to  consider  the  actual  state  of  the  air  as  giTcn  by  the  barometer  and 

tbcfoiometer,  we  haTo  only  to  multiply  the  yalues  of  ---  by  ^  and  7,  whose  loga- 

dz 

rillims  art  giTtn  in  Table  IL 
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227.  The  correction  for  lecel. — If  we  denote  the  readings  of  the 
north  and  south  ends  of  the  Inibble  by  ii  and  s,  the  incliiiationa 

observed  at  the  obsen'ationa  of  the  south  and  north  stare,  re- 
spoctiveij',  expressed  in  diviHious  of  the  level,  or,  as  I  shall  call 
them,  the  heel  readings,  will  be 

2  2 

and,  patting  D  —  the  value  of  a  division  of  the  level  in  eeconds 
of  arc,  we  shall  have  ^aJ 

and  the  correction  for  the  level  will  be 

U''  +  0=K-f  +  i)-O  =  ('-^--=^'^^±^)j'        (235) 

Thus  tlie  correction  for  the  level  is  found  with  its  proper  sign  by 
aahtracting  the  sum  of  the  south  end  readings  from  the  sum  of 
the  north  eud  readings,  and  multiplying  oue-fourth  the  remainder 
by  the  value  of  a  division. 

228.  The  eorrection  for  the  niicromeier. — If  we  denote  the  actual 
micrometer  readings  for  the  south  and  north  stars  by  M  and  M', 
expressed  in  revolutions  of  the  serew,  and  put  R  =  the  value  of 
a  revolution  in  seconds,  we  have 

^  (m'  —  m)  =  ^  ( Jf'  —  M)R  (236) 

We  have  supposed  the  readings  to  increase  as  the  zenith  dis- 
tances decrease,  or,  which  is  the  same  thing,  that  the  readings 
increase  from  the  upper  part  of  the  field  towards  the  lower  part. 
This  is  desirable  only  on  a^'count  of  the  symmetry  it  gives  to  the 
reductions,  the  proper  sign  of  the  correction  being  determined,  as 
in  the  case  of  the  level,  by  always  subtracting  south  readings 
from  north  readings.  But  it  is  well  to  reverse  the  instrument 
oceaeionally,  using  the  telescope  sometimes  on  the  right  and 
sometimes  on  the  left  of  the  vertical  axis,  in  order  to  eliminate 
any  unknown  peculiar  error  of  the  instrument,  and  in  conformity 
with  the  general  principle  of  varying  the  circumstances  under 
which  different  determinations  of  the  same  quantity  are  made. 
This  reversal,  of  course,  reverses  the  sign  of  the  readings,  and 
therefore  when  the  readings  are  the  reverse  of  those  above  sup- 
posed it  will  be  sufficient  to  mark  them  all  Avith  the  negativ« 
sign,  and  then  to  proceed  by  the  same  formulie  as  before.       ^^H 
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229.  MedueHon  to  ihe  meridian. — ^When  from  any  cause  the 
observer  faik  to  obtain  the  meridian  observation,  a  single  extra- 
meridian  observafion  is  usually  substituted.  Tbia  observation 
may  be  taken  in  either  of  two  ways. 

I^sL  The  instrument  is  left  clamped  in  the  meridian,  and  the 
star  is  observed  at  a  certain  distance  from  the  middle  vertical 
thread,  the  time  being  noted.  The  reduction  to  the  meridian  is 
then  the  same  as  for  the  meridian  circle  (Art.  199),  namely,  t 
being  the  hour,  angle  of  the  star  in  seconds  of  time, 

i(15T)«sinl"Bin2^ 

This  is  to  be  added  to  the  observed  zenith  distance  of  a  southern 
star,  or  subtracted  from  that  of  a  northern  star,  and  in  either  case 
one-half  of  it  is  to  be  added  to  the  latitude.  The  correction  to 
the  latitude  is,  therefore, 

X  ==  i  (15  r)«  sin  1"  sin  2  ^  =  [6.1347]  t«  sin  2  d  (287) 

when  one  of  the  stars  of  a  pair  is  observed  out  of  the  meridian. 
If  both  are  so  observed,  two  such  corrections,  separately  com- 
puted for  each,  must  be  added.  If  the  star  is  south  of  the 
equator,  the  essential  sign  of  the  correction  is  negative. 

Secondly/.  We  may  follow  the  star  off  the  meridian  by  revolving 
the  instrument  in  azimuth,  keeping  the  star  near  the  middle 
vertical  thread.  The  reduction  is  then  the  same  as  that  of 
circummeridian  altitudes  (Vol.  I.  Art.  170),  namely, 

(15  t)*  sin  1"  cos  ^  cos  d 
2  sin  ^ 

which  is  always  subtractive  from  the  observed  zenith  distance, 
and  therefore  the  correction  to  the  latitude  in  this  case  will  be 

^^  ^  (15r)' sin  1"  cosy  COB  ^ 

4  &m  2 

the  upper  mgn  for  a  northern  and  the  lower  for  a  southern  star. 

280.  Selection  of  stars. — The  fundamental  stars  whose  declina* 
tions  are  determined  with  the  highest  degree  of  precision  are  too 
few  to  afford  suitable  pairs  for  this  method,  and  hence  we  must 
have  recourse  to  the  smaller  stars.  Those  of  the  6th  or  7th 
magnitude  are  the  smallest  that  can  be  easily  observed  with  a 
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portable  instrument.  But,  as  the  decllDations  of  these  etara  are 
not  very  prcc^iaely  determined,  we  are  obliged  to  employ  a  large 
number  of  pairs  iu  order  to  eliminate  their  errors  as  far  as  possi- 
ble by  taking  the  meau  of  all  the  results.  The  British  AaBOCia- 
tion  Catalogue  will  generally  furnish  from  fifteen  to  thirty  ])air3 
for  any  given  latitude  on  almost  any  night  in  the  year,  but,  as 
the  declinations  of  the  stars  select-ed  will  often  be  found  to  rest 
upon  a  single  observation,  or  upon  a  single  authority,  theee  ought 
to  be  rejected  unless  they  can  be  found  also  in  more  recent 
catalogues.  In  order  to  secure  every  available  pair,  the  catalogue 
should  be  consulted  from  ihe  curliest  right  ascension  which  the 
daylight  at  the  time  of  the  beginning  of  the  series  of  obaer\'a^ 
tious  permits,  to  the  latest  hour  at  which  it  is  desirable  to  obsei-ve. 
It  is  found  expedient  to  prepare  a  table  in  which  all  the  stars 
which  culminate  within  25°  of  the  zenith,  both  north  and  south, 
are  arranged  in  the  order  of  their  right  aBccnsions.  From  this 
table  suitable  pairs  are  selected  to  satisfy  as  nearly  aa  possible  the- 
following  conditions:  1st,  The  difference  of  the  zenith  diatauecB 
in  a  pair  should  not  be  more  than  10' ;  in  order  not  to  have  to 
observe  either  star  near  the  edge  of  the  field,  and  also  in  order 
to  lessen  the  effect  of  an  error  in  the  determination  of  the  value 
of  the  micrometer  screw.  2d,  The  difference  of  tlie  right  ascen- 
sions of  a  pair  should  not  be  less  thun  one  minute,  bo  as  to  give 
time  to  read  the  micrometer,  and  to  revolve  the  instrument  to 
be  prepared  for  the  second  star;  and  not  greater  than  about 
twenty  mincitea,  to  avoid  changes  in  the  state  of  the  instrument. 
8d,  The  interval  between  pairs  should  afford  time  for  reading 
the  micrometer  and  level,  and  for  setting  the  instrument  for  the 
next  pair.  4th,  The  greater  zenith  distance  should  be  aa  often 
that  of  the  northern  aa  that  of  the  aouthern  star,  aa  an  error  in 
the  value  of  the  micrometer  screw  will  thereby  be  rendered  lesa 
sensible.  The  effect  of  such  an  error  would  evidently  be  wholly 
insensible  in  the  case  of  a  pair  wboee  zenith  distances  were 
exactly  equal ;  and,  in  general,  for  any  number  of  pairs  the  effect 
of  Bueh  an  error  upon  the  final  result  will  be  the  nore  nearly 
insensible  the  more  nearly  wc  approach  to  the  conditiou 

Sz  —  Iz'=0  f239) 

281.  Example. — To  illustrate  the  preceding  method,  I  extract 
from  the  records  of  the  U.  S.  Coast  Snr\'ey,  by  the  kind  permit 
sion  of  the  Superintendent,  a  portion  of  the  observations  taj|^f^| 
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the  Boiiifn  Slaiion^  Virginia,  in  July,  1852,  and  shall  ^ve  them 

"^eiy  nearly  in  the  Ibmi  in  which  they  are  recorded  and  reduced 

^cipon  the  survey.    After  selecting  the  most  suitable  pairs  of  stars 

T>y  the  process  above  described,  a  list  is  made  out  for  the  use  of 

^e  observer  in  preparing  for  each  observation,  a£  follows : 

Programme  for  Zenith  Telescope. 
U.  8.C.  S.  Rosljn  Station,  Va.  Approx.  lat.  =  87<»  14' 


Star. 

Mag. 

AR. 

Deo. 

Zen.  Diet. 

Setting. 

B.A  C.4843 
«      4902 

6 

6 

14»  33- 
14  48 

21* 

37 

+  45°    3' 
29    14 

7049' 
8      0 

N. 
S. 

7°  56' 

«      4902 
«      4965 

■ 

6 
5J 

14  43 
14  57 

37 
55 

29    14 
45    14 

8      0 
8      0 

S. 

N. 

8     0 

«      4991 

6 

15     2 

2 

26    52 

10    22 

S. 

«      5092 

7 

15  20 

21 

47    35 

10    21 

N. 

10    21 

«      5092 

7 

15  20 

21 

47    35 

10    21 

N. 

*«      5192 

5 

15  36 

33 

26    46 

10    28 

S. 

10    24 

&c. 

&c. 

The  following  are  some  of  the  observations  taken  by  Mr.  Dean 


Date, 
1852. 

Star. 

Micrometer. 

Level 

• 

Merid. 
diet. 

No. 
B.A.C* 

N. 
8. 

Beading. 

Diff.  Z.  Dist. 

N. 

S. 

N       8. 

July  9 

4843 
4902 

N. 
S. 

RaT. 

29.590 
12.340 

Ker. 

+  17.250 

32.4 
34.0 

35.0 
35.3 

—  8.9 

« 

«     9 

4902 
4965 

S. 

N. 

12.340 
13.990 

+    1.650 

34.0 
33.8 

35.8 
37.0 

4.5 

**     9 

4991 
5092 

S. 

N. 

23.810 
25.525 

1 

+    1.715 

31.2 
89.2 

39.5 
33.0 

—  2.1 

"     9 

5092 
5192 

N. 
S. 

25.525 
14.800 

+  10.725 

39.2 
32.8 

33.0 
41.0 

—  2.0 

^  19 

5911 
5922 

S. 

14.805 
26.675 

—  11.870 

48.5 
43.0 

43.6 
49.0 

—  1.1 

lO'.O 

"  20 

6453 
6580 

S. 

N. 

8.225 
5.360 

2.865 

44.4 
50.2 

49.4 
43.5 

+  1.7 

20.5 
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The  atara  5911  and  6453  were  observed  out  of  the  meridian  at 
the  hour  angles  10*.9  and  20*.5,  reapectivelj,  the  instrument 
remaiuiug  in  the  meridian. 

The  next  step  is  to  deduce  the  apparent  declinations  for  the 
dates  of  the  observations  from  the  catalogues,  using  for  this  pur- 
pose not  ouly  the  B.  A.  C,  but  also  any  later  catalogues  in  which 
the  stars  can  be  found. 

The  value  of  a  revolution  of  the  micrometer  waa  R  =  41".40, 
and  that  of  one  division  of  the  level  was  D  —  1".G5.  The  com- 
putation of  the  latitude  is  then  as  follows: 


1  (*  +  *■) 

(Vnclku. 

UtJCsda. 

BUT. 

4y02 

luiif 

Uicrom. 

Ltiel. 

.* 

Hum. 

+45"  ffee-.Be 

8'  29".2I 

-|-5'57",0B 

-1".61 

-]-0".10 

37"  14'  24''.7B 

+29    U     1  .85 

Ji 

4965 

29    U     1  .85 
45    18  48  .64 

87 

13  52  .76 

+0  34  .15 

-1  .86 

+0.01 

25  .05 

4UH1 
51)92 

26   62  24  .73 
47   85  IB  .37 

87 

18  50  .55 

+0  36  .50 

-0.87 

+0.01 

25  .19 

J>IB2 
5192 

26   46  18  .52 

B7 

10  44  .95 

+8  42  .01 

— 0  .63 

+0.06 

36  .19 

5922 

4g   23  22  .47 

26    13  41  .3h 

37 

—0.46 

—0.07 

+0.02 

25  .71 

IS  81  .9. 

4    5.71 

ei5£ 

22   27  47  .81 
52     3     0  .31 

87 

IS  23  .81 

-0  69  .31 

-1-0  .70 

-0  ,02 

+0.M 

25  .22 

232.  Discussion  of  the  results. — In  combining  the  results  ob- 
tained by  this  method,  we  should  have  regard  to  their  respective 
weights.  The  weight  of  any  result  from  a  pair  is  a  function  of 
the  probable  error  of  the  declinations  of  the  stars  and  of  the 
probable  error  of  ohservation. 

The  probable  error  of  an  observation  of  a  single  pair,  which 
may  be  denoted  by  e,  is  found  by  comparing  all  the  observations 
on  the  same  pair  with  their  mean,  where  a  sufficient  number  of 
observations  have  been  taken.  Assuming  that  the  probable 
error  of  observation  is  the  same  for  every  pair  of  stars,  we  can 
find  its  mean  value  from  all  the  pairs,  as  follows.  If  u,  denotes 
the  residuals  obtained  by  comparing  tlie  mean  of  the  results  by 
the  first  pair  with  n,  individual  results  from  that  pair,  r,  the 
residuals  obtained  in  like  manner  from  a  second  pair  on  which 
there  are  n,  observations,  and  so  on,  to  m  pairs,  we  have,  accord- 
ing to  the  theory  of  leaat  squares, 


M 
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(n,  —  1)  ec  =  yt  [v^vj 
(n,  —  1)  ee  =  ^»  [r.rj 
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where  [t>|Vj  4c.  denote  the  sums  of  the  squares  of  the  values 
of  Tj,  4c.,  and  q  is  the  factor  for  reducing  mean  errors  to  pro- 
bable errors.  (See  Appendix,  Art.  15.)  The  sum  of  these  equa- 
tions gives 

(n  —  m)ee  =  q*  [w] 

where  n  denotes  the  whole  number  of  individual  results,  or  n 

=  n,  +  w,  + +  ^m>  ^^^  [^^]  ^®  8um  of  the  squares  of  all 

the  residuals,  or  [yv]  =  [^i^i]  +  [i^v^']  + +  [vj^^.    Hence 

we  have 


^  n  —  m 


q  =  0.6745 


(240) 


ExAMPLB. — The  individual  resultfl  of  the  whole  series  of  ob- 
servations at  Roslyn  in  July,  1852,  from  which  the  above  are 
extracted,  were  as  stated  in  the  following  table,  in  which  only 
the  seconds  of  latitude  are  given. 

7b  find  the  error  of  obtervation. 


No.  of 
pair. 

Lst. 

Means 

« 

vv 

1 

24".78 

2 

25  .05 

V 

25  .19 

24  .47 

24".88 

.86 
.86 

.1296 
.1296 

i 

26  .19 

25  .94 

26  .47 

26  .20 

.01 
.26 

.27 

.0001 
.0676 
.0729 

i 

25  .52 

26  .08 
26  .14 

25  .91 

.89 
.17 
.28 

.1521 
.0289 
.0529 

•{ 

22  .95 
22  .50 

22  .78 

.22 
.28 

.0484 
.0529 

T»  find  tlM  iTTor  0/  obttmttion. — GonUiinvd. 


No.  of 

Lai. 

Moon*. 

p»ir. 

26".2G 

.33 

.1089 

25  .42 

.51 

.2601 

7 

25  .96 

26  .01 
25  .98 
25  .96 

25  .47 
SI  .97 

26".93 

.03 
.08 
.05 
.03 

.29 
.21 

.0009 
.0064 
.0025 
.0009 

.0841 
.0441 

B. 

24  .95 

25  .30 

25  .18 

.23 
.12 

.0629 
.0141 

24  .99 

.19 

.0361 

25  .38 

.20 

.0400 

r 

25  .17 

.72 

.6184 

25  .64 

.25 

.0626 

i 

20  .00 
26  .46 
26  .17 

25  .92 

25  .89 

.11 

.56 
.28 

.13 

.0121 
.8136 
.0784 

.0169 

10 

2.5  .46 

25  .70 

26  .09 

26  .15 

25  .79 

.33 
.09 
.30 

.62 

.1089 
.0081 
.0900 

.3844 

11 

24  .24 
24  .43 

24  .63 

.29 
.10 

.0841 
.0100 

■ 
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Tofndth$  error  of  obtervaiion, — Concluded. 


No.  of 
pair. 

iftt. 

Means. 

r 

w 

f 

26".94 

.08 

.0064 

16- 

26  .74 
26  .23 

26".02 

.72 
.21 

.5184 
.0441 

V 

25  .18 

.84 

.7056 

25  .82 

.40 

.1600 

17  J 

26  .01 
24  .99 

26  .42 

.59 
.43 

.3481 
.1849 

V. 

24  .86 

.56 

.8186 

f 

26  .87 

.29 

.0841 

18- 

25  .94 

26  .84 

26  .08 

.14 
.24 

.0196 
.0576 

X 

26  .16 

.08 

.0064 

r 

25  .97 

.25 

.0625 

19- 

25  .92 
25  .60 

25  .72 

.20 
.12 

.0400 
.0144 

X 

26  .87 

.35 

.1225 

f 

26  .02 

.32 

.1024 

20- 

26  .67 
26  .89 

25  .70 

.03 
.19 

.0009 
.0361 

I 

26  .20 

.50 

.2500 

r 

26  .32 

.39 

.1521 

2lJ 

25  .49 

25  .93 

.44 

.1936 

I 

25  .97 

.04 

.0016 

n 

m 

n  —  m 


73 
19 
54 


[in?]  =  11.0169 


>T  i^^^A^    /11.0169       ^„„^ 

^ence,  e  =  0.6745 \—^^  =  0".30 


This  small  probable  error  is  a  proof  both  of  the  great  supe^- 

Tiority  of  this  method  over  all  previously  known  methods^ 

finding  the  latitude,  and  of  the  skill  of  the  observer.     Possibly 

an  unusually  favorable  state  of  the  atmosphere  may  have  coa-^ 

spired  to  give  this  series  an  unusual  degree  of  precision,  as  the^ 

average  experience  of  the  observers  of  the  Coast  Survey  gives: 

the  value  of  e  somewhat  greater.     Not  to  assume  too  high  » 

degree  of  precision  for  the  observations,  the  adopted  value  upoa^ 

the  Survey  is 

e  =  r.50 
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and  even  this  valne  justifies  ns  in  iiBaerting  that  the  results  bj 
this  method  compare  favorably  with  those  obtiiiued  by  first  class 
fixed  instruments  of  the  observatory,  where  the  measures  depend 
upon  graduated  circles, 

But  the  precision  of  the  results  is  impaired  by  the  defertive 
state  of  the  catalogues  of  the  smaller  stars,  and  the  neeessity  for 
usiug  such  stars  lu  order  to  find  suitable  pairs  is  the  only  "weak 
point  of  the  method."  The  facility  of  multiplying  the  number 
of  pairs,  on  account  of  the  extreme  simplicity  of  the  observations, 
in  a  great  degree  compensates  for  this  defect. 

If  now  we  denote  the  probable  error  of  an  observed  zenith 
distance  by  r,,  we  have  the  probable  error  of  the  observed  differ- 
ence z  —  z'  =^  v'2e,*,  and  the  above  value  of  e  is  the  probable 
error  of  J  (z  —  z').    Hence  we  have  the  reUition  ,  ^^_ 


and,  taking  t  —  0".50, 


2e 


:  0".71 


which  represents  the  combined  effect  of  the  error  in  bisecting 
the  star,  the  culminatioa  error,  or  error  peculiar  to  a  culmina- 
tion arising  from  an  anomalous  variation  in  the  refraction  and 
affecting  differently  the  two  stars  of  a  pair,  the  errors  in  the 
values  of  the  micrometer  and  level  divisions,  and  errors  arising 
from  changes  in  the  instrument  (resulting  chiefly  from  changes 
of  temperature)  between  the  two  obseri'ations  of  a  pair.  Of 
these,  the  most  important  is  the  error  bi  bisecting  the  star, 
which  is  strictly  the  error  of  observation. 

233.  Having  found  the  probable  error  of  observation,  we  can 
determine  that  of  the  declinations  employed.  For  if  e  is  the 
probable  error  of  observation  of  the  mean  value  of  y  deduced 
from  all  the  observations  of  a  pair,  E,  the  probable  error  of  the 
mean  of  two  declinations,  E^  the  probable  error  of  the  latitude, 
coifcposed  of  the  errors  of  observation  and  declination,  we  have 


whence 


=  E.^+. 


E,'-- 


(241) 


The  mean  value  of  Eg  for  the  stars  employed  (or  for  a  given 
catalogue  when  all  the  declinations' Sre  taken  from  the  same 
catalogue)  will  be  obtained  from  this  equation  by  employing  in 
the  second  member  mean  values  of  E^'  and  t'.     A  mean  valae 
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oi  BS^  will  be  obtained  from  the  several  means  obtained  from 
tlie  several  pairs  (without  here  attempting  to  assign  different 
^▼eights  to  the  observations)  by  the  usual  method  from  the 
^K-esidaals.  The  value  of  e  may  be  obtained  for  each  pair  from 
^he  single  observations,  when  they  are  sufficiently  numerous ; 
T)nt,  as  we  wish  in  the  present  investigation  to  use  a]l  the  obser- 
^vations  even  where  a  pair  has  been  observed  but  once,  it  will  be 

expedient  to  compute  c  by  the  formula 


n 


in  which  e  is  the  probable  error  of  a  single  observation  of  a  pair 
already  found,  and  n  is  the  number  of  observations  of  that  pair. 
Then  the  mean  of  all  these  values  of  e'  is  to  be  used  in  (241), 
and  this  mean  is,  for  m  pairs, 

e«  =  -^  ri]  (242) 

From  the  observations  at  Roslyn  above  given,  we  form  the 
following  table : 

To  find  the  probable  error  of  declination. 


No.  of 
pair. 

UA. 

V 

t.» 

No.  of 
obi.  =  n 

1 

n 

1 

24".78 

.57 

.8249 

1 

1. 

2 

25  .05 

.30 

.0900 

1 

1. 

8 

24  .83 

.52 

.2704 

2 

0.500 

4 

26  .20 

.85 

.7225 

8 

0.383 

6 

25  .91 

.56 

.8136 

3 

0.383 

6 

22  .73 

2.62 

6.8644 

2 

0.500 

7 

25  .98 

.58 

.8364 

6 

0.167 

8 

25  .18 

.17 

.0289 

6 

0.167 

9 

25  .89 

.54 

.2916 

5 

0.200 

10 

25  .79 

.44 

.1936 

4 

0.250 

11 

24  .53 

.82 

.6724 

4 

0.250 

12 

25  .15 

^0 

.0400 

3 

0.333 

18 

25  .22 

.13 

.0169 

4 

0.250 

14 

24  .84 

.51 

.2601 

4 

0.250 

15 

25  .36 

.01 

.0001 

4 

0.250 

16  " 

26  .02 

.67 

.4489 

4 

0.250 

17 

25  .42 

.07 

.0049 

4 

0.250 

18 

26  .08 

.73 

.5329 

4 

0.250 

19 

25  .72 

.37 

.1369 

4 

0.250 

20 

25  .70 

.35 

.1225 

4 

0.250 

21 

25  .93 

.58 

.8364 

3 

0.333 

Mean  =  25  .35  \vv\  =12.0083 


[i]= 


7.866 
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B..  =  0.466  xi?^  =  0.2Ta        ..^gyX  7.366^ 
*  20  20 

£(•  =  0.240  E,  =  0".49 

The  result  is  the  probable  error  of  the  quantity  \{d  -\-  d').     That 
of  a  single  declination  is,  tlicrefore,  0".49  X  j/-  =  0".69. 

If  all  the  declinations  had  been  taken  from  the  same  aathoritv, 
the  probable  error  thus  found  would  have  dctomiined  the  weight 
of  that  authority,  and  could  aftenvarda  be  used  in  assigning 
weights  to  difteront  observations.  For  this  purpose,  the  proba- 
ble errors  of  the  different  authorities  have  been  determined  from 
the  numerous  observations  of  the  Coast  Survey  by  discussions 
essentially  the  same  as  the  above  (of  course,  confining  each  dis- 
cussion to  stars  taken  from  the  same  source),  with  the  following 
results :  e,  denoting  the  probable  error  of  a  single  declination, 

Authority. 


Groombridge  alone 

B.  A.  0.  on    authority   of  Bradley,    Finzzi,  and 

Taylor 

The  same  with  additional  modern  authority 

Twelve  Year  (Gr.)  Catalogue,  with  less  than  six 

obsorvations 

Nautical  Almanac,  or  Twelve  Year  Catalogue, 

with  six  or  more  obBorvations 

284.  CombinaHon  of  Ihe  observations  hi/  weights. — Let  t,  and  e, 
denote  the  probable  errors  of  the  declinations  of  the  stars  of  a 
pair  on  which  there  are  n  observations;  then  the  probable  error 
of  J  (J +i')  is 

E.  =  I  v/C.,'  +  .,') 

and  that  of  the  latitude  is 


t( 

V 

r.5 

2.25 

I  .0 
0  .85 

1.00 
0.72 

0  .6 

0.36 

0  .6 

0.25 

^v--- 


+  ■; 


The  weight  p  of  an  observation  is  reciprocally  propol 
E^ ;  or,  since  the  scale  of  weights  is  arbitrary,  we  may  taJce 


di 


(248) 
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Adopting  the  Coast  Survey  value  e  =^  0".60,  we  have,  theiefore, 


;?  = 


'^"+'^"+\ 


(244) 


By  this  formula,  the  weight  unify  would  he  assigned  to  a  value 
of  the  latitude  found  by  a  single  observation  of  a  pair  xif  stars  when 
the  declinations  were  perfectly  exact,  or  to  a  value  found  by 
two  observations  on  a  pair  of  Nautical  Almanac  stars. 

The  stars  observed  at  Roslyn  were  really  taken  from  various 
authorities,  although,  for  the  sake  of  illustration,  we  have  dis- 
cassed  the  probable  error  of  their  declinations  as  we  should  have 
done  if  but  a  single  authority  had  been  used.  Let  us  now  find 
the  final  value  of  the  latitude  from  all  the  observations,  having 
regard  to  their  weights  as  determined  by  this  formula.  In  the 
following  table  the  values  of  e/  are  given  according  to  the 
authorities  from  which  their  declinations  are  taken,  as  stated 
in  the  table  at  the  end  of  the  preceding  article. 


No.  of 
pair. 

e*« 

•e«^ 

II 

P 

0 

P^ 

»  = 

pvv 

1 

1.00 

0.25 

1 

0.44 

24".  78 

10".90 

0".76 

0.26 

2 

0.25 

0.25 

1 

0.67 

25  .05 

16  .78 

0  .49 

0.16 

3 

0.36 

0.86 

2 

0.82 

24  .83 

20  .86 

0  .71 

0.41 

4 

0.86 

1.00 

8 

0.69 

26  .20 

15  .46 

0  .66 

0.26 

5 

1.00 

1.00 

8 

0.48 

25  .91 

11  .14 

0  .87 

0.06 

[6]» 

1.00 

1.00 

2 

[22  .73] 

7 

1.00 

0.25 

6 

0.70 

25  .93 

18  .15 

0  .89 

0.11 

8 

0.86 

1.00 

6 

0.65 

25  .18 

16  .37 

0  .86 

0.09 

9 

0.86 

0.86 

5 

1.09 

25  .89 

28  .22 

0  .85 

0.18 

10 

0.25 

0.25 

1.38 

25  .79 

84  .80 

0  .25 

0.08 

U 

1.00 

2.25 

0.29 

24  .58 

7  .11 

1  .01 

0.80 

12 

0.36 

1.00 

0.59 

25  .15 

14  .84 

0  .89 

0.09 

13 

1.00 

0.25 

0.67 

25  .22 

16  .90 

0  .82 

0.07 

14 

1.00 

0.25 

0.67 

24  .84 

16  .64 

0  .70 

0.88 

15 

1.00 

0.25 

0.67 

25  .36 

16  .99 

0  .18 

0.02 

16 

1.00 

0.36 

0.62 

26  .02 

16  .13 

0  .48 

0.14 

17 

1.00 

1.00 

0.44 

25  .42 

11  .18 

0  .12 

0.01 

18 

1.00 

1.00 

0.44 

26  .08 

11  .48 

0  .54 

0.18 

19 

1.00 

0.25 

0.67 

25  .72 

17  .23 

0  .18 

0.02 

20 

0.25 

0.25 

1.38 

25  .70 

34  .18 

0  .16 

0.08 

21 

0.25 

0.25 

8 

1.20 

25  .93 

81  .12 

0  .89 

0.18 

iis20 


[;>]  =  14.81  O^]  =  865  .47       Ipw]  =  2.86 


9% 


=  iP!^  =  25".54 


E^  =  0.6745 


^(^ 


Ipvv] 


1)M 


=  0".07 


*  The  result  bj  the  6th  pair  of  stars  is  rejected  by  Peirce*8  Criterion  (see  Appendix). 
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Hence,  the  final  result  from  tUeae  obaervationa  ib 
Lat.  of  Roslyn  =  37'  14'  25".54  ±  0".07 

235.  To  determine  the  value  of  a  division  of  the  level, — It  will 
gcnorally  bo  most  conveuietit  to  find  the  value  of  the  divieions 
of  the  le«^  by  the  aid  of  tlie  micrometer.  It  wouUl  8«om, 
therefore,  moat  natural  to  begin  by  dctiiriuiniug  tlie  value  oftho 
micrometer  screw;  but  it  will  be  seen  in  the  next  article  that  in 
the  investigation  of  the  screw  we  must  know  the  value  of  n 
division  of  the  level  in  parts  of  a  revolaiion  of  (he  screw.  This 
value,  then,  we  are  here  to  find,  and  afterwards,  when  the  micro- 
meter value  has  been  determined,  we  can  convert  it  into  arc. 

Let  the  telescope  be  directed  towards  a  well-defined  terrestrial 
mark,  or,  which  is  better,  to  tlie  cross-thread  of  a  collimating 
telescope.  Let  the  level  be  set  to  an  extreme  reading  L.  Bisect 
the  mark  by  the  micrometer,  and  let  the  reading  be  M.  Now 
move  the  telescope  and  level  together  [by  the  tangent  screw  F, 
Plate  XIH.]  until  the  bubble  gives  a  reading  L'  near  the  other 
extreme.  Bisect  the  mark  again  by  the  micrometer,  and  let  the 
reading  be  M'.  Then  the  value  d  of  a  division  of  the  level  in 
terms  of  the  micrometer  will  be 


(f  =  - 


M  —  M' 


(245) 


and  if  li  is  the  value  (in  seconds  of  arc)  of  a  revolution  of  the 
micrometer,  we  shall  afterwards  find  the  value  D  of  a  division 
of  the  level  in  seconds  of  arc,  by  the  formula 


B^Bd 


(246) 


Instead  of  a  terrestrial  mark  we  may  use  a  circumpolar  star 
at  ita  culmination  ;  for  we  can  apply  to  each  observation  the  re- 
duction to  the  meridian  (237),  so  that  each  will  be  referred  to 
the  fixed  point  in  which  the  star  culminates.  In  tliis  method, 
however,  we  are  exposed  to  errors  arising  from  transient  irregu- 
larities in  the  refraction,  and  also  to  any  error  arising  from  in- 
clination  of  the  micrometer  thread.  The  latter  error,  however, 
may  be  avoided  by  revolving  the  instrument  in  azimuth,  so  as 
to  observe  tlie  star  always  in  the  middle  of  the  field,  and  then 
we  should  use  the  reduction  to  the  meridian  for  circummeridioa 
altitudes  (238). 


M 
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ExAMPiol.— The  following  are  some  of  the  observations  for 
determining  the  value  of  a  division  of  the  level  of  a  zenith  tele- 
scope, taken  by  Mr,  G.  W.  Dean,  of  the  U.  S.  Coast  Survey,  at 
the  Roslyn  Station,  Virginia,  June  30,  1852,  the  telescope  being 
directed  npon  a  fixed  terrestrial  point. 


[Temp. 


90< 


No.  of 
obft. 


8 


6 


8 


RMdingg  of 


Mior. 


div. 

1941 
2106 

2111 
2296 

2805 
2506 

2517 
2704 

2709 
2915 

2919 
3115 

1176 
1390 

1396 
1617 


LeTel. 


N. 


div. 

54.0 
11.2 

56.1 
10.5 

55.5 
5.2 

55.0 
8.8 

59.0 
9.0 

56.0 
9.2 

58.2 
5.5 

59.6 
4.5 


s. 


diT. 

11.4 
53.9 

8.2 
54.0 

8.8 
59.0 

9.1 
55.2 

4.8 
54.7 

7.8 
54.4 

5.8 
58.5 

5.0 
60.1 


Diff^renoo. 


Mior. 


165 


185 


201 


187 


206 


196 


214 


221 


LeyeL 


42.65 


45.70 


50.25 


46.15 


49.95 


46.70 


52.70 


55.10 


3.869 


4.048 


4.000 


4.052 


4.124 


4.197 


4.061 


4.011 


0.176 


.003 


.045 


.007 


.079 


.152 


.016 


.034 


.0310 


.0000 


.0020 


.0000 


.0062 


.0231 


.0003 


.0012 


Mean  d  =  4.045    Sara  =  .0638 

The  column  of  v  gives  the  difference  between  each  observed 
value  of  d  and  the  mean.  From  the  sum  of  the  squares  of  v  we 
find  the  probable  error  of  the  mean  tp  be 

=  0.6745  /^^  =  0.028 

The  value  of  d  is  here  expressed  in  divisions  of  the  micrometer 
thread  which  represent  hundredths  of  a  revolution.  Hence  we 
have,  in  parts  of  a  revolution  jB  of  the  micrometer,  the  value  of 
a  division  of  the  level, 

D  ;=  0.04045  JB  ±  0.00023  B 
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From  twenty-one  obsorvationa  of  tho  same  kind,  the  value  foM 
was 

D  =  0.03985  S  ±  0.00013  R 

236.  To  find  the  value  of  a  revolution  of  ilie  micrometer. — The  most 
convenient  method  with  this  inatrumcnt,  aa  it  avoids  displacing 
the  micrometer,  is  by  transits  of  a  circumpolar  star  near  its 
eastern  or  western  elongation  (Art.  45).  We  first  find  the  hour 
angle  and  zenith  distance  of  the  star  at  the  elongatioii  by  tho 
forraiilte 

COB  fo  ^  cot  H  tan  p  cob  r^  ^  cosec  3  ein  p 

and  then,  a  being  the  star's  right  ascension,  nT  the  correctioi 
of  the  chronometer,  we  find  the  chronometer  time  of  the  elonga- 
tion by 


»±tc 


t^  —  a.T   [ 


+  western  elong.T 


J 


aga- 


I 


Set  the  telescope  for  the  zenith  distance  Zg,  direct  it  upon  i 
star  some  20"  or  30"*  before  the  time  of  elongation,  bringing  the 
star  near  the  middle  vertical  tliread,  and  clamp  the  instrument. 
Set  the  micrometer  thread  at  any  reading  a  little  in  advance  of 
the  star,  and  note  the  transit  by  the  chronometer.  Then  advance 
the  thread  to  a  new  reading,  and  again  observe  the  transit^  and 
80  on  until  the  star  has  been  observed  through  the  whole  field 
or  through  the  whole  range  of  the  micrometer  screw.  The 
repeated  manipulation  of  the  screw  may  slightly  disturb  the 
direction  of  the  telescope,  but  the  only  change  which  can  aflect 
the  determination  of  E  will  be  shown  by  the  level,  which,  there- 
fore, must  also  be  frequently  observed  during  the  transits.  Of 
course,  the  relation  of  the  level  to  the  telescope  must  not  be 
changed  during  the  observations.  Now,  z„  denoting  as  above 
the  zenith  distance  of  the  star  at  the  time  T^,  and  M^  the  corre- 
sponding reading  of  the  micrometer  when  the  level  reading  is 
zero,  2  the  zenith  distance  at  the  time  T  of  au  observed  transit 
when  the  micrometer  reading  is  Jf  and  the  level  reading  is  i, 
we  have  (neglecting  for  the  present  the  refraction) 


z^2,  +  (-3f„—  M)R  —  LB 
}  yet  know  the  value  of  a  level  division  i 
e  =  z^  +  {M,—  M)R  —  I,Rd 


f 
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In  like  manner,  for  another  observation,  ^  isi^ 

w^Lence 

^  -  M'-M+iL'-L)d  ^^^^^ 

The  quantity  z  —  z^  may  be  computed  (as  we  have  shown  in 
-Ajrt  46)  by  the  formula 

sin (js  —  Zo)  =  ±  sin  (T  —  7;) cos d 
"^here  the  lower  sign  is  to  be  used  for  the  eastern  elongation ;  or 

z^z,=.±  sin  (T-  T,)  -^  (248) 

sm  1" 

The  value  of  R  thus  found  is  corrected  for  refraction  by  sub- 
"tracting  from  it  the  quantity  R^r^  in  which  Ar  =  the  change  of 
Infraction  at  the  zenith  distance  Zq  for  1^  of  zenith  distance,  and 
M  is  expressed  in  minutes.* 

Example. — Observations  of  Polaris  at  its  eastern  elongjition 

"were  taken  June  30,  1862,  at  the  Roslyn  Station  (Va.)  of  the 

Cr.  S.  Coast  Survey,  to  determine  the  value  of  the  micrometer  of 

the  same  zenith  telescope  as  was  used  in  the  example  of  the 

preceding  articles. 

To  prepare  for  the  observation,  we  have 

ip  =  37°  14'  25" 

^  =  88°  30' 56"  a=    P    5«36'.8 

Hence,  z^  =  52°  44'  42"  t  =    5   55    29.1 

Sid.  time  of  elongation  =  19   10      7 .7 
Chronometer  fast,  24    46 .8 

T,  =  19   34    54.5 
The  micrometer  thread  was  set  at  every  half  revolution,  and 

*  The  Talaes  of  both  R  and  D  might  be  found  at  the  same  time  from  these  obscr- 
ntions.  For  by  yarying  the  level  reading  at  the  different  obseryations  (by  means 
of  the  tangent  screw  /*),  we  shall  have  from  the  obseryations,  taken  suitably  in  pairs, 
equationfl  of  condition  of  the  form 

from  which  both  E  and  D  may  be  found.     In  this  method  z  —  ^  must  be  the  appa- 
it&t  d^erence  of  tenith  distance  affected  by  the  differential  refraction. 
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59  transits  were  observed.     I  extract  only  those  taken  on  tb 
even  whole  revolutions,  to  illustrate  the  method. 


Temp 

No.  of 

ObB. 

Micr 
M 

UtsI. 

L 

T 

r— r. 

N. 

8. 

77° 
76 

1 

2 
3 
4 
6 
6 
7 
8 
9 
10 
11 
12 
IS 
14 

6 
8 
10 
12 
14 
16 
18 
20 
22 
24 
26 
28 
SO 
S2 

42.2 

42.6 

42.6 
42.7 
41.9 

44.8 

44.2 

44.2 
44.2 
45.1 

-1.80 

-0.85 

-0.80 

—  0.75 

—  1.60 

la^u-as-.o 

15  14.2 
18  46 .8 
22  23.4 
25  58.8 
29  29.4 
33     4.4 
36  86.4 
40  11.6 
43  43.3 
47  15.0 
50  46.7 
54  19.3 
57  52.8 

—  as-  iB-.s 

19   40.8 
16     7.7 
12   81.1 
8   65.7 
5   25.1 

—  1    50.1 
+    I   41.9 

5    17.1 
8   48.8 
12   20.5 
15   52.2 
19   24.8 
22   58.3 

+  541".a 
458  .1' 
875  .7 
291  .7 
208  .1 
126  .3 

+   42  .7 

—  39  .6 
123  .2 
205  .4 
287 -.6 

■  369  .7 
462  .0 
534  .7 

We  compare  the  1st  observation  with  the  8th,  the  2d  with  th 
dth,  Stc,  and  in  each  caae  we  have  M'  —  Jf  =  14  Rev.,  or,  takin 
d  =  0.04,  as  found  on  p.  359,  we  have  for  the  Ist  and  8th  ol 
eervation  {1/  —  Z/)d  =  +  0.020  revolutionB  of  the  micrometer ;  an 
hence,  denoting  the  diviBor  in  (247)  by  a,  we  obtain 


Jlf  +  (2/ —  i)  d  =  14.020 
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The  change  of  refraction  for  1'  of*  zenith  distance  is,  for  2^= 
£2^  45',  AT  =  0'^046,  and  hence  the  correction  of  the  above  mean 

is  —  0".046  X  ^  =  —  0".032.    These  observations,  therefore, 

give  ns  the  result 

R  =  41".362  ±  0".014 

The  jGjial  value,  as  found  from  all  the  observations  on  several 
nights,  was 

R  =  41".400  it  0".011 

and  from  this  we  find  the  value  of  a  division  of  the  level  of  this 
instrument  to  be 

D  =  r'.65  dt  0".005 

which  are  the  values  employed  above  in  reducing  the  observations 
for  latitude  at  Roslyn. 

287.  A  more  thorough  method  of  treating  the  preceding  obser- 
vations is  the  following.    We  have  for  each  observed  transit 

z  ^  z^  =  (,M^^  M)  R  —  LRd 

where  M^  is  the  unknown  reading  corresponding  ta  z^^.  Let  us 
assume  an  approximate  value  for  M^^  denoting  it  by  M^^  and  put 
-Sfj  =  Jfi  +  X.  Also  let  i?,  be  an  assumed  approximate  value  of 
2?,  and  put  iZ  =  iZ^  +  y.     Then 

z  -  z^=.{M^-  M  +  x)(,R,-\-  y)^  LR^d 

where,  on  account  of  the  small  values  of  i,  we  can  use  R^  instead 
of  R  in  the  last  term.  Then,  neglecting  the  product  xy  as  insen- 
sible when  Jifi  and  R^  are  properly  assumed,  and  putting 

n  =  2  —  ^r^—  (2f, ^M)R^-{-  LR^d  (249; 

we  have  from  each  observation  the  equation  of  condition 

R^x  +  (J[f,  —  Jtf")  y  =  n  (250) 

and  from  all  these  equations  x  and  y  can  be  found  by  the  method 
of  least  squares. 
Thus,  in  the  above  example,  if  we  assume  M^ = 19.0,  R^=  41".4, 
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which  are  easily  seen  from  the  obBerrstions  to  be  oear  approzi- 
matioiia,  we  have  the  followiag  eqiiations: 


41.4jr  +  18y  =  +  0".98 
4X.4a:+lly  =  +  0  .55 
4I.4X+  9y  =  +  0  .98 
41.4j;+  7y  =  — 0  .24 
41.4a:  +  5y  =  — 0  .29 
41.4a:  +  8y  =  +  0  .69 
41.41+      y  =  — 0  .04 


41.4  a;—  y  =  +  (r.47 
41.4a:  ~  8y  =  —  0  .82 
41.4a;—  5y=  +  0  .83 
41.4a:—  7y  =  +  0  .94 
41.4a:—  9y  =  +  0  .23 
41.4a:  ~lly  =  4-0  .67 
41.4a:  — 13y  =  +  0  .85 


from  which  we  form  the  normal  equations 


23995.44  a:  = 
910y  = 


a:  =  +  0.01 
JT  =     19.01 


+  240.12 
—      1.72 


y  =  —  0.002 
R  =     41.398 


If  we  suhstitute  the  values  of  x  and  y  in  the  eqnatioiia  of 
condition,  we  shall  find  the  sum  of  the  squares  of  the  residuals 
to  be  =  2.956,  and  hence  the  mean  error  of  a  single  observation  is 


I  2.956 


^  0".496 


and  consequently  the  probable  error  of  y,  the  weight  of  which 
is  its  coefficient  (=  910)  in  the  final  equation,  will  be 
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probable  error  of  the  declinations  employed,  when  the  obeerva- 
tloiiB  are  restricted  to  the  meridian,  renders  it  necessary  to  greatly 
maltiply  the  number  of  pairs  of  stars  observed.  But  if  we  are 
Tvilliug  to  observe  one  of  the  stars  at  some  distance  from  the 
meridian,  we  can  generally  find  a  pair  of  fundamental  stars,  or 
stars  from  the  most  reliable  catalogues,  which  can  be  observed 
xit  the  same  zenith  distance  within  a  sufficiently  brief  intei'val  of 
t-ime  to  exclude  the  probability  of  sensible  changes  in  the  state 
of  the  instrument ;  and  by  moderate  attention  to  the  determina- 
tion of  the  time  the  probable  error  of  observation  will  be  very 

little  increased,  while  the  number  of  observations  necessary  to 

attain  to  the  desired  degree  of  precision  will  be  greatly  reduced. 

It  may  not  be  superfluous,  therefore,  to  deduce  here  the  necessaiy 

formulffi  for  this  purpose. 

Let  d  and  d'  be  the  declinations  of  two  stars,  the  first  of  which 

is  observed  out  of  the  meridian  at  the  zenith  distance  z  and  hour 
angle  t,  and  the  second  on  the  meridian  at  the  zenith  distance  2:', 
which  is  very  nearly  equal  to  z.    We  have 

COS  z  =  cos  (jp  —  d)  —  2  cos  f  cos  d  sin' }  t 
sfz=ip^d' 

The  second  equation  gives 

Z  :=  <p  y  -{-  Z  — if' 

which,  substituted  in  the  first  equation,  gives 

8in[f  — J(^-f  a')  —  J(2'— r)]Bin}(^— ^'+2r— y)  =  cos^cosa8inM« 

Putting  then 

cos  cp  cos  d  sin*  it  ,^-,^ 

sm  r  = (251) 

we  shall  have 

^  =  }(^  +  0+  i(2f-^z)+r  (252) 

The  quantity  z'  —  z  will  be  given  by  the  micrometer  and  level, 
precisely  as  in  the  case  of  meridian  observations.  The  value  of 
<p  will  always  be  known  with  sufficient  accuracy  for  the  compu- 
tation of  y. 

The  effect  of  an  error  in  (  upon  7*,  and  consequently  upon  ^, 
may  be  computed  by  the  formula 

Ar  =  (15  aO  -^ 

sm  it 
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To  prepare  for  the  observation,  put  C  —  fi  ~  ^'i  (<""  ^'  ~  9i)' 
f,  l)ciug  an  asBumed  approximate  value  of  y,  and  set  the  instru- 
ment  at  the  zenith  dist!iui;e  ^  for  the  observation  of  both  etare. 
The  hour  augle  at  which  the  star  out  of  the  meridian  is  to  be 
observed  will  be  found  by  the  formula 

/  sin  i (r  +  ffi  —  ^)  Bin  i(C  —y^i-j-  >) 


Bin  H 


or  rather, 


sin  it 


'Wf'+') 


i  f  COS  i 

~yj  Bin  ijd'  —  l)  V 


COS  f  COS  3  f 

Then  tlie  sidereal  time  of  the  observation  of  this  star  maylm 
either  a  +  (  or  a  —  (,  a  being  the  right  ascension ;  and  it  may 
often  be  convenient  to  observe  the  star  at  each  of  these  times. 

It  will  probably  be  most  expedient  to  observe  one  of  the  stars 
in  the  meridian  ;  but,  if  both  are  observed  out  of  the  meridian, 
we  can  find  the  latitude  by  the  method  of  Vol.  I.  Art.  186. 

239.  The  zenith  telescope  may  be  used  with  advantage  in 
measuring  any  small  difference  of  zenith  distance.  Its  application 
in  finding  the  longitude  from  equal  zenith  distances  of  the  moon's 
limb  and  a  neighboring  star  is  given  in  Vol.  I.  Art.  245.  The 
correction  of  the  method  there  given  for  a  small  difference  of 
the  zenith  distances  of  the  moon  and  etar,  as  found  by  the 
micrometer,  is  obvious. 

240.  "We  may  determine  both  time  and  latitude  with  the  zenith 
telescope,  by  observing  a  number  of  stars  at  the  same  altitude, 
and  I'ombining  them  by  the  method  of  least  squares.  See  Vol. 
I.  Art.  189. 

ADAPTATION    OF   TUB    PORTABLE    TRANSIT    INSTRUMENT    AS    A    ZBIflTH 
TELESCOPE.  ^ 

241.  Prof  C.  S.  Lyman,  of  Tale  College,  has  shown"  that  the 
transit  instrument  may  be  successfully  used  as  a  substitute  for 
tlie  zenith  telescope  in  the  application  of  Talcott's  method  of 
finding  the  latitude  by  meridian  observations.  Indeed,  it  is 
evident  tliat,  if  the  level  usually  attached  to  the  findiiig  circle  ia 
made  of  the  same  delicacy  as  that  applied  to  xenitb  telescopes,  and 
a.  micrometer  is  ad<led  to  the  telescope,  that  method  maybe  carried 
out  precisely  in  the  same  manner  na  with  the  zenith  telescope. 
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The  different  method  of  reversing  the  instrument  by  lifting  it 
from  its  Vs  instead  of  revolving  directly  about  a  vertical  axis, 
does  not  in  any  way  affect  the  principle,  the  essential  condition 
of  Talcott*8  method  being  always  observed,  namely,  that  the 
relation  of  the  level  and  the  toleseope  is  to  be  absolutely  the 
same  at  the  observations  of  both  atai-s  of  the  pair. 


CHAPTER   IX. 


THE   EQUATORIAL   TELESCOPE. 

242.  The  equatorial  telescope  is  mounted  with  two  axee  of 
motion  at  right  angles  to  each  other,  one  of  which  is  parallel  to 
the  axis  of  the  earth.  Of  the  various  modes  which  have  been 
employed  for  mounting  tlie  insti-umeut  according  to  these  con- 
ditions, that  which  is  now  universally  adopted  is  the  one  con- 
trived by  Fraonhofkr  and  known  by  his  name. 

Plate  XrV.*  ia  a  representation  of  the  great  Fragkhofbr 
equatorial  of  the  Pulkowa  Observatory,  couatructed  by  Mbrz 
and  Mahler.  The  lens  has  a  clear  aperture  of  15  inches,  with 
a  focal  length  of  22.55  feet.  The  pier  P  is  of  stone  (in  smaller 
instraments  a  wooden  stand  is  frequently  used,  resting  on  three 
feet).  The  upper  face  of  the  pier  makes  an  angle  with  the  hori- 
zon eqaai  to  the  latitude  of  the  place  ;  secured  to  this  face  is  a 
metallic  bed,  which  supports  at  two  points  the  polar  or  hour  axis 
B.  of  the  instrument.  This  axis,  being  in  the  plane  of  the 
meridian,  and  making  an  angle  with  the  horizon  equal  to  the 
latitude  of  the  place,  is  parallel  to  the  earth's  axis,  and,  conae- 
8e(}uently,  is  directed  towards  the  poles  of  the  heavens.  Perma- 
nently attached  to  the  hour  axis,  and  at  right  angles  to  it,  is  a 
metallic  tube,  DD,  in  which  the  declination  axis  revolves.  The 
telescope  is  firmly  attached  to  one  extremity  of  this  declination 
axis,  and  at  right  angles  to  it,  the  point  of  the  tube  at  which  it  is 
attached  being  somewhat  nearer  to  the  eye  end  than  to  the 
object  end. 


MS 
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It  is  evident  that  as  the  inatrunient  revolves  npon  tiio  hour  ^^ 
axis  the  declination  axis  remains  .in  the  plane  of  the  celestial  ^K 
equator,  and,  consequently,  tho  telescope,  as  it  revolves  upon  ^^ 
the  dechnution  axis,  always  describes  secondaries  to  the  celestial  Jt 
equator,  or  decliuatioii  circles.  Tho  declination  of  the  point  of 
the  heavens  towards  which  the  telescope  ia  at  any  time  directed  ^^ 
may,  therefore,  be  indicated  by  the  graduated  (kdiiuiiion  cirde  Sit,  ,^ 
■which  is  read  by  two  opposite  verniers.  The  hour  angle  of  tbis-^B 
point  is  at  the  same  time  shown  by  the  graduated  hour  circle  t, 
which  ia  also  read  by  two  opposite  verniers. 

The  great  advantage  of  this  mode  of  mounting  the  telescope 
is  that  we  can  follow  a  star  in  its  diurnal  motion  by  revolving 
the  instrument  upon  the  hour  axis  alone,  the  declination  circle 
being  clamped  atthe  reading  corresponding  to  the  star's  declina- 
tion. Further,  the  star's  motion  being  uniform,  wo  can  cause 
the  instrument  to  follow  it  automatically  by  means  of  a  clock/, 
which,  by  a  train,  turns  an  endless  screw  acting  upon  the  circum- 
ference of  the  hour  circle.  The  observer  is  thus  left  free  either 
to  make  a  careful  examination  of  the  physical  appearance  of  the 
objects  in  the  field,  or  to  measure  their  relative  positions  with 
the  micrometer  m  of  the  telescope. 

It  is  important  that  all  the  parts  of  the  instrument  be  so  coai 
terpoised  that  the  telescope  will  be  in  equilibrium  iu  all  positioiu 
and  possess  the  greatest  freedom  of  movement  upon  either  axis. 
This  is  effected  in  tho  Praumhofeb  armugement  in    tho  most 
perfect  manner.     The  equilibi-ium  of  the  telescope  with  respect 
to  the  hour  axis  is  produced  by  the  countei-poises  W,  W,  -F,  and 
Y,  of  which  W,  TTare  fixed  cylindrical  inasaes,  but  Yts  adjusts 
able,  80  that  the  equilibrium  may  be  finally  regulated  with  the 
utmost  nicety.     The  weights  -3'(of  which  there  are  two,  one  on 
each  side  of  the  declination  axis)  are  attached  to  the  extremities 
of  levers  whose  fulcrums  are  at  X.     The  opposite  extremities  of  i 
the  levers  seize  upon  a  circular  collar  at  K,  in  which  there  a 
four  friction  rollers.     The  weights  JC  thus  not  only  contribute  i 
the  equilibrium,  but  also  reduce  the  friction  of  tho  declinatioiY* 
axis.     The  centre  of  gravity  of  the  telescope  tube  is  not  in  the 
prolongation  of  the  declination  axis,  but  nearer  to  the  object 
glass;   its  equilibrium  with  respect  to  tho  declinatiou  axis  ixcg 
produced  by  counterpoises  a  (one  on  each  side  of  th"e  tube)  at  t' 
end  of  levers  al>c.    Each  of  these  levers  consists  of  two  coaiej 
tubes  attached  to  a  cube  at  b,  which  moves  upon  two  axes ;  i 
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their  extrcmitiea  c  seize  upon  a  collar  around  the  hibe.    The 
extremity  a,  at  which  the  weight  is  placed,  is  free,  and  the  weight 
can  be  adjusted  by  eliding  upon  the  lever.     In  coueequeuee  of 
the  double  axis  of  each  lever  at  b,  the  couuterpoiseB  act  in  all 
;[)Ositions  of  the  telescope,  and  not  only  haluiice  the  tube,  but  pre- 
Tenl  ill  a  degree  tlie  flexure  of  the  object  end  which  would  result 
ironi  it«  weight,  increased  as  it  is  by  the  great  weight  of  the 
object  glasa  itself.     The  centre  of  gravity  of  Uie  telescope  and 
all  its  counterpoises  is  now  in  the  hour  axis  at  a  point  a  little 
above  its  upper  journal ;  the  result  is  a  downward  pressure  upon 
this  journal,  and  an  upward  pressure  upon  the  lower  journal. 
The  weight  to  at  one  extremity  of  a  bent  lever  reduces  the  fric- 
tion upon  the  upper  journal  by  producing  an  opposite  pressure 
at  e  at  right  angles  to  the  axis,  two  friction  rollers  upon  the 
extremity  c  being  thus  pressed  against  the  axis.     The  remaining 
small  upward  pressure  of  the  inferior  extremity  of  tlie  axis  ia 
reduced  by  a  spring  which  preesea  two  friction  rollers  against  the 
axis  at  g. 

The  weight  of  the  Pulkowa  telescope  (including  all  the  parts 
which  move,  namely,  tlie  axes  and  tube  with  its  counterpoises) 
is  very  nearly  7000  pounds ;  and  yet,  with  this  admirable  system 
of  counterpoises,  it  moves  upon  either  axis  with  almost  as  much 
ease  aa  a  small  portable  instrument.  Without  this  perfect  equi- 
librium and  reduced  friction,  it  would  have  been  very  difficult  to 
produce  a  regular  automatic  movement  of  the  iustrument  by  the 
driving  clock-  As  this  clock  is  required  to  produce  a  emilmuous 
regular  movement,  it  is  not  regulated  by  an  oscillating  pendulum, 
but  by  the  friction  of  centrifugal  balls  against  the  interior  of  a 
Conical  box  d.  The  rate  of  movement  is  regulated  by  raising  or 
depressing  the  pivot  of  this  conical  pendulum,  which,  in  conse- 
quence of  the  conical  form  of  the  box,  changes  the  degree  of 
friction  of  the  balls  against  its  interior  surface.  The  rate  may 
thus  be  adapted  not  only  to  the  motion  of  a  fixed  star,  but  to  that 
of  the  moon,  or  sun,  or  any  planet,  all  of  wliieb  have  ditferent 
riitos  of  motion.  In  our  own  counti-y,  Bond's  Spring  Goeemor 
has  been  suceeasfully  applied  to  produce  the  equable  motion  of 
equatorial  telescopes. 

AJiiitliT  F  is  attached  to  the  principal  telescope  (Art.  16). 
The  field  of  the  teloseopc  is  illuminated  by  a  lamp  q,  the  light 
of  which   ia   reflected  towards  the  reticule  by  a  small  mirror 
i  tube.     The  direct  illumination  of  the  threads,  which 
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is  required  when  very  faint  objects  are  to  be  obaerverl,  is  effected 
by  two  smnll  lamps  Buspeiidetl  at  n  and  n.  (See  Transit  Instru- 
ment, p.  134).  -^^ 

'  243.  Any  point  of  the  heavens  may  be  observed  with  the 
equatorial  instrument  in  two  different  positions  of  its  deeliua- 
tion  axis.  For  example,  if  the  declination  axis  is  at  right  angles 
to  the  plane  of  the  meridian, — that  is,  horizontal, — the  telescope 
will  describe  the  plane  of  the  meridian;  and  this,  whether  the 
circle  end  of  the  declination  axis  is  east  or  west ;  and,  iii  general, 
the  same  declination  circle  of  the  heavens  may  he  described  by  the 
telescope  with  this  circle  end  of  the  axis  on  either  side.  These 
two  positions  are  to  be  distinguished  in  the  use  of  the  instrument. 
Let  us  suppose  the  declination  axia'to  be  produced  through  the 
circle,  end  to  the  celestial  sphere.  The  point  in  which  it  meets 
the  sphere  may  be  called  the  pole  of  the  declination  circle.  If 
the  hour  angle  of  this  pole  is  90°  greater  than  the  hour  angle  of 
a  star  observed  in  the  telescope,  the  circle  is  said  to  precede  the 
telescope ;  if  the  hour  angle  of  this  pole  is  90°  leas  than  that  of 
the  star,  the  circle  is  said  to  follow  the  telescope.  Thus,  for  a 
star  on  the  meridian  (at  its  upper  culmination)  the  circle  precedes 
when  it  is  west  and  follows  when  it  is  cast  of  the  meridian.  ^m 
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244,  Let  us  first  consider  the  instrument  in  the  most  general 
manner,  that  is,  ^\'ithout  supposing  its  hour  axis  to  be  even 
approximately  adjusted  to  the  pole  of  the  heavens.  That  point 
of  the  celestial  sphere  towards  which  the  hour  axis  is  actually 
directed  will  be  called  the  poU  of  the  instrument,  or  the  pole  of  its 
hoar  axis,  and  that  point  in  which  the  declination  axis  produced 
on  the  side  of  the  declination  circle  meets  the  sphere  will  be 
called  the  pole  of  this  axis  or  circle. 

The  instrument  is  designed  to  give,  by  means  of  its  two  circles, 
the  hour  angle  and  declination  of  a  star  observed  in  the  sight 
line  of  the  telescope.  If  the  sight  line  were  perpendicular 
to  the  deeliBation  axis,  and  if  this  axis  were  perpendicular  to 
the  hour  axis,  the  readings  of  the  circles  would  give  »t  once  (by 
merely  correcting  them  for  any  index  error)  the  hour  angle  and 
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declination  referred  to  the  meridian  and  pole  of  the  instrument.  The 
Aviations  from  perpendicularity  being  always  very  small  in  a 
~we!I  constructed  inetrument,  approximate  formulte  will  fully 
miffice  to  reduce  given  readings  to  the  proper  values  referred  to 
the  pole  of  the  instrument.  But  an  equatorial  inptrument  may 
eometimes  be  used  in  a  place  for  whirh  it  wiis  not  intended,  and, 
having  no  adjustment  by  which  the  angle  which  its  hour  axis 
makes  with  the  horizon  can  be  greatly  changed,  the  pole  of  the 
instrument  may  be  bo  far  from  the  celestial  pole  that  the  reduc- 
tion of  the  hour  angles  and  declinations  from  their  instrumental 
to  their  true  values  (referred  to  the  celestial  pole)  will  require  the 
use  of  rigorous  formulee.  In  order  to  provide  for  such  a  case,  I 
Bhall  first  consider  the  method  of  deducing  the  instrumental 
quantities  by  approximate  hut  sufficiently  exact  formulas;  then 
give  the  rigorous  formulae  for  reducing  these  to  the  celestial 
pole,  and  finally  give  the  approximate  formulte,  most  frequently 
required,  for  the  case  in  which  the  deviation  of  the  hour  axis 
from  the  celestial  pole  is  very  small.  As  some  flexure  of  the 
declination  axis  and  of  the  telescope  is  always  to  be  expected  in 
an  inetrument  of  this  kind,  I  shall  include  its  eftect  in  the 
formula. 


Fi«.  S3. 


245.  To  find  the  instrumental  declination  and  hour  angle  of  t 
observed  point. — Let  the  figure  be  a  projection 
of  the  celestial  sphere  upon  the  plane  of  the 
equator  of  the  instrument;  P'  its  pole;  Z  the 
zenith  of  the  observer:  then  P'Z  may  be 
called  the  meridian  of  the  instrument.  | 

Let  Q  he  the  pole  of  the  declination  axis  of 
the  instrument.  Wliile  the  instrument  re- 
volveB  upon  the  hour  axis,  the  point  Q  will 
describe  a  circle  of  whicli  P'  is  the  pole,  and  which  would  be  a 
great  circle  if  the  axes  were  at  right  angles  to  each  other,  in 
which  case  we  should  have  P'Q  =  90",  But  we  shall  assume 
that  there  is  a  deviation  from  this  condition,  and  suppose  the 
arc  P'Q  to  he  —  90°—  (';  bo  that  i  will  express  the  declination 
of  the  point  Q  referred  to  the  equator  of  the  instrument. 

Let  us  next  Mippose  the  declination  axis  to  remain  fixed  while 

the  telescope  revolves  upon  this  axis  and  its  sight  line  is  brought 

,  upon  a  star  S.     As  the  telescope  revolves,  the  sight  line  (which 

B  may  here  suppose  to  be  determined  by  a  simple  cross  thread), 
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deaeribes  a  circle  in  the  heavene  of  which  Q  is  the  pole,  and 
which  wiil  be  a  great  circle  if  this  sight  line  is  perpendicular  to 
the  declination  axis,  and  a  small  circle,  ASB,  in  any  otber  case. 
Let  U8  fluppoBe  the  polar  distance  of  this  small  circle,  or  QS,  to 
be  90°  —  c :  ao  tliat  c  will  denote  the  eolUmatiou  constant  of  a 
given  thread. 

The  revolution  of  the  instrument  upon  the  hour  axis  is  raeasui-ed 
by  the  hour  circle.  When  Q  is  90°  west  of  the  meridian,  the 
telescope  should  be  in  the  meridian,  and  the  reading  of  the  hour 
circle,  consequently,  zero;  but  let  ns  suppose  the  reading  is  then 
—  X.  When  Q  is  in  tlie  meridian  and  above  the  pole,  the  reading 
will  be  —  x  —  90°.  If,  then,  for  the  actual  position  when  the 
star  is  observed  at  S  the  reading  is  i,  we  have  the  angle  ZP'Q 
=  (  +  a:  +  90°. 

Let  the  instrumental  hour  angle  ZP'S^  t'.  Then  we  have 
the  angle  SF'Q  =  ZP'Q—  ZP'S=t  +  x-f'  +  90°;  and  since, 
from  the  construction  of  the  iustiiimcnt,  this  angle  differs  veij 
little  from  90'^,  the  quantity  t  -\-  x  —  ('  will  be  very  small. 

As  the  telescope  revolves  upon  the  declination  axis  and  its 
sight  line  describes  tlie  circle  ASB,  the  reading  of  the  declina- 
tion circle  will  vary  directly  with  the  angle  P'QS,  since  Q  is  the 
pole  of  this  circle.  If  wc  denote  the  reading  of  the  declination 
circle  when  the  arc  QS  coincides  with  QP'  by  90°  —  a/1,  and  the 
actual  reading  for  the  star  at  S  by  d,  we  elmll  have  the  angle 
P'QS  =:  90°  —  &d  —  d,  provided  the  readings  increase  with  the 
star's  declination,  as  we  here  suppose. 

Finally,  let  the  instrumental  decliuation  be  d' ;  that  is,  let 
P'5=90°-d'. 

We  have  then  in  the  triangle  QP'S  the  given  i 


P'QS=Q 


QS  =  90» 


~(_d  +  Ad) 


and  in  order  to  determine  ('  and  d'  we  are  to  find 


SP'Q^ 
P'8^ 


90*  —  (f '  - 
90°  --d' 


From  this  triangle  we  obtain  the  general  equations 


ein  d'^^  sin  i  sin  c  - 
cos  (i'sin  (('  —  (  —  z)  =  cos  isiac  - 
cos  d'C08(('—  (  — l)  =1 


s  I  0O8  c  ain  (d  -i-  e 

ri  1  cos  c  sin  (i^  +  Ai04 

cos  c  cos  (d  -f-  &d}m 
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ZBut,  as  t  and  e  are  supposed  to  be  so  small  that  their  squares  and 
;prodactB  are  insensible,  these  equations  give  . 

sin  d'  =  Bin  {d  +  ^d) 
cos  d'  =  cos  (d  +  Ad) 

(t'  —  t  —  a?)  008  d'  =  c  —  i  mn  (d  +  Ad) 
^whence 

d'=d  +  Ad 

t'  =t  +  X  -\-  c  sec  d^  —  i  tan  d' 


]    (253) 


246.  Flexure. — The  flexure  of  the  hour  axis  may  be  supposed 
to  be  altogether  insensible,  since  the  centre  of  gravity  of  the 
whole  instrument  falls  very  near  to  the  upper  journal  of  this  axis, 
and  the  pressure  at  this  point  is  relieved  by  a  counterpoise. 

The  flexure  of  the  declination  axis,  being  assumed  to  result 
solely  from  the  weight,  changes  the  zenith  distance  of  the  point 
Q.  Denoting  the  zenith  distance  of  §  by  ^  and  the  increased 
zenith  distance  by  ^  +  rf^,  we  shall  assume  the  flexure  to  be 
proportional  to  sin  ^  (Art.  204),  and,  therefore,  put 

dZ  =  e  sin  C 

in  which  e  is  the  maximum  of  flexure  of  the  declination  axis 
corresponding  to  ^  =  90°. 

The  flexure  of  the  telescope  changes  the  zenith  distance  ZSy 
80  that,  putting  ZS  =  {^',  we  can  express  this  flexure  by 

d^  =  e  sin  C' 

in  which  e  is  the  maximum  of  flexure  of  the  tube  corresponding 
to  C'  =  90°. 

The  flexure  of  the  declination  axis  changes  the  arc  P'§  =  90° 
—  t,  and  the  angle  ZP'Q  =^i  +  x  +  90°  ;  but  these  changes  (the 
flexure  being  supposed  extremely  small)  evidently  produce  no 
sensible  eflfect  upon  the  declination  rf'.  The  flexure  of  the  tele- 
scope, however,  changes  the  arc  P'S  =  90°  —  d\  and  thus  also 
d'.    Treating  the  changes  as  diflferentials,  we  have 

d .  P'S  =  d  (90°  -^d')  =  d:'.  cos  P'SZ 

If  we  denote  the  zenith  distance  of  P'  by  90°  —  ^j  (or  let  f  j  be 
the  observer's  latitude  referred  to  the  equator  of  the  instrument), 
the  triangle  P'SZ  gives 

^-  ^-       sin  f ,  cos  d'  —  cos  ©,  sin  d'  cos  t' 
cos  P'SZ  = ^ ^-^ 

sin  C 


574 

and  hence 
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dd'  =  —  e  (dn  y,  cob  d'  —  oob  p,  sin  d'  cos  C)  (m) 

Again,  we  have 

d .  P'Q  =  d  (90"  —  i)  =  <*:  ooa  P'QZ 

d.ZP'Q  =  ^  =  dZ-^^^^^^ 
Bin  P'Q 

in  which  we  maj  put  BinP'Q  =  cosi  =  1.     Suhatituting  aW 
the  values 

*  cos  1  8ID  C 

^^^,^^^0OB(Ml^^iOB^ 

ainC 
and  neglecting  the  product  of  f^  and  i  as  insensihle,  we  find 


«  em  {K, 

•  cos  y,  cos  ((  +  x) 


Finally,  the  flexure  of  the  telescope  changes  the  arc  QS  =  S 
—  c,  and  we  have 


-c)  =  dZ'. 


cos  ZSQ  — 


COS  C  —  sin  c  cos  C' 
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Bence,  applying  the  corrections  (m)  and  (9)  to  d'  and  ('  (253),  th« 
wmplete  formulie,  including  the  effect  of  flexure,  are* 


=  d  -\-  &d  —  e  (sin  p,  cos  d'  —  cob  f^  sin  d'  cob  f ') 
=.t  -\-  X  -\-  c  sec  d'  - 


-J- 1 (sin  Vi  tan  d '  -\-  cos  if,  cos t')-}-e 


v,eecd'B 


247.   7b  reduce  (he  inslrumenlal  declinaiion 
to  (Ac  celestial  decliyialion  and  hour  angle  (d,  r). — Let  PZ 

I  be  the  true  meridian,  P  the  celestial  pole,  P'  the  pole 
flf  the  instrument,  S  the  observed  star.     Let  ;-  and 
tf  denote  the  polar  distance  and  hour  angle  of  P'; 
Ihat  ia,  let 
r  =  PP'  *  =  ZPP' 


angle  {d',  t') 


Liud,  produciug  PP',  let 
*'=  ZP'N  ^ 


-ZP'P 


I 


The  inatrnment  gives,  by  the  aid  of  (254),  the  values  oF 
rf*  ^  90°  —  P'S,  t'  ^  ZP'S,  and  we  are  to  find  5  =^  90°  —  PS 
and  r  ^  ZPS.  The  triangle  PP'8,  in  which  PP'S  =  180° 
-  (('  —  tf')  and  P'PS  =T  —  d>  gives 


my  sin  */'  —  sin  j-  cos  d'eos  (('  —  tj') 
fi  ;■  sin  d'  +  cos  y  cos  rf'  cos  {f 
cos  d'sin  ((' 


0  J 


(255) 


(256) 


'hich  will  determine  S  and  r  from  rf'  and  ('  when  the  instrument^ 
constants  ;-,  (?,  and  5' are  known. 

Putting  90°  —  ^  —  PZ,  the  relation  between  ^„  #',  p,  &,  and  j- 
is  found  from  the  triangle  PP'Z,  which  gives 

sin  f,^=  cos  J-  sin  ^  -|-sin  j-  cob  p  c 
008  ^,  cos  **  =  —  sin  /  sin  p  -f-  cos  J-  cob  ^  c 
008  ^,  sin  4*  ^  cos  f  Bin  d 

348.  In  the  preceding  discussion  I  have  not  distinguished 
Wtween  the  case  in  which  the  declination  circle  ■precedes  and 
that  in  which  it  follows  the  telescope  (Art.  243).  The  fonnulfe, 
neverthelcBs,  will  apply  to  either  case,  provided  we  reckon  dech- 
nations  over  90°  when  they  require  it.  By  Fig.  52,  in  which 
for  a  star  at  S  the  declination  circle  precedes,  we  sen  that  when 


*  These  rormiiloi  are 

ntkungm.  Vol.  I.  p.  7. 


BDtiall/  the  a 


!  Bstai:.'!.    Bm  hla  Attr«n,  Unter- 
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the  telescope  is  revolved  from  A'  towards  B  and  passes  beyoniJ 
the  pole,  we  shall  have  dccliiiatious  exceeding  90°  if  we  wiali  to 
employ  the  same  i'ormulte  aa  have  been  found  for  this  position; 
but  for  these  points  beyond  the  pole  the  declination  circle  follows 
the  telescope.  The  declination  in  that  cose,  reckoned  in  the 
usual  manner,  will  be  180"  —  d',  and  the  hour  angle  will  be 
180°  -|-  t'.  We  may,  therefore,  employ  these  formula  in  their 
preseiit  form  in  all  cases,  but  when  d'  falls  between  90°  and 
270°  we  must  finally  take  180°  —  d'  and  180°  -f  i'  as  the  proper 
instrumental  declination  and  hour  angle.  (See  also  Transit 
Instrument,  Art.  128.) 

If,  however,  we  wish  to  distinguish  the  cases  in  the  formulie 
themselves,  we  shall  have,  when  the  circle  precedes,  the  readings 
of  the  circle  being  d^  and  („ 

d'^  d^-\-  tid  —  c(Bin  p,  cos  d'—  cos  p, ein  d' cost') 
I'  :=  (,  -|-  a:  -|-  c  see  d'  —  i  tan  d' 

-\-  *(8in  p,  tan  d'  -f  Cos  p,  cos  (')  +  c  coa  y,  sec  d'ain  ( 

and  whi'ii  the  circle  foRows,  the  readings  being  d^  and  t^, 

180°  —  d'  =  dj-{-  Aii  +  fi(3'ii  if,co8  d'  —  cos  PjSin  d'oo8f')\ 
180°  -(-  ('  =  f,  +  X  —  ceccd'  +  i  tun  d' 

—  t  fsin  ST,  tan  rf'+cos  v,  cos  t')-\-e  cob  p,  sec  i'  sin  ('/ 

249.  The  rigorous  formulre  (255)  and  (256)  will  be  required 
only  in  tlie  rare  case  in  which  the  pole  of  the  instrument  is  at 
a  considerable  distance  from  the  celestial  pole;  but  I  will  briefly 
indicate  the  methods  of  determining  the  instrumental  constants 
for  this  case.  It  will  always  be  possible  to  bring  the  hour  axis 
of  the  instrument  very  nearly  into  the  meridian  of  the  place  of 
observation,  whatever  may  be  the  elevation  of  its  pole  above  the 
horizon,  so  that  the  meridian  of  the  instrument  and  the  true 
meridian  will  nearly  coincide. 

If  we  observe  a  fixed  pomt  in  both  positions  of  the  instrument, 
circle  preceding  and  circle  following,  we  shall  have  by  (267), 
taking  the  sums  of  the  respective  equations, 

l»Q°  =  d^+d,-i-2&d 
180°  4-  2r  ^f,  +  f,+  3a;  +  2e  COB  p,  seed' sin  (' 

the  first  of  which  determines  the  index  correction  {&d)  o 
decliuation  circle,  and  the  second  determines  the  value  of  (' 
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we  have  independently  found  the  flexure  e^  or  if  the  fixed  point 
in  the  meridian  of  the  instrument  and  consequently  V  =  0. 
Taking  the  differences  of  the  same  equations,  the  ohservation 
»f  the  fixed  point  also  gives 

380® — 2<f' =  rf, —  {?,+  2€(8in  ^^co^d' —  cos  ^jSin  d'  cos  t') 

180®=  t^  —  t^  —  2c8ecd'+2  i  tan  ci' — 2  e  (sin  ^  ^tan  rf '-fcosf  jCos^') 

"TTie  first  of  these  determines  d'  when  e  is  otherwise  known,  and, 

"fche  value  of  d'  thus  found  being  substituted  in  the  second,  we 

'fcave  an  equation  of  condition  for  determining  c,  i,  and  e.     The 

-^Dbservation  of  at  least  three  different  points  will  be  necessary  in 

border  to  determine  these  quantities,  or  of  at  least  two  points  if 

^we  neglect  e. 

Upon  the  supposition  that  the  pole  of  the  instrument  is  very 
near  the  meridian,  but  at  a  considerable  distance  from  the  celestial 
pole,  7*  is  a  large  arc,  but  &  is  small,  and  we  have  from  the  first 
of  the  equations  (266),  by  putting  cos  tf  =  ±:  1, 

and  the  value  of  y  may  be  found  from  the  observation  of  a  star 
in  the  meridian  and  as  far  from  the  pole  of  the  instrument  as 
possible,  since  in  this  case  we  shall  have  very  nearly 

±r  =  d  —  d' 

in  which  rf'  will  be  known  from  two  observations  of  the  star  in 
the  two  positions  of  the  instrument. 

When  Y  has  been  thus  approximately  found,  let  a  star  be 
observed  on  the  six  hour  circle  both  west  and  east  of  the  meridian. 
We  deduce  from  (255) 

sin  d'  =  sin  d  cos  y  -f-  cos  d  sin  y  cos  (t  —  &) 

Denoting  the  instrumental  declination  for  the  two  observations 
by  rf/  and  d,',  and  putting  r  =  90°  for  the  first  observation,  and 
r  =  270°  for  the  second,  we  have 

sin  rf/  =  sin  d  cos  y  -\-  cos  d  sin  y  sin  i* 
sin  d^'=z  sin  d  cos  y  —  cos  ^  sin  y  sin  ^ 
whence 

.     ^       sin  ef/  —  sin  dJ 

am  *  = ^ -^ 

2  cos  d  sin  y 

This  will  give  a  sufiScient  approximation  to  &,  provided  the  star 
is  not  very  near  the  pole. 


87S 


EQUATORIAL  TELESCOPE. 


A  theoretically  rigorous  dotermiiiatiou  of  both  ;-  and  i?  would 
be  found  by  obaorvhig  two  points  whose  declinations  (d„  3^  and 
tour  angles  (r,,  r,)  are  known,  and  then  solving  the  equations.  ^^ 

sin  d^  ^  sin  H^  cob  ;-  -\-  cos  8^  sin  y  cos  (r,  —  #)  ^^H 

sin  d,'  =  sin  3,  cos  y  +  cos  3,  ain  ;•  cob  (r, —  #)  ^H 

"When  Y  and  d  have  been  found,  we  have,  from  the  obaer%-ation 
of  one  known  point, 


COB  d'  cos  (('  —  *')  = 
cos  d'oin  (('  —  *')  = 


1  sin  J  sin  )■  —  cos  i  cos  ;■  cos  (r  —  *) 
■■  COS  9  Bin  (r  —  S) 


which  determine  /'  —  d'  \  and,  since  i?'  will  be  known  from  (256), 
('  will  also  be  known.  Finally,  the  instrument  gives  the  value 
of  ('  —  X,  as  we  have  shown  above,  and  thus  x  becomes  known. 


250,  When  the  pole  of  the  instrument  is  very  near  Ute  celestial  pole, 
y  is  very  small,  but  i?  may  have  any  value  from  0°  to  360°.  Put- 
ting COS  ;-  =  1  in  (256),  and  neglecting  terms  of  the  same  order 
as  7^,  we  find 

^^=L  <f  ^Y  COB  9 
*  —  *'  =  —  r  sin  fl  tan  y 
and  (255)  gives 

a  =  d'—yC.0%{i.'  —  9') 

T  :^  ('  -|-  *  —  *'  —  J-  sin  (('  —  fl')  sin  d'  sec  * 

or,  within  terms  of  the  second  order, 

S  ^  d'^  Y  cos  [r  —  *) 

T  ^:  ('  —  J-  Bin  fl  tan  f  —  y  sin  (r  —  fl)  tan  9 


Substituting  the 
4(=a:  — ;-Bini?ti 


I 


'alues  of  d'  and  ('  from  (254),  and  putting 
n  IS,  which  is  constant,  we  have 


i^=d-\-  ^i  —  X  COB  (r  —  *)  —  e  (sin  y  cos  i  —  cos  p  sin  3  cob  r)  ^ 

r  =  (  +  A(  —  r  sin  C^  —  *)  t*"  *  +  "  ^^"^  ■*  —  '  1*"  *  \    (258) 

-f  t  (Bin  p  tan  8  -j-  cos  y  cos  r)  +  e  cos  y  sec  3  sin  r  ) 

which  are  the  formulBB  usually  required  in  practice.  Here  3  is 
to  be  reckoned  beyond  90°  when  necessary,  being  then  the  sup- 
plement of  the  star's  declination  (Art.  248),  and  then  r  is  the 
star's  hour  angle  increased  by  180°. 

The  declination   and   hour  angle  are  here  apparent,  that  is, 
affected  by  refraction,  &c.     If  we  wish  8  and  r  to  represent  the 
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geocentric  position  of  the  observed  point,  we  may  apply  the 
corrections  for  refraction,  &o.  to  d  and  I. 

If  we  prefer  to  distinguish  the  caaes  in  the  formulse  theniBelves, 
we  shall  have — 

For  circle  preceding : 

i^^  d  ^  All  —  ;-coB(r  —  *)  — e(Bin  pcosi — cosy  sin  3 cost)  I 

r  ^  (  -\-  At  —  ;-  sin  (t  —  S)  tan  J  -j-  c  sec  3  —  i  tun  3 

-f-  t  (sin  <p  tan  3  -\-  cos  f  cos  r)  -f"  (^  cos  y  sec  S  sin  r 

;     (259) 
For  circle  following  .• 

=(f-j-arf  +  ^cos(r  — *)-)-*  (sin  V  cos  J^cosjpsini!  COS  r)\ 
►"-f-T^^f  -{-At  — ;-Bm(r^>))tan  J  — CBec3-f  itan3 
—  t  (sinsetana  +  eosyoosr)-)- 1  coB^seea 

in  wliich  3  and  r  will  always  denote  the  declination  and  hour 
augle  of  the  star  reckoned  in  the  usual  manner. 

ADJUSTMENT    OF    THE    EQUATORIAL    INSTRUMENT. 

251.  The  adjuBtmcut  of  the  instrument  with  respect  to  the  pole 
of  the  heavens  consists  of  two  operations :  Ist,  bringing  the  hour 
mia  into  the  plane  of  the  meridian,  and,  2d,  giving  this  axis  an 
elevation,  with  respect  to  the  horizon,  equal  to  the  latitude  of  the 
place. 

For  a  rough  preliminary  adjustment,  place  the  declination  axia 
in  a  horizontal  position,  and  move  the  stand  until  the  telescope 
JjointB  to  a  Btar  at  the  computed  time  of  its  meridian  passage. 
Tlie  hour  axis  is  then  nearly  in  the  plane  of  the  meridian. 
Then  bring  the  declination  axis  into  the  plane  of  the  meridian  ( by 
revolving  the  instrument  upon  the  hour  axis  through  90"  by  the 
liour  circle),  and  direct  the  telescope  upon  a  circumpolar  star  on 
the  six  liour  circle.  The  elevation  of  the  axis  should  he  changed 
BO  as  to  make  the  star  appear  near  the  optical  axis  at  the  com- 
puted time  when  the  star's  hour  angle  is  equal  to  6*. 

For  the  final  adjustment,  the  outstanding  deviations  of  the 
instrument  must  be  found  by  properly  combined  obscnalions  of 
stara,  taken  in  the  two  reverse  positions  of  the  declination  axis, 
by  the  methods  given  hereafter. 

The  position  of  the  pole  of  the  instrument  with  respect  to  the 
pole  of  the  heavens  may  be  expressed  by  the  two  quantities 

f  =  ;.  cos  #  ,,  =  J-  aiu  *  (260) 

which  are  the  distances  of  the  pole  of  the  instrument  from  the 
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six  hour  circle  and  from  the  meridiaa,  reBpectivelj.  According 
to  our  definitions  of  y  aud  d,  a  poaitiee  value  of  S  will  indicate  that 
the  inatrumeotal  pole  is  above  the  true  pole,  and  a  positive  value 
of  7  will  indicate  that  the  pole  of  the  inatrumeut  is  west  of  the 
meridian.  I  proceed  to  consider  the  methods  of  finding  these 
quantities,  as  well  as  the  other  instrumental  constants. 

252.  7h  Jind  f. — The  most  simple  method  is  to  obser\'e  the 
declinations  of  known  stars  at  their  culmination  in  both  positions 
of  the  declination  axis,  and  to  compare  the  instrumental  values, 
corrected  for  refraction,  with  the  true  declinations  found  from 
the  beat  catalogues  or  ephemerides.  By  the  instrumental  values 
we  shall  hereafter  understand  the  values  inferred  directly  from 
the  readings  (d)  of  the  circle. 

As  the  two  observations  in  reverse  positions  of  the  dccHnattoo 
axis  cannot  both  be  absolutely  in  the  meridian  (unless  observa- 
tions on  different  days  are  combined),  one  of  them  is  taken  a 
few  seconds  before  the  meridian  passage,  and  the  other  a  few 
seconds  after  it.  In  consequence  of  the  great  facility  with  which 
even  the  largest  equatorial  instrument  can  be  reversed,  the 
interval  between  the  two  observations  will  be  so  small  that  the 
mean  of  the  two  values  of  cos  (r  —  &)  will  be  sensibly  the  same 
as  cos  &,  T  being  a  very  small  quantity  with  opposite  signs  for 
the  two  observations.  Hence,  we  shall  have  for  each  pair  of 
observationa  on  a  star,  by  putting  r  —  0  in  (259), 
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f  + 

e  sin 

(f- 

•*)- 

:D- 

a 

f  + 

e  sin 

(y_ 

•J')- 

.ly— 

a' 

f + 

e  sin 

(f- 

<J")  = 

-.ly 

i" 

which,  treated  by.  the  method  of  least  squares,  will  give  both 
i  and  e. 

Example. — The  declinations  of  ten  stars  were  observed  hy 
Otto  Strove  with  the  equatorial  telescope  of  the  Pulkowa  Obser- 
vatory, 1840,  June  22,  according  to  the  preceding  method,  and 
the  values  of  D,  corrected  for  refraction,  were  as  in  the  following 
table.  The  values  of  d  for  the  stars  1,  4,  5  and  8  were  taken 
from  the  Nautical  Almanac^  for  2,  3,  and  7  from  Argelander*s 
Cataloguey  and  for  6  and  9  from  Airy's  Catalogue  for  the  year 
1840.  The  latitude  employed  in  computing  the  coefficient  of  e 
is  y  =  590  46'.3.  The  degrees  and  minutes  of  d,  omitted  to 
save  room,  are  the  same  as  those  of  D.  In  order  to  apply  the 
same  formula  to  the  stars  observed  below  the  pole,  we  have  only 
to  employ  the  supplements  of  their  declinations  instead  of  the 
declinations,  that  is,  to  reckon  them  over  the  pole,     (Art.  128.) 


Stan. 

Instr.  dec.  =  D. 

*« 

Equations. 

V 

1.  fL  Sagittarii 

—    21<> 

5'  65".6 

40".6 

14".9  — f  +  0.99^ 

5".4 

2.  Tj  Serpentis 

—      2 

56  23  .8 

3  .4 

20  .4— f  +  0.89e> 

-7.7 

3.  ^  Serpentis 

+      3 

59  47  .1 

59  .5 

12  .4  — e+0.83ej  +  2  .2 

4.  C  Aquilce 

13 

37  34  .6 

48  .3 

13  .7  — e  +  0.72^ 

+  4  .4 

5.  a  Lyrce 

38 

37  47  .1 

70  .4 

23  .3  — e  +  0.36e 

+  6  .2 

6.  X  Cygni 

53 

3  55  .5 

83  .6 

—  28  .l=f  +  0.12e 

+  9  .0 

7.  S  Draconis 

67 

21  51  .6 

99  .7 

__48  .1  —  e  — 0.13e 

—  8.  1 

8.  S  Unas  Min. 

86 

34  22  .6 

81  .2 

—  58  .6  =  e  — 0.45e 

—  3  .4 

9.  2  LynciSj  s.p. 

120 

55  12  .0 

79  .9 

—  67  .9  =  f  — 0.88e 

+  0  .9 

10.  ^  AuiigcBjB.  p. 

124 

19    4  .5 

76  .9 

—  72  .4  — f  — 0.90e 

—  3  .0 

The  solution  of  these  10  equations  gives 

e  =  —  40".9  with  the  probable  error  ==  1".2 
e  =  +  31".7    "      "  "  "      =  r'.8 

The  last  column  gives  the  residuals  v  after  the  substitution  of 
these  values  in  the  10  equations.     From  these  residuals  we  find 
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the  probable  error  of  a  aingte  equatioa  to  be  3". 9,  which  is  com- 
posed of  the  error  of  observation  and  the  error  in  the  star's  decli- 
nation. This  degree  of  accuracy  in  the  determination  of  abso- 
lute declinations,  with  an  equatorial  instrument  of  such  dimeii- 
eione,  is  surprising,  and  is  a  striking  proof  of  the  perfection  of  its 
workmanship.  At  the  same  time  we  perceive  that  very  crude 
determinations  will  be  obtained  if  we  neglect  the  flexure. 


253.  To  find  ly.— This  will  be  found  by  comparing  tlie  instru- 
mental hour  angles  of  different  stars,  near  the  meridian,  with  the 
observed  clock  times  of  their  transits  over  a  given  thread.  "We 
shall,  at  the  same  time,  find  the  instrumental  coustanta  i  and  c, 
and  the  index  correction  of  the  hour  circle. 

We  shall  suppose  the  thread  on  which  the  stars  are  to  be 
observed  to  be  placed  in  the  direction  of  a  circle  of  declination, — 
that  is,  as  a  transit  thread, — and  to  he  in  the  optical  axis  of  the 
telescope.  This  optical  axis  may  be  defined  to  be  the  line 
drawn  through  the  optical  centre  of  the  objective,  and  the  centre 
of  the  position  circle  of  the  micrometer:  consequently,  when  the 
thread  is  revolved  180°  by  this  circle,  it  should  still  pass  through 
the  optical  axis.  As  the  thread  may  not  be  precisely  adjusted 
in  this  respect,  the  error  is  to  be  eliminated  by  combining  two 
observations  taken  in  these  two  positions  of  the  thread.  Two 
such  pairs  of  observations  are  to  be  taken  on  each  star,  one  pair 
with  circle  preceding,  and  one  with  circle  following.  A  second 
star,  in  a  widely  different  declination,  being  observed  in  the  same 
manner,  wo  shall  have  all  that  is  required  for  the  determination 
of  our  constants.  If  we  observe  a  greater  number  of  stars,  we 
can  treat  the  observations  by  the  method  of  least  squares. 

Supposing  two  stars  to  be  observed,  one  near  the  pole  and  the 
other  near  the  equator,  the  observations  should  be  symmetrically 
arranged  according  to  the  following  schedule,  in  which  the  posi- 
tion I  denotes  circle  preceding,  and  II  circle  following,  and  the 
letters  a  and  h  refer  to  the  two  positions  of  the  transit  thread  for 
the  two  readings  of  tlie  position  circle  differing  by  180°,  We 
bIiouM  endeavor  to  make  the  mean  of  the  times  of  the  four 
observations  on  a  star  coincide  very  nearly  with  the  instant  of 
its  meridian  passage. 
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Star. 

PodUon. 

Clock.        Means. 

Hoar  eirele.  MeMU. 

iBt  Star 

B.  A.  —  a 

I>ed.  =  ^ 

• 

I.     a. 
b. 

II!  b. 
a. 

Mean  —     T, 

Mean  —    t^ 

2d  Star 

B.A.  =  a' 

Decl. = a' 

U.  a. 

b. 

I.     6. 
a. 

Mean—    T; 

Mean  —    V 

The  observations  being  very  near  the  meridian,  the  flexure  of 
the  telescope  (e)  has  no  sensible  effect.  That  term  of  the  flexure 
(e)  of  the  declination  axis  which  is  multiplied  by  tan  d  may 
become  sensible  for  stars  near  the  pole,  but,  as  it  will  always  be 
combined  with  t,  it  will  be  convenient  to  put 


i^=z  I  —  c  sm  f 


(261) 


The  term  e  cos  f  cos  /,  which  is  always  less  than  e,  will  be 
practically  unimportant,  and  will  here  be  neglected.  A  method 
of  determining  e  will,  however,  be  given  hereafter. 

With  this  notation  we  find,  by  putting  r  =  0  in  the  second 
member  of  (259),  for  the  observation  at  the  clock  time  T^y 

T^^=t^-\-  ^t  +  Tj  tan  ^  -f-  ^  see  d  —  i^ tan  d 
and  if  A  7^  is  the  clock  correction,  we  have  also 


Hence,  by  putting 
we  deduce 


X  =  £kt  —  £kT 


fl  tan  d  -\-  c  sec  d  —  t,  tan  d  =  T^  —  t^  —  a  —  I 

Id  the  same  manner  the  observation  at  the  clock  time  7^  gives 

12  tan  d  —  c  sec  ^  +  *i ^^'^  ^  =  ^t  —  U—  a  ^  X 
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and  from  these  two  equations,  with  the  notation  of  the  above 
schedule, 

7  tan  3=  T,— (,— ,  — J 
c  see  a  -  i\  tan  *  =  i  [(T,  -  (,)_(2;-0] 

The  second  star  gives,  in  the  same  manner, 

, tan  S'=T^—t^~J  —  l 
CBQcd'—  i,tan  3'=  ^[(T,' ~t^'}  —  (T,' —t,")^ 

By  comhiniug  the  two  equations  in  tf,  we  have,  therefore,  the 
following  three  equations: 


jj  (tan  *  —  tan  a')  =  C  r,  —  T,')  —  ((,  —  (,')  —  («  —  »') 
c  sec  a  —  i,  tan  a  =  i  [((,  —  f^)  —  (T,  —  7*,)] 
ceeca'—  i,  tan  3'=  J  [(','— V)  —  C^.'—  ^i')] 


I    (262) 


which  determine  5,  !„  and  c  from  the  observed  clock  times  and 
the  readings  of  the  hour  circle. 
We  can  then  find  the  value  of  X  by  the  formula 

i  =  r,  —  (,  —  a  —  ij  tan  a  =  T,'  ~  i^'  —  a'  —Tj  tan  d'    (263) 

and  finally,  if  the  clock  correction  is  otherwise  known,  the  index 
correction  of  the  hour  circle,  by  the  formula 


^  iT  +  i 


(2W) 


EsAHPLE. — The  following  observations  were  taken,  according 

to   tl,^'   iLlj..VV    lllL-tlu>ll    Wilh    tlii.:    .■.lllUtUlkll   of   lllC    PlllkuW^l    OUt 
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Hence  our  equations  (262)  become 


whence 


15.97ij  =  +  15*.6 
16.80  c  —  16.77  \  =  —  17 .2 
1.28  c  —    0.80  e\  =  —    1 .75 

7i  =  +  0*.98  =  +  14".7 

«,  =  —  0«.92        (?  =  —  1'.94 


The  values  of  ij  and  c  are  here  not  separately  so  well  determined 
they  would  be  if  the  second  star  were  nearer  to  the  equator. 
Their  difference,  however,  f,  —  c  =  +  1*.02,  is  accurately  deter 
mined  by  the  first  star.    We  next  find,  by  (263), 

X  =  —  23'.4 

« 
and  if  the  clock  correction  is  ^T=  +  20*. 0,  the  index  correction 

of  the  hour  circle  is,  by  (264), 

Af  =  —  3'.4 

To  give  the  reader  some  idea  of  the  stability  of  a  large  equa- 
torial properly  mounted,  I  will  here  give  the  values  of  f  and  rjy 
together  with  the  coefficient  of  fiexure  of  the  tube  (e),  determined 
by  the  above  methods,  for  the  Pulkowa  instrument  during  a  year. 
They  are  taken  from  Struve's  Description  de  V  Observatoire  Central^ 
p.  204,  only  changing  the  signs  of  f  and  tj  to  agree  with  the 
preceding  notation : 


1 

1840,  April  17 

+  18".9 

"  28 

4-14  .8 

June  3 

+  14  .7 

July  24 

+  10  .2 

Sept.  24 

+  10  .8 

Nov.  3 

+  4  .4 

Doc.  26 

+  11  .4 

1841,  Mar.  15 

+  15  .2 

Mean  -f- 12  .5 


+  29  .6 


see 
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The  temperature  during  this  period  varied  from  —  22"  to  +  86* 
Fahr.  The  constancy  of  the  coefficient  of  flexure  for  the 
extremcB  of  temperature  is  as  remarkable  as  the  stabilit,v  of  t 


254.  By  the  preceding  method  of  finding  tj  ive  also  find  1 
constants  i\  and  c;  but  we   can  find  j^  independently  of  these 
constants  by  observing  the  declinations  of  stars  on  the  six  hour 
circle.     When  r  —  ±  6*,  we  have,  by  (259), 


a^Dz 


-  e  sin  p  cos  i 


I  ^P 

:hese 

hour 

1 

3ITOT 


where  D  is  the  mean  instrumental  declination  from  the  ohsenref 
readings  in  the  two  positions  of  the  instrument  (the  two  obser- 
vations being  taken  in  quick  succession  very  near  the  six  hour 
circle,  and  one  on  each  side  of  it).  If  we  put  p  =  D  ~  3,  we 
shall  have  the  equation  of  condition 

±  1]  -\-  e  alrt  <p  cos  3  ^  p  (265) 

and  from  a  number  of  equations  of  this  kind  the  values  of  ly  and 
e  will  he  found. 

If  the  same  star  is  observed  hoth  at  r  =  -|-  6*  and  r  =  —  6*, 
we  shall  have,  for  the  two  observations. 


ij  -f  ^sin  f  cos  d  = 
—  Tl  -i-  e  nia  </!  cos  3  - 
1  =  i(P>—P,) 


(260) 


in  which  p,  —  p,  will  he  the  difference  of  the  observed  instro- 
mental  declinations,  corrected  for  any  difterence  of  refraction 
that  may  result  from  changes  in  the  meteorological  instruments 
in  the  interval  between  the  observations. 

But  it  is  not  always  possible  to  observe  stars  on  the  six  hour 
circle  in  both  positions  of  the  instrument,  the  pier  or  stand  inter- 
■  fering  with  one  of  the  positions  for  stars  within  a  certain  distance 
of  the  pole.  We  must  then  find  D  from  a  single  observation 
by  applying  the  index  correction,  previously  found  from  meridian 
observations  by  Art.  252.  The  equations  formed  from  such  an 
observation  should  have  a  weight  of  only  one-half  in  combining 
the  equations  according  to  the  method  of  least  squares. 

255.  Both  f  and  tj  can  he  found  in  a  general  manner  1 
observations  upon  diS'erent  stars,  without  limiting  the  • 
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THtions  to  tbe  meridian  or  the  six  hour  circle.  If  each  obaer- 
vation  of  a  etar  is  comptek\ — that  is,  consists  of  the  mean  of  two 
observations  in  the  two  positions  of  the  declination  axis, — wo 
ahall  have  for  this  mean 

8=  D  —  r  cob(t  —  »)  —  Be 

T  =  t  +  &t  —  r  Bin  (t  —  &')t&n  d  +  B'e 

in  which  B  and  B '  are  the  coefficients  of  e  in  (259).  Developing 
vnl;r  —  &)  and  co8{r  —  d),  we  find 

e  cos  T  -i-  ,  Bin  r  -i-  Be  ^  D  —  a-i      .^g^. 

dt  —  ;  sin  r  tan  J  -f  ^  cos  r  tan  d  -f-  B'e  ^^  r  —  t     J 

and,  from  a  snfficient  number  of  such  equations,  c^t,  f,  ij^  and  t 
will  be  determiuod. 

266.  Again,  f  and  ij  may  be  fonnd  from  single  observations, — 
that  is,  observations  in  but  one  of  the  positions  of  the  declination 
axis, — by  observing  each  star  t^vlce  at  very  different  hour  angles. 
We  shall  have  for  two  observations  of  the  same  star  at  the  hoar 
angles  r,  and  r„  circle  preceding  in  both  observations  or  follow- 
ing in  both, 

r|:=f|4-a(  — c sin r,  tana -fi; COST,  tan  3±c§ec  Jt  ii&nS ^A^t-^-  B,e 
r,^(, -i-a(~f  sin  r.tan^  +  jjcosr,  tan>J±c8ccJ+  i  tan  S  ±  A^ -i-  Bji 

where  the  signification  of  A  and  B  is  apparent  from  (259).  TTie 
fiflerence  of  these  equations  gives 

rjtan  J-f-ij(co8r^— cosr)  tan  S±(_A,—A^)  t-j-  {B,—B{)e^ 

Kow,  suppose  one  series  of  observations  in  which  each  star  i« 
obflervcd  at  equal  or  very  nearly  eqnal  distances  from  the  meri- 
dian, east  and  west:  this  equation  will  then  be  reduced  to  the 
form 

—  f  sin  r  tan  i1  -|-  e  cos  p  sec  it  sin  r  ^  ^  (268) 

and  from  the  whole  series,  embracing  stars  of  very  different 
declinations,  t  anil  e  will  be  determined. 

Suppose  another  series  in  which  e.ich  star  is  observed  at  or 
verj-  near  to  its  upper  and  lower  culminations :  the  equation  will 
take  tbe  form 

—  i;tand^ECosp  =  ;  (269) 
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ThiflBertea  wUl,  therefore,  determine  7  and  e.  The  upper  mgn 
will  here  be  used  for  a  serios  in  which  the  circle  is  west  of  the 
meridian  at  the  upper  cuhiiiiiations  aud  east  of  the  meridian  at 
the  lower  culminations.  This  appears  to  be  the  most  simple  and 
satisfactory  method  of  finding  the  flexure  e  of  the  declination 
axis.     Another  method  will  be  given  in  the  next  article. 

257.  All  the  preceding  methods  of  determining  the  instru- 
mental coiiBtftutB  depend  upon  the  accuracy  of  the  graduations 
of  the  two  circles  of  the  instrument.  Let  ub  inquire  how  far 
it  is  possible  to  determine  these  constants  independently  of  the 
circles,  or  without  invohnng  their  errors.* 

JVrsi, — The  inclination  90°  —  e  of  the  telescope  to  the  hour 
axis  can  be  separately  determined,  independently  of  the  other 
constants,  as  follows.  Bring  the  telescope  into  a  horizontal 
position  in  the  plane  of  the  mendiau,  the  declination  axis  being 
then  also  horizontal.  Place  two  coHimatiug  telescopes  in  the 
prolongation  of  the  optical  axis,  one  north  and  one  south, 
ajid,  directing  them  towards  each  other,  bring  the  cross  threads 
in,  their  foci  into  opticid  coincidence  (the  equatorial  telescope 
being  for  this  purpose  temporarily  moved  out  of  the  line  joining 
the  collimators  by  revolving  it  about  the  hour  axis).  Then, 
biinging  the  telescope  upon  one  of  the  collimators,  and  clamping 
the  hour  circle,  measure  with  the  micrometer  the  distance 
between  the  fixed  thread  that  marks  the  optical  axis  and  the 
cross  thread  of  the  collimator.  Revolve  the  telescope  upon  the 
declination  axis,  and  measure  the  distance  between  its  optical 
axis  and  the  cross  thread  of  the  other  coUimator.  The  difference 
of  the  two  micrometer  measures  is  the  value  of  3c.  To  elimi- 
raite  any  eccentricity  of  the  fixed  thread  with  respect  to  the 
optical  axis,  let  each  observation  on  a  collimator  be  the  mean  of 
tv/6  taken  in  reverse  positions  of  the  thread  corresponding  to 
readings  of  the  position  circle  differing  180°.  This  method  is 
identical  in  principle  with  the  process  given  for  the  transit 
instrument,  and  more  fully  explained  in  Ai-t.  145,  Instead  of 
one  of  the  collimators,  a  distant  terrestrial  point  may  be  used. 

We  may,  at  the  same  time,  determine  the  flexure  e  of  the 
telescope,  with  the  aid  of  the  declination  circle,  but  withoi 
involving  its  errors  of  division  (Art.  204), 


) 
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p— An  equation  for  determining  the  inclination,  90®  —  i, 
of  the  declination  and  hour  axes,  can  be  obtained  from  th^ 
observation  of  the  transits  of  two  different  stars  in  the  same 
fixed  position  of  the  declination  axis,  that  is,  with  the  hour  circle 
clamped  at  any  assumed  reading.  If  r  and  r'  are  the  apparent 
hour  angles  of  the  stars,  and  T^  T*  the  sidereal  clock  times  of 
the  transits  (corrected  for  clock  raie)^  the  difference  2y  of  these 
hour  angles  will  be  known  by  the  formula 

2j  =  t'  — T  =  T'—  T— (a'— a)  —  (r'— r) 

where  r  and  r'  are  the  corrections  of  r  and  r'  for  refraction ;  and, 
as  the  difference  is  very  small,  we  may  use  r  for  r'  in  the  second 
member  of  (259) :  hence,  if  the  circle  precedes,  we  shall  find 
for  this  difference  the  expression 

2  J  =  —  [y  sin  (r  —  ^)  +  i  —  ff  sin  if\  (tan  b*  —  tan  ^  '. 

Xow  reverse  the  declination  axis,  setting  the  hour  circle  at  a 
reading  differing  12*  from  the  former  reading,  and  repeat  the 
observation  on  the  same  stars  on  the  following  day.  We  shall 
then  have,  in  the  same  manner, 

2  3'  =  —  [/  sin  (t  —  d)  —  I  4-  '  sin  f]  (tan  ^'  —  tan  ^) 
—  ((?  —  e  cos  f  sin  r)  (sec  b*  —  sec  ^) 

The  half  difference  of  these  equations  is 

^  —  J  =  (*  —  «  sin  ip)  (tan  a'  —  tan  d)  —  c  (sec  ^'  —  sec  bf)  (270) 

bom,  which,  c  being  previously  known,  we  find  the  value  of 
i—  €  sin  f.  The  hour  circle  is  here  used  only  to  set  the  instru- 
ment approximately  in  the  reverse  position,  and  so  that  the  valued 
of  r  in  the  second  members  of  all  the  equations  may  be  regarded 
as  equal  to  each  other  in  the  computation  of  the  small  terms; 
We  thus  find  the  combination  i  —  e  sin  <p  independently  of  the 
circle  reading ;  but  we  cannot  separate  i  without  such  reading. 

Third,— The  quantities  f  and  rj  may  be  found  independently 
of  the  reading  of  the  circles  by  observing  the  same  star  at  its 
upper  and  lower  culminations,  and  also  at  its  east  and  west 
trarsits  over  the  six  hour  circle,  without  revolving  the  telescope 
Qpon  the  declination  axis,  and  measuring  the  distance  of  the  star 
in  declination  from  the  sight  line  with  the  micrometer.    Thus, 
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for  T  =  0  and  r  =  180°,  the  readiug  of  the  decliuation  circle 
being  constant,  and  /,  and  f^  the  microraeter  distances  of  the 
star  from  the  sight  line  in  the  two  observations,  r,  and  r,  the 
refractions,  and  i  the  true  declination,  we  have 


e  (sin  f  COB  8  —  cob  y  sin  3) 
e  (sin  If  COS  S  -f  cos  f  sin  3) 


I 

(271) 

i 


and  the  difference  of  these  eqnations  ^ves 

f  =  i  (/,  -/,)  +  i  Cr,  +  U)  +  e  COS  p  sin  i 

For  T  =  90"  and  r  =  270",  we  have 

a  +  r,  =  d  +  arf  4-  /,  —  j?  —  e  sin  ^  cos  3 
3  +  r,  ^^  d  +  Arf  +  /,  -f-  7  —  e  sin  p  cos  J 

in  which  r,  and  r,  will  be  equal  if  no  change  in  the  meteoro- 
logical instruments  has  occurred.  The  difference  of  these  equa^ 
tioua  gives 

V  =  W.-f:)-^ir,-T,)  (272) 

258.  A  precise  determination  of  the  constants  would  be  re- 
quired if  the  instrniuent  were  to  be  used  for  determining  abso- 
lute hour  angles  and  declinations.  But  so  large  an  instrument 
is  liable  to  be  so  much  affected  by  its  own  weight  and  hy  changes 
of  temperature  that  we  could  not  rely  upon  the  constancy  of 
its  condition  for  the  intervals  of  time  tliat  must  necessarily 
elapse  between  the  determinations  of  its  errors  and  its  applica- 
tion to  the  observation  of  absolute  positions  of  stars.  Hence  ita 
chief  application  ia  to  the  measurement  of  small  diferencvs  of 
right  ascension  and  declination,  or  of  distance  and  position  angle 
of  two  stars  with  its  micrometer.  The  advantages  of  the  equa- 
torial system  of  mounting -for  this  application  are  obvious. 

The  methods  of  conducting  these  micrometer  observations  are 
discussed  in  the  next  chapter. 
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CHAPTEK  X. 


mCROMETRIC  OBSEBVATIONS. 


I  SHALL  confine  myself  to  those  micrometerB  which  have  been 
most  geuerally  approved  by  astronomers,  either  for  their  con- 
venience or  their  accuracy,  and  which  are  more  or  lesa  in  com- 
mon use  at  the  present  day. 


THE  FILAR  MICROMETER. 
!59.  This  has  already  been  fully  described  in  Chapter  II., 
where  also  the  methods  of  finding  the  angular  valne  of  a  re- 
volution of  the  screw  have  been  given.  Those  applications  in 
which  this  micrometer  is  but  an  avxiliari/  of  some  principal  instru- 
ment— aa  in  the  transit  instrument,  meridian  circle,  &c. — have 
already  been  treated  of  under  their  appropriate  heads.  We  are 
here  to  consider  it  as  the  principal  inetrument,  and  the  telescope 
as  the  auxiliary:  consequently,  we  are  to  suppose  the  tele- 
scope to  be  mounted  with  special  reference  to  the  convenience 
of  raicrometric  observations,  or,  in  short,  to  be  an  equatorial 
telescope.  We  also  suppose  it  to  be  furnished  with  a  position 
drcle,  constituting  it  a  position  micrometer  (Art,  49). 


TO   FIND   THE   DISTANCE   AND   POSITION   ANGLE  OF  TWO   STARS*  WITH 
THE   FILAR   MICROMETER. 

260.  With  the  equatorial  mounting,  the  telescope  can  be 
readily  directed  to  the  stars  at  any  time  by  setting  the  circles  to 
the  known  hour  angle  and  declination  of  the  middle  point 
between  the  stars.  Moreover,  the  automatic  movement  of  thie 
instrument  (by  the  driving  clock),  by  means  of  which  the  stars 


*  I  saj  "Blars,"  in  general,  for  brei 
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but  the  melliads  given  are  obvioualj 
:«  aBd  posUioii  angle  of  any  two  near 
I  the  mMMurement  of  apparent  (cui- 


are  kept  in  a  constant  poaitiou  in  the  field,  is  indispensable  (ot 
the  exact  measurenieut  of  their  diatauce  and  position  angle. 

The  micrometer  is  to  be  revolved  until  its  transveree  thread, 
which  U  parallel  to  the  screw,  paases  through  the  two  starai.  ' 
The  zero  of  the  position  circle  (i.e.  the  reading  when  the  trans*  I 
verse  thread  is  in  the  direction  of  a  circle  of  declination)  beiiigl 
known  =  P^,  and  P  being  the  reading  upon  the  stare,  we  have] 
at  once  the  required  position  angle  ]),  by  the  formula 

The  distance  of  the  stars  is  measured  at  the  same  time,  byl 
placing  the  fixed  micrometer  thread  (which  is  perpendicular  t*i 
the  transverse  thread)  upon  one  of  the  stars,  and  the  movable  I 
thread  upon  the  other.  The  reading  of  the  micrometer  now  J 
being  ^(revolutiaus),  and  its  zero  for  coincidence  of  the  threads  l 
being  M^  the  required  distance  in  revolutions  of  the  micro- 1 
meter  is 

m  =  M—M,  (274)  1 

If  fi  is  the  value  of  a  revolution  in  seconds  of  arc  (Arts.  42,  4^  ,| 
&c.),  and  s  =  the  observed  distance  in  arc,  we  then  have 

tan  J  s  ^  m  tan  R,         or,  nearly,         s  =  mR  (275)  j 

The  distance  m  mayalso  be  found  by  placing  the  same  thread 
■Qccessively  upon  the  stars  and  taking  tlie  difference  of  the 
micrometer  readings,  thus  dispensing  with  the  fixed  thread  and 
with  the  determination  of  JUg.  It  will  be  still  better  to  use  two 
movable  threads  whose  constant  distance  is  known,  as  will  be 
illustrated  in  Art.  2ti5. 

In  this  process,  we  should  bring  the  images  of  the  stars  < 
opposite  sides  of  the  middle  of  the  field,  and  at  verj'  nearly 
equal  distances  from  it.  The  position  angle  measured  is  then  the 
angle  between  the  arc  joining  the  stars  and  the  circle  of  decli- 
nation drawn  to  the  middle  point  between  the  stars.  Both  the 
distance  and  position  angle  thus  observed  are  apparent ;  the  effect 
of  refracdon  will  be  considered  hereafter. 


261.  Correction  of  the  observed  position  angle  for  llie  errors  of  the 
eguaiorifU  instrument, — The  preceding  process  would  be  complete 
if  the  zero  of  the  position  circle  always  corresponded  to  that 
position  of  tiie  transverse  thread  in  which  it  coincided  with  a  i 
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circle  of  declination.     The  adjustment  described  in  Art  49— 
namely,  placing  the  micrometer  thread  so  that  an  equatorial  stai 
in  the  meridian  runs  along  the  thread — assumes,  Ist,  that  the 
micrometer  thread  is  perpendicular  to  the  transverse  thread,  and, 
2d,  that  the  equatorial  instrument  is  in  perfect  adjustment  in  all 
respects,  so  that  the  transverse  thread,  once  adjusted  to  the  meri- 
dian, will  remain  in  the  direction  of  a  circle  of  declination  in  all 
other  positions  of  the  telescope. 

The  first  source  of  error  is  avoided  by  adjusting  the  transverse 
thread  independently  of  the  micrometer  threads.  This  will  be 
most  readily  done  by  directing  the  telescope  upon  a  distant  ter- 
restrial point,  and  revolving  the  micrometer  until  a  motion  of  the 
telescope  upon  the  declination  axis  alone  causes  the  point  to 
move  exactly  along  the  tliread.  The  thread  then  represents  a 
declination  circle  of  the  instrument,  or  rather  a  circle  whose  pole 
is  that  of  the  declination  axis ;  and  we  take  the  reading  P^  in 
this  position  as  the  zero  of  the  position  circle. 

The  second  source  of  error  is  next  to  be  removed  by  compuia- 
Uofij  based  upon  the  actual  state  of  the  instrument.  The  distance 
of  the  stars  is  correctly  obtained  independently  of  the  errors  of 
the  equatorial  a<^ustment,  and  we  therefore  have  only  to  inves- 
tigate the  effect  of  these  errors  upon  the  position  angle.  The 
acyustment  of  the  thread  by  the  method  just  described  causes 
the  thread  to  be  at  right  angles  to  the  arc  QS,  Fig.  54, 
which  joins  the  pole  of  the  declination  axis  and  the 
star.  If  P  is  the  celestial  pole  and  X  is  the  required 
correction  of  the  observed  position  angle,  we  have 
the  angle  QSP  =  90^  —  X.  Let  P'  be  the  pole  of  the 
instruDlent,  and  put 

QSr  =90^  —  ft  FSP'=  q 

we  shall  then  have 

The  triangle  QSP'  gives,  with  the  notation  of  Art  246, 

.     ^       sin  I  —  sin  c  sin  d' 

Bin  Q  = 

cos  c  cos  a 

or,  with  sufficient  precision, 

Q=zi  Bee  d  —  e  tan  d 


Fig.  64. 
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To  take  the  flexui"e  of  the  declination  axis  and  telescope  into 
Bccomit,  we  see,  by  Art.  246,  that  we  inust  increaae  i  by  tho  cor- 
reutiou  di  ^=  ^  e  sin  tp,  and  c  by  the  correction  dc  ^c  cos  ip 

Hence,  putting,  aa  in  Art.  253, 


we  have 

Q  =  i|  sec  &  —  c  tan  S  —  e  cos  p  tan  8  sin  r 

The  ti'iungle  PSP',  with  the  notation  of  Arts.  245  and  247,  gives 


1 


or.  with  sufficient  precision, 


&ad  it  IB  evident  that  the  flexure  produces  no  sensible  effect  npon 
this  angle.     We  have,  therefore, 

i  := ;-  sin  (r  —  *)  sec  3  -j-  i,  sec  3  —  c  tan  S  —  e  coe  y  tan  J  sin  t  (276) 

This  formula  can  be  used  for  either  position  of  the  declination 
axis  by  observing  the  precepts  of  Art,  248;  but  if  we  wish  to  let 
8  always  represent  the  actual  declination,  and  regard  (276)  as 
applicable  to  the  case  in  which  the  declination  circle  precedes, 
we  shall  have,  for  the  case  in  which  \i  follows, 

^  =;•  Bin(r  —  #)  sec  i  —  i,  BOca+  c  tan  d  —  ecosf^  tan^sinr  (276*) 

The  value  of  d  must  be  that  which  belongs  to  the  middle  of 
the  field,  or  the  mean  of  the  apparent  declinations  of  the  two 
stars. 

The  position  angle  resulting  from  the  observation  will  now  be 

p  =  -P  —  -P,  +  ^  (2n) 

262.  The  constant  c  expresses  the  angle  between  the  optical 
axis  and  the  axis  of  collimation ;  and  it  may  be  well  to  repeat 
here  the  definitions  of  these  terms  as  we  have  used  them.  Tho 
optical  axis  is  the  straight  line  drawn  tlirougli  the  optical  centre 
of  the  objective  and  the  centre  of  the  position  circle;  and  the 
axis  of  collimation,  the  straight  line  drawn  through  the  optical 
centre  of  the  objective  perpendicular  to  t)ie  declination  axis. 
Now,  the  transverse  thread  may  not  pass  through  the  optid^H 
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axis,  but  may  have  a  certain  eccentricity:  hence,  to  obtain  the 
poeition  angle  according  to  the  above  formula  with  the  utmost 
rigor,  we  must  take  the  mean  of  two  observations  in  reversed 
positions  of  the  thread,  corresponding  to  readings  of  the  position 
circle  differing  180®. 

The  correction  ^  if  the  equatorial  adjustment  is  good,  will 
seldom  amount  to  one  minute  of  arc,  and  may  usually  be  disre- 
garded. The  importance  of  a  correct  determination  of  the  posi- 
tion angle  increases  with  the  distance  of  the  stars,  since  an  error 
in  this  angle  will  produce  errors  in  the  deduced  relative  right 
ascension  and  declination  of  the  stars  which  are  directly  propor- 
tional to  this  distance :  at  the  same  time,  the  greater  distance  is 
&vorable  to  accuracy  in  the  observation  of  the  position  angle. 
The  field  of  the  filar  micrometer,  however,  is  small,  diminishing 
as  we  increase  the  magnifying  power  for  the  sake  of  increased 
accuracy ;  and,  since  for  this  observation  both  stars  must  be  seen 
in  the  field  at  once,  we  are  obliged  to  use  low  powers  for  the 
greater  distances  (from  10'  to  20'),  and  thus  lose,  in  a  degree, 
the  advantage  which  the  increased  distance  would  otherwise 
afford.  This  difficulty  does  not  exist  in  the  use  of  the  heliometer^ 
for  which,  therefore,  a  greater  degree  of  refinement  in  the  deduc- 
tion of  the  position  angle  is  requisite,  and  the  above  correctioD 
becomes  of  greater  importance. 

263.  Seduction  of  the  observed  position  angle  to  the  mean  of  ih/. 
position  angles  at  the  two  stars. — Let  S  and  S ',  Fig.  55, 
be  the  stars,  P  the  celestial  pole,  S^  the  middle  point 
between  the  stars,  and  let  the  arc  SS'  be  produced 
through  the  star  S'  towards  A.    Let 

f  =  PSA,  f  =  FS'A,  p  =  PS,A. 

It  is  usual  to  assume  p  to  be  the  mean  of  p'  and  p", 
but  for  large  distances,  and  when  the  stars  are  near 
the  pole,  a  correction  becomes  necessary.   If  we  put 

^,  ^',  d^  =  the  declinations  of  S,  S\  S^ 
s  =  the  distance  SS', 

the  triangle  PSJS  gives 

cos  d  cos  y  =r  cos  }  s  COS  d^  COS  j>  -f-  sin  ^  «  sin  d^ 

COB  d  sin  p'  =  cos  d^  sin  p 


Fig.  65. 


a 
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whence 

COS  9  sin  (p'  —  p)  =  —  Bin  i  s  ain  d.  Bin  p  ■+■  sin*  t  s  cos  *,  sin  2  ;> 

COB  i  COB  (p'  —  p)  =^  COB  d,  -(-  Bin  J  a  fiiD  i,  COS  p  —  2  sin'  i  s  cob  ^,  cos*ji 

and,  developing  sin  ^  5  and  sin  \s  in  aeries, 

oob  ^  un  (/  —  p)  =  —  Js  ein  d^einp  +  j'g«*co8doB>t>  2p  +  &c. 
COS  d  cos  (p'  —  p)  =  cos  i,  +  ^  s  Bin  a^  COB  p  —  Ac. 

Dividing  tbe  first  by  the  second,  and  putting  for  tan  (p'  —  p)  ita 
vahie  in  seriea,  we  find 

p'  —  ^  =  —  J  3  tan  *,  Bin  p  +  j'^  a'  sin  2p  (1  +  2  tan'  dj  —  A^  -|-  ic. 

&i  like  manner,  the  triangle  F^^'  gives 

cos  d'  COB  p"  =z  COB  1  S  COB  9^  COS  p  —  Bin  }  «  Bin  J, 
cos  d'  sin  p"  :=  COS  ^g  Bin  p 

from  which  we  see  that  the  development  of  p"  —  p  will  be  ob- 
tfuned  from  that  ofp'  —  p  bj  merely  changing  the  sign  of  «.• 
hence 

p"  —  p  =  +  j  s  tan  A,  Bin  p  +  ^  e'sin  2p  (1  +  2  tan'  <)J  -{-  As*  +  &a 

Neglecting  only  the  4th  and  higher  powera  of  3,  we  have,  there- 
fore, 

^  O'  +  P")  —  P  =  /«  «'  sin  2p  (1  +  2  tan*  3,)  (278) 
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^0    nSD    THE    APPARBlrtr    DIFFBREXCE    OF    RIGHT    ASCENSION    AND 
DECLINATION   OF  TWO   STARS   WITH   THE   FILAR   MICROMETER. 

264.  First  Method. — Observe  the  distance  5,  and  the  position 
*ngle  /),  of  the  unknown  star  from  the  known  star,  by  the  pre- 
ceding method.     For  a  rigorous  method   of  computation  we 
nxii^  first  reduce  the  observed  angle  to  the  mean  of  tlie  angles 
^t  the  stars,  by  (278).     Thus,  if  we  denote  this  mean  by  p^,  we 
first  find 

p^=p  +  ^qS^  sin  1"  sin  2p  (1  +  2  tan«  \)  (280) 

in  which  we  may  take  d^  =  the  mean  of  the  declinations  of  the 
Btars,  which  may  be  found  with  sufficient  precision  by  a  rough 
preliminary  computation.  If  we  also  put  Ap  =  J  {p^^  —  p')>  ^® 
find  in  the  next  place,  by  (279), 

A/>  =  ^  s  tan  S^  Bin  p  (281) 

Now,  a,  d  denoting  the  right  ascension  and  declination  of  the 
^known  star,  a',  5'  those  of  the  unknown  star,  the  triangle 
£brmed  by  the  two  stars  and  the  pole  gives,  by  the  Gaussian 
^Illations  of  Spherical  Trigonometry, 

sin  }  (J'  —  d)  cos  J  (a'  —  a)  =  sin  J  5  COS  p^ 
cos  }  (^'  —  S)  COS  J  (a'  —  a)  =  COS  J  S  COS  A|> 

sin  }  (^'  4-  ^)  ^^^  i  (»'  —  *)  =  ^^®  i  ^  ^^^  ^P 
COS  }  (^'  -|-  d)  sin  i  (a  —  a)  =  sin  }  s  sin  p^ 


The  Ist  and  2d  give 


cosp, 


tan  J(a'—  S)  =  tan  is.      ^^  (282) 

COS  £ip 

Having  thus  found  J  (5'  —  5),  we  also  have  ^(d'  +  8)  =  d  + 
J(i' —  d);  and  then  the  4th  equation  gives 

Bin  J  (a'  -  a)  =  .?i?ililEA  (283) 

^  ^  C08j(^'+^) 

For  an  approximate  method  of  computation,  sufficient  in  most 
cases,  we  can  neglect  the  difterence  between  p  and  p^,  and,  con- 
sequently, also  neglect  terms  in  5*  in  (282)  and  (283),  so  that 
these  equations  will  become 

^'-a  =  «oo8p  I    .284) 

a'  —  a  =  8  sin  |>  sec  J  (^'  +  ^)  i 
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Example. — In  1846,  November  29,  at  the  Washington  Obser- 
vjitorj,  Mr.  Sears  C.  WAlkbr  observed  the  positjoii  angle  and 
distance  of  the  planet  Neptune  from  a  star  aa  folloWB : 

Sid.  time  =  0'  17-  52'  P  =  82<'  35'.7  m  =  20.576  rev. 

Fop  the  zero  of  the  position  circle  he  foiind  P^  =  272"  38', 
and  the  value  of  a  revolution  of  the  micrometer  was  E  =  15".406. 
The  star's  apparent  place  was 

o  =  21*  51-  50*.69  a  =  —120  25'  52".76  ^M 

Hence  we  have,  by  (284),  ^^1 

i>  —  P,^p^  169»57'.7     logcosp  n9.99330  log  sin  ;)  9.24132 

log  mR  =  log  s    2.50105 log  s         2.50106 

d'—3  =  —  5'  12".14       log  (3'— J)  712.49435  log  see  J  (3'+ J)  0.01212 

J(;j'-[-J)=— 13='28'29".     o'— a^+5G".82:^+3'.79    bg(a'— a)  1.75449 

The  computation  by  the  rigoroue  formnlte  (282)  and  (283)  gives 
the  same  results.  Neglecting  the  differential  refraction,  which 
will  be  treated  of  hereafter,  these  differences  applied  to  the 
given  place  of  the  star  give  for  the  place  of  Neptune  at  the 
sidereal  time  0*  17"  52*, 

«'  =  21'  51-  54'.48  3':=  —  13°  31'  4".90 

In  the  case  of  a  planet  the  place  thus  found  has  also  to  be  cor- 
rected tor  its  parallax.     {Arts.  102,  103,  of  Vol.  I.) 

265.  When  one  of  the  alara  kaa  a  proper  motion,  the  mean  of 
several  observed  distances  and  poeitiou  angles  will  not  corre- 
spotid  precisely  to  the  mean  of  the  times.  To  proceed  rigorously 
in  that  case,  we  must  compute  the  differences  of  right  ascension 
and  declination  li-om  each  observation;  and,  as  tlicsc  differences 
may  be  regarded  as  proportional  to  the  time,  their  mean  will 
correspond  to  the  mean  of  the  times.  But  a  briefer  method 
of  reduction  oousists  in  employing  the  mean  of  the  observed 
distances  and  position  angles  eorrccled  for  second  dijfcrenees.  Let 
S|,  Sy,  Sj,  he.  be  the  observed  distances,  and  s^  their  aritlimetical 
mean ;  p„  p,,  p,,  kc.  the  observed  position  angles,  and  p,  their 
arithmetical  mean ;  7",,  T^,  7^,  kc.  the  corresponding  observed 
times,  and  T  their  arithmetical  mean.  Let  s  and  p  denote  the 
values  of  tlie  distance  and  position  angle  corresponding  to  the 
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time  T.  We  have  only  to  find  a  and  />,  with  which  a  single  com- 
putation ef  the  differences  of  right  ascension  and  declination 
will  ^ve  the  quantities  required  for  the  time  T. 

Let  Aa,  Ad  be  the  changes  of  right  ascension  and  declination 
in  one  sidereal  second.  If  a',  5'  are  the  values  which  corre- 
spond to  the  time  T^  we  have 

s  sin  p  =  (a  —  a)  cos  }  (^'  -f  ^) 

8  C08p  =z    d' —  d 

uxidj  consequently, 

«j  Binp^  =  (a'—  a)  cos  J(^'+  ^)  +  ^a  (7\  —  T)  COS  J  (J' +  9) 


and,  also, 

/  sin  ^  =  Aa  cos  }  (^'  +  ^ 

/  cos  t^  =  A(J 

then 

«j  sin  |?j  =  «  sin  ;)  +  /  sin  * .  r^ 
«j  cos  Pi  =  s  cos  p  -\-  f  cos  * .  T^ 

^whence 

«j  sin  (|)  — ;>,)  =/  sin  (;>  —  t^) .  r, 

«i  cos  {p  — l>i)  =  5  +/C08(|>  —  d).Ti 

These  equations  give,  first, 

tan(p— 1),)  = 


}    (286) 


}      (^) 


1  +ZcOS(|>  —  d).T, 

which  developed  in  series  [PL  Trig.  Art.  257]  gives 

f  sin  {p  ~  ^)  /»  8in2(p^^)  V 

^='»  +  7'    sinr    •"'""? — ^^^v^'i  +*^- 

Each  observation  gives  an  equation  of  this  form ;  and  the  mean 
of  n  sach  equations,  observing  that  It  =  0,  is 

«_«  -€.  8i° 2 (p - »)  ^ 
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where  we  seglect  terms  of  the  third  and  higher  orders.    Here  r 
is  expressed  in  seconds  of  time,  and  we  hare,  very  nearly, 

H  _     2Bin'ir 

2  ~  (15  sin  Vy 
If  we  employ  the  quantity  m  given  by  Tahlo  V., — Vi. 


our  formula  will  become 
P=P„- 


sin  1" 


flin2Cp  —»)- 


\\bss\n  1" 

Again,  the  sum  of  the  squares  of  the  equations  {A)  gives 
=  «'  +  2/3COaCp-*).r,  +  (/r,)» 


whence 


'■^fl  I  2/cos(p-»)  ^^  ,  //r.\nt 


=  1+^ 


«Cy-«)-^.+ 


1/A 

2\    8 


sin'  (p  —  #) 


where  the  terms  of  the  third  order  are  neglected.     The  mean 
of  n  equations  of  this  kind  is 


'a 


^1  +  ^ 


and,  if  M  is  the  modulus  of  common  logarithms,  we  have,  very 
nearly. 
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m 


where  the  logarithm  of  the  constant  factor  is  given.     The  qaan- 
titles  AO,  &3,  /,  and  s  are  supposed  to  be  expressed  in  seconds 
arc. 


Secosd  Method. — Set  the  docHnation  circle  of  the  eqiitv- 

rinl  instrument  to  the  mean  decliniUion  of  the  two  stars ;  direct 

tlie  telescope  to  a  point  a  little  in  advance  of  the  stars,  and  damp 

the   hour  circle.     The  telescope  being  fixed,  the  diurnal  motion 

-wUl  carry  the  stars  across  the  field.     Set  the  transit  threads  {i.e. 

the  transverse  thread   and   the    threads   parallel   to   it)  in   the 

clirectioD  of  a  circle  of  decliuatiou,  and,  as  the  stars  pass  acroBB 

tbe  field,  observe  the  clock  times  of  their  transits  over  the  threads. 

^t  the  same  time,  set  the  micrometer  thread  upon  the  two  stars 

successively  as  each  passes  the  middle  of  the  field,  and  read  the 

xuicrometer  inter\'al  between  them;  this  will  give  at  onee  the 

diSTurence  of  declination.    The  dift'erenee  of  right  ascension  will 

"he  the  difl'ercuce  between  the  observed  clock  times  of  transit  of 

the  two  stars  over  the  same  threads,  this  difference  being,  of 

course,  reduced  to  a  sidereal  iutei-val  when  necessary,  and  also 

corrected  for  clock  rate. 

For  tbe  reduction  of  defective  transits,  it  is  necessary  to  know 
the  intervals  of  the  threads,  which  will  be  found  as  in  the  transit 
instrument  (Art.  131). 

If  one  of  the  bodies  has  a  proper  motion,  the  difference*- 
obtuined  are  those  which  belong  to  the  instant  when  this  body 
was  observed. 

It  is  usual,  in  obacrvationa  of  this  kind,  to  avoid  all  considep' 
atioa  of  the  errors  of  the  equatorial  instniracnt,  by  adjusting- 
the  movable  micrometer  thread  at  the  time  of  the  observation' 
BO  that  the  star  runs  along  the  thread.*  If  the  transit  threads 
we  exactly  perpendicular  to  the  micrometer  thread,  they  will  he 
(very  nearly)  parallel  to  a  circle  of  declination  drawn  through 

■  This  melhod  is,  bovever.  not  Btriotl;  correcl;  for  (lio  iip[iiirenl  pHlh  of  a  bIbt  in. 
.  Ml  prwoisfllj  perpendicular  lo  ibe  oirole  of  deolimi'ion,  on  ncuounl  of  Ihe  diffttcnot- 
■  ■  tt  the  refraction  at  differeni  points  of  this  patb.  The  error  is,  iudeed,  exlreioelj;/ 
K'nall,  except  when  the  leniih  dialance  Ja  very  great;  but,  if  we  wiah  to  proceed  vil  hi 
T  At  ntnoal  precision,  we  can  set  the  thrends  by  mesna  of  the  poaltion  oirole.  If  IkSi 
D  Pf  of  the  position  circle  has  been  determined  ■«  in  Art.  261,  and  the  circle  ie. 
to  this  reading,  the  Ihrends  will  make  the  angle  A  with  a  true  circle  of  deelina- 
tioD;  eoDiequentl;.  ct  and  6'  being  the  declinations  of  the  atara,  we  muat  add  the 

a.^{f—  /I)  Bin  X  aec  iT  to  the  ohaeTved  time  of  IraUEit  of  tka  >tn  * 
declination  ia  iT'.     The  angle  A  will  be  found  by  (276). 
Vol.  II  — Ifl 
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the  centre  of  the  field;  but,  to  eliminate  any  error  ariaing  from 
a  defect  of  perpeiidicularitj*,  the  threads  aliould  be  revolved  180° 
by  the  position  circle,  and  the  observation  repeated;  aud  in  a 
Beriea  of  consecutive  observations  there  should  be  a  like  uumber 
of  obaervationB  la  these  two  poeitious. 

The  elide  moved  by  the  screw  is  often  provided  with  throe 
micrometer  threads  the  constant  distance  of  whieh  from  eacli 
other  is  known,  and  each  of  the  two  bodies  is  observed  on  the 
thread  which  is  nearest  to  it.  By  this  arrangement  we  are 
enabled  to  measure  a  large  difference  of  declination  with  but  a 
email  motion  of  the  screw,  which  often  facilitates  the  observa- 
tion, especially  when  the  stars  have  nearly  the  same  right  ascen- 
sion, aud,  consequently,  pass  the  middle  of  the  field  nearly  at 
the  eame  time. 

The  equatorial  mounting  enables  us  to  repeat  the  observation 
as  often  aa  we  please,  with  the  greatest  facility.     After  each  ob- 
servation we  have  only  to  revolve  the  instrument  a  small  dia- 
tance  upon  the  hour  axis  and  clamp  it  again  a  little  in  adv-aqJH 
of  the  objects.  ^H 

Example. — In  1846,  November  29,  at  the  "Washington  Obser- 
vatory, Mr.  Walker  observed  the  difference  of  right  ascension 
aud  declination  of  the  planet  Neptune  aud  a  star  as  below.  The 
micrometer  was  adjusted  so  tliat  the  star  ran  along  a  micrometer 
thread.  There  were  three  micrometer  threads,  numbered  1,  2,  8, 
of  which  1  was  nearest  the  micrometer  head,  and  the  constant 
distance  between  2  aud  3  was  29.983  revolutions.  The  readings 
of  the  micrometer  increased  with  the  deelinatioo.  The  value 
of  a  revolution  was  R  —  15".406.  ^^ 


Transit  Thread. 

Men  of  throds. 

Micrometer.      ' 

I 

II 

III 

ThT«Bd. 

M 

Star 
Ueptttoe 

2'.7 
48.2 

15'.2 
0.5 

27'.4 
12.6 

23»30-15'.10 
"    82     0.40 

2 
3 

fi4.6ft4 
55.453 

•' —  a 

=  -|-    1   46.30 

-\ 

-  0.8S9 

-  29.988 
29.094 
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The  star's  place  was 

»  =  21*  50-  8',99  i  =  —n"  23'  35".ll 

%nd  therefore,  neglecting  the  differential  refraction  and  the 
planet's  parallax,  we  have 

•'  =  21»  51"  54'.29  a'=  —  13°  31'  8".33 

which  belong  to  the  time  when  Neptune  was  observed.  The 
clock  correction  was  —  3*  Sl'.T,  and  therefoi-e  the  place  deter^ 
mined  correaponda  to  the  sid.  tinae  23*  28-  28'.7. 

Five  observations  of  the  same  kind  were  taken  successively, 
Tjvbich  gave  at  the  sid.  time  23*  SO"  56',  a'  —  a  ^  +  1"  45'.23. 
d'  —  3  =  —  7'  29".40. 

267.  Third  Method. — When  the  telescope  follows  the  motion 
of  the  stars  automatically  with  great  accuracy,  we  may  measure 
the  difference  of  right  ascension  by  placing  the  micrometer 
threads  at  right  angles  to  the  diurnal  motion  and  setting  the 
fixed  tliread  upon  one  star  and  the  movable  thread  upon  the 
other.  The  middle  point  of  the  arc  joining  the  stars  should  be 
as  nearly  as  possible  in  the  centre  of  the  field.  If,  then,  m  is 
the  distance  of  the  threads,  and  ita  equivalent  in  arc  is  s  —  mJi, 
■we  shall  have,  very  nearly,  sin  (a'  —  a)  =  2  sin  J  s  sec  5^,  in  which 
So  13  the  mean  declination.  This  method  will  not  be  used  for 
etars  far  from  the  equator,  and  therefore  in  all  practical  cajies 
"we  may  take  a'  —  a  ^  a  sec  Sq.  The  objection  to  this  method  ia, 
that  the  difference  of  declination  is  uot  found  at  the  same  time. 
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This  instrument  belongs  to  the  class  of  double  image  mt- 
■<*Ometcrs.  The  object  glass  of  an  equatorially  mounted  tde- 
Bcope  18  bisected,  tiic  plane  of  the  section  passing  tlirough  thg 
optical  axis  of  the  lens,  and  the  two  scmi-leuscs,  set  in  scpuj-atc 
metallic  frames,  slide  upon  eat^h  other  in  a  direction  parallel  to 
Ilie  line  of  section.*  Either  semi-lens  can  be  moved,  and  the 
umotmt  of  it«  motion  measured,  by  a  micrometer  screw,  Eaeb 
Bi'mi-lens  forma  a  complete  image  of  a  distant  object  at  the  prin- 

*  Tbc  Jopliculioa  or  tbo  imiigi;  h^  mcane  nf  twn  complele  lenses  irns  invcnled  bj 
BoconKB,  in  1748.  Tbe  improvcmenl  of  aubHlituting  ibi!  two  lialiea  of*  eiogle  Una 
»u  ■■•■r'lj  after  made  by  JoSK  Uollund. 
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cipal  focus.  These  images  (in  a  perfect  instniment)  are  Biiper- 
poaed,  and  form  but  a  single  image  at  the  focus,  when  tht>  two 
aemi-lenflea  are  in  their  primitive  poaitiou  forming  a  single  cir- 
cular lens;  but  when  the  optical  centres  of  the  two  semi-leneea 
are  separated  by  tlie  sliding  motion,  the  two  images  at  the  focua 
are  separated  from  each  other  by  a  distance  equal  to  the  distance 
of  the  centres  of  the  semi-lenses.  The  instrument  thus  arranged 
becomes  a  micrometer  adapted  for  the  measureraent  of  small 
angular  distances  ip  general,  but,  from  its  supposed  peculiar 
adaptation  to  the  measurement  of  the  sun's  diameter,  has  re- 
ceived tlie  name  of  the  hcliomcter.  Thus,  if 
^ — ^*'  J, — ^  A  (Fig.  56)  is  the  imago  of  the  sun  formod 
/  \/  \  at  the  focus  when  the  centres  of  the  aemi- 

1  lenses  are  coincident,  and  one  semi-lens  is 
then  moved  until  the  image  it  forms  ia  ia 
the  position  A',  so  that  its  limb  is  in  appa- 
rent contact  with  that  formed  by  the  other  semi-lens,  the  motion 
of  the  semi-lens,  aa  measured  by  the  micrometer  screw,  gives 
the  measure  of  the  angular  diameter  of  tlie  eun  as  soon  as  the 
angular  value  of  a  revolution  of  tlie  screw  is  known. 
Again,  if  A  and  B  (Fig.  57)  are  the  images  of  two  stars  when 
the  aemi-IcuBCB  are  coincident,  and  if  (the  direction 
of  the  line  of  section  of  the  lens  being  made  to  coin- 
■  •  *  cide  with  that  of  the  line  joining  the  stars)  one  semi- 
'*'  ^  lens  is  moved  until  the  image  of  A  is  seen  at  B, 
while  that  of  B  is  moved  to  B',  the  motion  of  the  lens  as  given 
by  the  screw  detcnniues  the  angular  distance  of  the  stars.  The 
position  angle  of  the  two  stars  will  also  be  determined  by  the  angle 
which  the  line  of  section  makes  with  a  declination  circle  ;  and 
for  this  purpose  the  whole  lens  ia  mounted  ao  aa  to  be  revolved  in 
a  plane  at  right  angles  to  ita  optical  axia,  and  its  position  at  any 
time  is  shown  by  a  gmdnated  position  cii-cle  attached  to  the  tube 
of  the  telescope. 

Such  is  the  general  principle  of  the  instniment;  but  in  order 
to  give  preciaion  to  the  obsei-vation,  it  is  necessary  that  the 
observed  point  of  coincidence  of  two  images  should  be  in  the 
optical  axia  of  the  complete  lena,  and  that  these  imagoa  should 
bo  separated  by  moving  the  aeroi-lenses  in  opposite  directions 
and  equal  distances  on  each  side  of  this  axis;  or,  if  these  condi- 
tions are  not  exactly  or  approximately  satisfied,  that  we  should 
have  the  means  of  computing  the  correction  which  the  observed 
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measure  reqmrea.  For  this  purpose,  the  ocular  is  also  provided 
with  a  micrometer  ecrow  aud  a  poaitioii  circle,  and  the  position 
of  the  poiut  of  contact  of  two  images,  with  respect  to  the  line 
Joiniug  the  centres  of  the  two  positiou  circles,  can  be  determined. 
Tho  mode  of  using  the  data  thus  obtained  will  be  discussed  in 
the  general  theory  of  the  instrument  hereafter  given. 

269,  Plate  XV.  represents  the  heliometer  of  the  Eiinigsberg 
Observatory,  with  which  Bessel  determined  the  parallax  of 
61  (Jtfgni,     The  focal  length  of  the  telescope  is  102  inches,  the 
<liai]ieter  of  the  lens  is  6J  inches.     The    equatorial  mounting 
ui-etls  no  special   explanation,  as  it  is  essentially  the  same  as 
tlxat  described  in  the  preceding  chapter,  except  that  the  stand  i» 
lifre  of  wood  and  adjustable  by  means  of  I'onr  foot  screws.    The 
alitliug  motion  of  the  semi-lenses  is  produced  by  the  micrometer 
screws  n,  b,  which  are  moved  by  the  observer  by  means  of  the 
rotla  a'  and  b'.     The  meusure  of  the  motion  is  obtained  either 
fntm  the  graduated  heads  of  the  micrometer  screw  op  from  two 
graduated  scales,  which  are  read  by  the  microscopes  e  and  /. 
The  latter  method  is,  however,  chiefly  used  as  a  check  upon  the 
former,  and   also  to  verify  the  regularity  of  the   screw.     TliO 
revolution  of  the  lens  about  the  axis  of  the  tube  is  effected  by 
a  rack  (AA)  and  pinion,  which  ia  out  of  view  in  the  drawing, 
but  is  acted  upon  by  the  rod  d.    Iji  order  to  read  the  micrometer 
and  position  circle  after  an  observation  is  completed,  the  tele- 
scope has  only  to  be  revolved  upon  the  declination  axis  until  its 
object  end  is  brought  to  a  convenient  position  for  reading. 

It  greatly  facilitates  the  successive  repctiUoTis  of  the  observation 

(to  employ  the  automatic  movement  by  clock-work ;  for  after  an 
rinservatiou  the  telescope  can  be  revolved  upon  the  declination 
ijQfi  without  slojipinff  Ike-  clock,  and  after  reading  the  micrometer 
ind  position  circle  it  can  be  restored  to  its  former  position  in 
^Unation,  and  the  objects  will  be  still  in  the  fleld. 
L  It  is  one  of  the  chief  advantages  of  the  heliometer  that  the 
precision  of  the  observation  is  not  impaired  by  the  diurnal 
motion ;  for  even  when  wo  do  not  employ  the  di^ving  clock,  a 
good  result  is  obtained  whenever  we  have  made  a  eonlad  of  tlio 
images  of  the  observed  points  near  the  centre  of  the  field.  The 
automatic  movement  is,  therefore,  not  essential  to  secure  the 
accuracy  ot  the  observation  (as  it  is  in  the  case  of  the  filar  mi- 
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erometer),  but  is  cliieflj'  important  as  facilitating  the  repetition 
of  the  observation. 

It  has  beau  objected  to  tlie  holiomcter  that  the  optical  por — 
formanee  of  a  Bemi-Ieiis  is  imperfoct.  la  fact,  it  appears  that^„ 
although  the  correction  for  spherical  aberration  of  a  completes' 

lena  may  he  perfect,  it  is  not  perfect  for  each  half  of  the  leiiB, 

at  least,  it  has  not  been  found  perfect  in  the  instruments  of  thia»- 
kiud  heretofore  constructed.  There  is  also  some  inflexion  of  tlie^ 
raj-3  of  light  produced  at  tlie  line  of  section.  The  combined, 
efteut  of  these  causes  is  an  elongation  of  Ihe  separated  images  in 
a  direction  at  right  angles  to  the  line  of  section.  Another  ob- 
jection is,  that  the  brightness  of  each  of  the  images  ia  but  one- 
half  that  of  an  image  formed  by  the  whole  lens.  It  has  also  been 
found  that  when  the  two  semi-lenses  are  in  their  primitive  posi- 
tion, forming  a  single  complete  lens,  the  two  superposed  images 
do  not  always  form  a  single  constant  Imago,  but  that  in  a  dis- 
turbed state  of  the  air  the  images  are  frequently  seen  to  separate 
momentarily.  This  eifoct,  of  which  no  entirely  satisfactory  ex- 
planation has  been  suggested,  has  been  observed  in  most  if  not 
all  the  beliomcters. 

But  these  optical  defects  are  more  than  compensated  by  the 
superior  accuracy  in  the  measurement  of  distances,  resulting 
from  the  great  precision  with  which  contacts  and  coincidences 
of  images  can  he  ohsciA'ed.  The  elongation  of  the  images,  being 
in  a  direction  at  right  angles  to  the  obsen'ed  distance,  has  no 
Bensible  efi'eet  upon  its  measure,  and  its  minute  effect  upon  the 
position  angle  is  eliminated  by  repeating  the  observation  with 
opposite  motions  of  the  semi-lenses,  that  Is,  by  interchanging 
the  images.  The  tremulone  motion  of  stars  arising  from  a  dis- 
turbed state  of  the  air  is  in  general  common  to  the  images  of 
both  objects,  and,  therefore,  does  not  afl'cct  the  observation  <tf  a 
eontact;  and  the  momentary  separation  of  the  images  above  re- 
ferred to,  which  when  the  semi-lenses  are  separated  produoes 
a  alight  tremulous  motion  of  each  imiige,  d<ie8  not  cause  the 
images  to  appear  so  unsteady  rehHiel;/  to  each  other  as  the 
eingle  image  formed  hy  a  complete  lens  relatively  to  the  thread 
of  the  filar  micrometer.  Finally,  the  experience  of  Dessbl  and 
others  in  the  actual  use  of  the  instrument  has  proved  that  the 
probable  error  of  a  single  measure,  whether  of  distance  or  posi- 
tloQ  angle,  is  less  than  in  the  use  of  any  other  micrometer.* 

*  See  BlsiRL'fl  account  of  Lbo  Kouigsberg  belium 

pp.  411-426. 
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The  heliometcp  possesBCs  a  great  advantage  over  all  otber 
xiiicromoters  in  tlie  measurement  of  comparatively  large  dia- 
'Cancea.  With  a  filar  micrometer  the  distances  observed  must  be 
"the  less  the  higher  the  magnitying  power  employed,  since  the 
"whole  distance  must  be  in  the  field  of  view ;  Iflit  no  such  restrie- 
tion  exists  with  the  heliometer,  where  only  the  point  of  coutact 
or  coincideuco  of  two  objeL-ts  is  required  to  bo  in  the  field. 
With  the  Sunigsberg  instrument  above  deaeribcd,  a  diatauce  of 
~  i-6&'  can  be  meoeured. 
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270.  In  the  following  discnssiou  of  the  mathematical  theory 
of  the  heliometer  I  shall  chiefly  follow  Bessbl.* 

I  shall  first  investigate  the  general  formulse  which  determine 
the  position  of  any  point  of  the  celestial  sphere  observ-ed  with 
one  semt-lens,  the  data  being — let,  the  declination  and  hour  angle 
of  the  point  of  the  sphere  which  is  in  the  heliometer  axis,  which 
point  may  be  called  the  pole  of  the  heliometer  axis;  2d,  the 
position  of  the  semi-lens  with  respect  to  this  axis,  as  given  by 
the  micrometer  and  position  circle  of  the  objective;  Sd,  the 
position  of  the  point  in  the  field  where  the  image  is  observed, 
aa  given  by  the  micrometer  and  powition  circle  of  the  ocular. 

By  the  heliometer  axis  is  here  meant  the  straight  line  which 
joins  the  centres  of  the  position  cin^les  of  the  objective  and 
ocular;  and  we  shall  here  apply  to  this  axis  the  notation  which 
in  the  theory  of  the  equatorial  instrument  (Art.  245)  was  applied 
to  the  sight  hne.  Thus,  90°  —  t-  will  now^express  the  distance 
of  the  pole  of  the  heliometer  axis  from  the  pole  of  the  declina- 
tion axis.  If  then  we  denote  by  3,  and  Ti  the  declination  and 
loar  angle  of  the  pole  of  the  heliometer  axis,  we  shall  have,  by 
(258), 

'.  =  ■*+ "''-'•  »»■('.-»)  I    (289) 

r,  =  (  +  At  —  ;■  Bin  (t,  —  fl)  tan  3,  +  c  sec  I,  —  i,  tan  ^i     ) 

where  d  and  { are  the  readings  of  the  declination  and  hour  circles, 
and  A(/,  i/,  r,  I?,  c,  and  i,  are  the  constants  of  the  equatorial  in- 
struniont,  supposed  known.  The  terms  depending  on  the  flexure 
are  here  omitted,  a^  not  sensibly  afiectiug  micrometric  observa- 

*  Atlranoiitiiche  Uiiitrmehuni/en,  Vol.  I.,  Thforie  tint*  nit  einnn  Iltliomeler  tirrtehniat 
Jpio.'o rtat-  Injlrumtnls.     See.  however,   also   H \S!is.s' a  AutJuhtlichtMtlhodt  mil  dent 
■Mchta   Jleliomitir  Vertuchi  aniuiltUtn.  Ho.  Qathit.  1827. 
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tioiiB,  ext;eptiag  only  the  term  eeiii  ^  tan^j,  which,  on  accoont 
of  the  I'uctor  tan  3^,  may  be  Bupposed  to  become  sensible  for 
stara  very  uear  the  pole ;  and  this  term  is  included  in  our  for- 
mulse  by  the  substitution  of  t,  =  i  —  e  aiu  f. 

It  ifl  assumed  that  the  images  of  infinitely  distant  point! 
formed  by  each  semi-leus  are  matliemutical  points,  that  they  a 
lie  in  the  same  focal  plana  perpendicular  to  the  heliometM 
axis,  and  that  the  straight  liues  joining  these  points  and  thef 
images  pass  through  the  optical  centre  of  the  eomi-lens.  LM 
this  optical  centre  be  denoted  by  0.  The  point  0  is  moved  by  | 
the  micrometer  screw  in  a  plane  which  is  at  right  angles  to  the  1 
heliomcter  axis  and  in  a  line  whii-h  should  pass  through  that 
axis;  but  a  perfect  adjustment  in  this  respect  will  not  be 
assumed,  and  we  shall  suppose  that  the  line  in  which  the  point 
0  moves  is  at  the  distance  b  from  the  helioraeter  axis.  The 
position  of  the  point  0  in  this  line  at  any  time  will  be  deter- 
mined by  the  micrometer  i-oading  m,  together  with  the  reading 
that  corresponds  to  some  assumed  point  of  the  line  as  an  origin.^ 
Let  this  origin  be  the  point  of  the  line  which  is  at  tlio  least  d 
tance  (=  b)  fi-om  the  hcUometer  axis,  and  let  a  he  the  readii^ 
when  0  is  at  this  point ;  then  the  distance  of  0  from  this  origii 
at  any  time  will  be  expressed  by  m  —  a. 

The  direction  of  the  Hue  of  motion  of  the  point  0  at  any  time 
will  bo  given  by  the  position  circle.  The  zero  of  the  position 
circle  will  be  the  reading  when  this  line  coincides  in  direction 
with  a  celestial  circle  whose  pole  is  the  pole  {Q)  of  the  declina- 
tion  circle  of  the  instrument,  as  in  Art,  2l31.  If  we  here  denoti 
this  zero  reading  by  j(„,  and  the  readiug  at  any  time  by  n,  t 
position  angle  of  the  line  of  motion  will  be 

=  n-n,  +  i 
In  which  we  have,  by  (276), 

i  =^  [)-  sin  (ti  —  *)  +  ii]  eoc  i,  —  (c  +  e  cos  y  sin  r,)  tan  \  (21 

271.  Now,  in  order  to  express  the  position  of  tlie  point  0  in-l 
general  manner,  let  us  take  two  planes  of  reference  at  rig! 
angles  to  each  other  passing  through  the  heliometer  axis,  ani 
lot  one  of  these  planes  be  the  plane  of  the  cii-ole  of  decHnatitfl 
passing  through  the  pole  of  this  axis.     Let  A  Y,  Fig.  58,  he  t 
intersection  of  the  plane  of  the  circle  of  declination  with  i 
plane  of  motion  of  the  scnii-Icns;  AjY  the  intersection  of  t 
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second  plane  of  reference  with  the  plane  of  motion ;  BO  the 
in  which  the  optical  centre  0  of  the  Huini-leuH  movoa;  AO 
^erpt-ndicular  from  A  upon  HO.  Then,  according  to  tlie  i 
-•ion  above  adopted,  we  have  A0^=  b,  0^0—  in  —  a,  and  ^ 
=  n  —  n^-i-  X  =  n  —  ft,  where,  for  brevi^,  we  put 

A  ^^  n,  —  i  ( 

^ence  the  distance  of  0  from  the  two  planes  of  refereuc 
its  co-ordinates  on  the  axea  A  A' and  A  Y,  lU'e  evidently  -^^ 

a:  =  (m  -  fl)  sin  (n  -  ft)  4,  6  cos  (n  -  k) 
!/  —  {m  —  a)  eo9  (n  —  ft)  —  6  sin  (n  —  ft) 
The  position  of  the  point  in  the  field  of  the  ocular,  at  w 
the  image  of  tlie  ccleatial  point  is  observed,  which  point  we  . 
call  the  point  o,  will  be  determined  by  refcrriug  it  to  the  i 
two  planes :  80  that  if  fi,  a,  v,  x,  ^  have  the  same  signiflcatioi 
(be  point  0  that  m,  a,  n,  /;,  b  have  for  the  point  0,  the  eo-ordii 
of  o,  with  reference  to  these  planes  are 

e  =  Cp  —  »)  sin  (y  _  x)  +  ^  COB  (y  -  X) 

7=0<  —  i>)co8(i'  —  »)  — (Ssin  C«— «) 
Fig.  &B.  Fig.  M. 
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The  direction  of  the  night  line  oO,  or  that  of  a  star  whose  ir 
is  observed  at  0,  can  now  be  dotermined  by  means  of  thes^ 
ordinates  and  the  distance  /'  between  the  planes  of  motion 
and  O.  Conceive  a  straight  line  to  be  drawn  through  0,  par 
to  the  heliometer  axis.  This  line  and  the  heliometer  axis 
the  sarao  vanishing  point  in  the  celestial  sphere,  namely,  the 
of  the  heliometer  axis.  Let  A,  Fig.  59,  be  this  point  ot 
Bphere.  Sthe  star  in  the  sight  line  oO,  Pthe  pole  of  thehea^ 
The  plane  passed  through  the  line  oA  and  the  lino  oO  m 
with  the  plane  of  the  circle  of  declination  P^d  the  angle  PAS- 
and  the  angle  between  the  linos  oA  and  oO  is  measured  hj 
arc  AH  =  J.  Tlie  distance  of  0  from  the  line  oA  is  /'  ti 
Mid  its  distances  J'rom  the  plane  of  PA  and  the  phine  di 
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through  0^  at  right  angles  to  tlie  plane  of  P^  are /'tan  Jrin  jt 
and  /'  tan  J  cos  t:.  These  distaDccs  are  aleo  expressed  by  x  —  $ 
aud  y  —  -^'t  and  hence  we  have  the  cqnatiuas  ..^^ 

/'  tan  J  ail)  v  ^  X  —  S  ^^H 

/'  tan  J  cos  rt  =  y  —  ^  ^^H 

If  we  take  the  linear  distance  of  the  threads  of  the  micrometer 
screw  of  the  objective  as  the  common  unit  of  measure  of  all  the 
quantities  m,  a,  b,  ji,  a,  ^,  /',  and  if  It  is  ti'e  angular  value  of  one 
revolution  of  the  screw,  wc  have,  since  /'  is  the  focal  length  of 
the  lens, 


tanB  = 


Hence,  the  above  expressions  divided  by/' give 


tan  Jain  « 

=  tanJi 

[(«. 

-,. 

sin 

«- 

-k)  -t-  6coa 

(»- 

-») 

-(c 

-.) 

Bin 

'- 

-,)-Ho» 

(■- 

-»)] 

tao  JcosiT 

=  taaii 

[Cm 

-a 

coa 

n- 

-A)  — ft  sin 

(»- 

-«) 

-(c 

-. 

cos 

'- 

-»)+;»  sin 

('- 

-»)] 

(292) 


These  determine  J  and  n,  with  which  the  declination  d  and  hour 
angle  t  of  the  star  are  determined  by  means  of  the  formulse, 
derived  from  the  triangle  PAS, 


sin  8  =;  sin  a,  cos  d  -j-  cos  J,  sin  J  cos 
cos  S  COB (t,^ —  t) ^  COS  3|  COS  J  —  sin  \&\a  A  cos 
008  i  sin  (r, —  t)  ^  sin  J  sin  it 


■■] 
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272.  We  can  now  proceed  to  the  determination  of  the  relative 
position  of  two  stara  S  and  S'  whoso  images  have  been  brought 
into  coincidence  by  giving  the  two  semi-lenses  diflerent  positions. 
This  relative  position  is  expressed  (as  in  the  use  of  the  filar 
position  micrometer)  by  the  distance  s  —  SS',  and  the  position 
angle  at  the  middle  point  of  SS'  =  p.  Thus,  in  Fig.  55,  p.  395, 
5^,  being  the  middle  point  of  88',  we  have  PS^S'  =  p.  The 
declination  5,  and  hour  angle  r„of  S„will  be  regarded  as  known. 

Let  us  distinguish  the  two  semi-lenses  hv  the  numerals  I,  and 
H.,  and  let  the  formnlse  (292)  and  (293)  refer  to  the  semi-lens  1. 
and  to  the  image  of  the  star  S  formed  by  it.  Let  the  image  of  the 
star  S'  bo  formed  by  the  semi-lens  11.,  and  let  the  several  quanti- 
ties referring  to  this  star  be  distinguished  by  accents,  excepting 
those  which  are  common  to  both  stars.  Tttese  common  quanti- 
ties are — Ist,  the  readings  n  and  v  of  the  position  circles;  2d,  th« 
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micrometer  reading  ft  — a  and  the  constants  fi  and  x  of  the 
ocular,  since  these  refer  to  a  single  point  of  the  field.  But  we 
shall  suppose  the  lines  of  motion  of  the  two  semi-lenses  to  be  not 
perfectly  parallel,  and  shall  therefore  express  the  angle  which 
the  line  of  motion  of  the  semi-lens  11.  makes  with  a  declina- 
tion circle  hjn  —  kf;  so  that,  %'  denoting  the  zero  reading  of  the 
X>06ition  circle  when  this  semi-lens  is  used,  we  have 

U=n^  —  X  (294) 

tan  if  sin  ^z=z  tan  12  [{m' ^  a!)  sin  (n  —  A')  +  6' cos  (n  —  A') 

—  (^fi  —  a)    sin  (y  —  x)  —  /5  cos  (y  —  x)] 

tanif  co»«'=  tan  J2  [(m' —  a')  co8(n— A')  —6'  sin  (n  —  k) 

—  (;i  —  a)    cos  (y  —  x)  -f  /5  sin  (y  —  x)] 


(295) 


sin  ^'  =  sin  d,  cos  J'  -f-  cos  \  sin  J'  cos  r'  ^ 
cos  d'  cos  (tj  —  t')  =  cos  <5j  cos  J'  —  sin  d^  sin  J'  cos  :?'  \    v  -96) 
cos  d'  sin  (tj  —  ^)  =  sin  J'  sin  w'  j 

The  triangles  PS^  and  P5„S'  (Fig.  55,  p.  395)  give 

sin  }  5  sin  j>  =  —  cos  d  sin  (t,  —  t) 
sin  }  5  cos  f=  —  sin  J  cos  d^  -\-  cos  d  sin  ^^  cos  (t^^  —  t) 
cos  i  5  =       sin  J  sin  <J^  -f  cos  ^  cos  ^^  cos  (t^  —  t) 

and  )   (297) 

sin  }  8  sin  p  =      cos  ^'  sin  (t,  —  t') 

sin  }  5  cos/)   =      sin  ^'  cos  ^^  —  cos  ^'  sin  «5^co8  (t^ —  t') 

cosi5   =      sin  J'sin  ^j,+ cos  J'co8^jjC08(r^ — t')^ 

From  these  equations  we  must  eliminated,  r,  5',  and  r',  since  the 
values  of  s  and  /?,  resulting  from  the  observation,  are  to  be 
derived  only  from  the  declination  d^  and  hour  angle  r^  of  the 
middle  point  between  the  stars,  and  from  the  data  obtained  from 
the  instrument.  For  brevity,  let  us  write  u  and  v  instead  of 
tan  J  sin  n*  and  tan  J  cos  tt,  and  w'  and  t?'  instead  of  tan  J'  sin  k' 
and  tan  J'  cos  tt'.  Also,  put  r  and  r'  for  |/(1  +  wt£  +  ri?)  and 
v/(l  +  uV  H-  rV).     The  equations  (298)  and  (296)  become 

r  sin  ^  :=  sin  ^i  +  v  cos  d^ 
r  cos  ^  cos  (Tj  —  t)  =  cos  ^^  —  u  sin  ^^ 
r  cos  <J  sin  (Tj  —  t)  =  u 


and 


r'  sin  ^'  =  sin  9^-{-  t^  cos  ^, 
r'  cos  d'  cos  (tj  —  t')  =  cos  ^1  —  i/  sin  ^, 
r'  cos  <J'  sin  (tj  —  t')  =  u' 
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These,  combined  with  (297),  ^ve 

re,missiap= — co8i,8in(r,— r,) — «cob(t„ — r,)-|-wBini,BinCT^ — t,) 
r sin  ) 8 eosp ^= — aiD  J^cos  9„-\-  cos  JjBin  ^„cob (t^—  t^) —  u eiu i^siu  (t, — t^) 
—  V  [coaijCos  3,  -j-  ain  JjHin  Jjeo8(T, — t^)] 
r  cobI  j^     Bini,ain  ■Jj^  cos  a,coB  JgCos  (tj — t,)— u  cosd^ain  (r„ — r^ 
+  V  £coB  5,  ein  9^ —  Bin  ^,  cob  i,  cob  (t, — r^)]  (298) 
and 

r'8inisBinj)=ooei,BinCr„ — r,)  +  w'coB(r,— tJ — r'ain  ajBin  (*, — r,) 
r'8inlacoap=Bin  S^  eoad^ — coa  Jjain  J,coe(T|, — T,)-f  tt'ain  J,Bin(Tj — r^) 
-\-  rf  [cob  \  COB  a,  +  Bio  i,  sin  J,  cob(to —  r,)] 
r'cosis=Binaiain^+<^OB  J,  C083BC0B(rj — r,)  —  v'ooa  J(Biu(ra — r,) 
+»' [cos a, sin  J, — sin  i,  cos^ cob (r, — r,)]  (2fl9) 

These  equations  not  only  determine  «  and  ;;,  but  also  give  a 
relation  between  d^,  z^aaA  9^,  r,.  To  find  this  relation,  multiply 
the  first  two  equations  of  (298)  by  r',  and  the  first  two  of  (299) 
by  r,  and  subtract  the  former  products  from  the  latter:  we  find 


which,  if  we  pat 


r,)+(r'>,  +  n,-)c->»(r,-r,)-(r'o  +  ™')siild,iill{r,-r,) 


"frmn  -wbich  we  deduce 

cos  h  ein  (3,  +  //) 


cos  h  sin(fl|  +  M) 


rj  =  COB  A  cos  (i,  4-  S) 


'K 


nnd  the  sum  of  the  squares  of  these  gives,  hy  a  simple  reduction, 

cos  A  sin  (^,  +  .ff)  ^:  ein  (J^ 

-Bj-  the  combinatiou  of  tlio  laat  three  equations  we  have,  therefore. 


sin  fl^  =  COB  A  »in  (il,  -|-  ff) 
COB  t,  cos  Cr,  —  T,)  =  COB  A  COB  (a,  +  IT) 
COS  ^jSin  (t, —  r,)  ^^  —  Bin  A 


)li) 


If  we  regard  i,  and  t,  as  given  hythe  declination  and  hour  circles 
of  the  iiiBtrnmeut,  with  the  aid  of  (289),  we  can  employ  these 
equations  to  obtain  d„  and  r^;  or,  if  5^  and  r„  he  regarded  as  known, 
■we  can  employ  the  same  equations  to  obtain  fi,  and  r„  and  then 
the  reading  of  the  declination  and  hour  circles  is  altogether  dis- 
pensed with. 

The  values  of  5  and  p  will  be  derived  from  the  following  equa- 
tions, which  are  obtained  by  adding  (298)  and  (299): 


) (303) 


(r-l-r*) sin  is ain p  —  («'— w)  cos (r,— rj— (i/ — v) sin  S^ sin  (t-,— r,) 
<r+r')MniacoBp  — (u'— «)Bin3„8in  (r„  —  r,) 

_|-  (u' — uj  [cob  iI,  cos  ^o+Bin  fl^  sin  A^COB  (t^ — r^)] 
(r-fr'j  COB  is        =2  [sin  3,  sin  1),  +  cos  3|  cos  Jo  cos  (r, —  r,)] 

—  (u'-j-u)  COB  J,  sin  {t^  —  T,) 

+  (iZ+w)  [cob  3,  sin  8^ — sin  J,  cos  l^  cos  (r^^ — tJ] 

In  these  rigorous  formulse,  every  thing  in  the  second  members 
is  known.  But  it  will  never  be  necessary  to  employ  them  in 
this  rigorous  form,  except  when  the  two  stars  are  eo  near  to  the 
pole  that  the  quantities  u,  v,  u',v'  can  no  longer  be  regarded  as 
lall  in  relation  to  the  polar  distance.  In  almost  all  cases, 
therefore,  an  approximate  development  of  the  formulEe  will 
suffice;  and  this  I  proceed  to  consider. 

273.  The  approximate  development  of  the  equations  (303), 
when  the  terms  involving  the  third  and  higher  powers  ot'v,i',u',v' 
are  neglected,  is  extremely  simple,  and  would  lead  us  to  the 
formula  usually  given  for  the  hcliometer.     But  it  is  easy  to  see 


414  MICROMETBIC   OBSERVATIONB. 

that  8uch  a  development  is  not  eufficiently  exact,  even  for  etara 
near  the  equator,  when  their  distance  approaches  to  the  maxiniiira 
limit  (of  about  2°)  which  the  instrument  is  capable  of  measuring, 
unless  a  special  method  of  observation  is  exclusively  employed 
by  which  the  terms  of  the  higher  orders  are  rendered  practically 
insensible.  The  nature  of  such  methods  of  observation  will  be 
Been  hereafter;  but,  in  order  to-  obtain  the  most  generally  useful 
formulffi,  which  can  afterwards  be  simplitied  and  adapted  to 
special  cases,  I  shall  follow  out  the  very  precise  devcloJ)me^^ 
^iven  by  Bessel,  in  which  the  terms  of  the  third  order  are 
retained. 

In  order  to  develop  the  equations  (303)  as  far  as  terms  of  the 
third  order  in  u,  v,  u',  v',  it  is  necessary  to  develop  the  factors 
by  which  u'  —  u,  v'  —  v,  u'  +  v,  r'  +  v  are  multiplied,  as  far  as 
t«rma  of  the  second  order  only.  If  in  (300)  we  substitute  the 
values  of  r  —  v'(l  "t"  ""  +  '"^)  fi"d  '^  =  I'i'^  +  "'«'  +  "' '"'),  an*! 
develop  the  expressions,  we  shall  find  that  when  terms  of  the 
third  order  are  neglected  they  are  reduced  to  ^^M 

tan  <7  sin  G  ^  ^  f  u'  -|-  u)  ^^H 

tan  (/  COS  G  =^  ^  (v'  -t-  vj 

and  consequently  we  shall  have,  withthe  same  degree  of  approxi- 
mation, j^H 
sin  g  smG  —  ^  (u'  -|-  u)                                                ^^H 
sin  g  cos  a  =  W'+  f)                                                 ^H 

cos  y  =  1-^C«'  -f  uy-j,(y'  +  vy 

The  equations  (302),  by  the  substitution  of  the  values  of  hAuAS 
according  to  (301),  become 


sin  Jj  ^  sin  3,  cos  g  +  cos  i,  sin  g  cos  Q 
s  3,  cos  (t-j  —  Tj)  =  cofi  r5j  cos  g  —  sin  i!,  sin  g  cob  O 
a  J|,ein  (r^  —  'i)  =  —  Bin  g  sin  O 


from  which  follow,  also, 

cos  g  =  ein  i)^  sin  *,  +  cos  J,  cos  *,  cob  (r,  —  t,) 
sin  g  cos  G  =  cos  i,  sin  S^  —  sin  3,  cos  d^  cos  fr,  —  t,) 
sin  17  sin  f?  =  — cos  a,ein(T, —  t^) 

With  the  aid  of  these  equations  the  required  development  of 
(303)  ia  readily  obtained.     We  find 


I 
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(r+  /)amis  cosp  =  (t/~  r)  [1  —  i  (i/  +  vy  -  i(^'  +  «*)* tan«  ^J 

—  i(u'— «)(«'+ M) tan  ^f^ 

(r+  O  coB>«=  2  [1  +  U^'  +  w)'+  ^  (^'  +  ^)T 
^T,  dividing  the  first  two  of  these  by  the  third, 


+(t/-r)[i  K  +  u)  tan  d,  -i(u'+  u)  (t/  +  r)]        (   3^^ 

2tani«008p=(t/— t?)[l— K«^+ 1?)«— 4(u'+m)*— J(M'+K)«tanMj( 

—  ^  (ti'  —  M)  (m'  +  w)  tan  J^ 

in  which  we  are  now  to  substitute  convenient  expressions  for 
u'—UjV'  —  r,  w'  +  w,  r'  +  v. 

It  is  expedient  in  practice  to  make  all  our  observations  depend 
apon  but  one  of  the  micrometer  screws  of  the  two  semi-lenses, 
since  all  the  time  that  wo  may  have  to  devote  to  the  investiga- 
tion of  the  errors  of  the  screws  may  then  be  expended  upon  this 
one.  Let  us  suppose  the  micrometer  screw  of  the  semi-lens  11. 
to  be  thus  adopted,  and  let  w  denote  the  angle  between  the  lines 
of  motion  of  the  semi-lens  U.  and  of  the  ocular,  so  that 

w  =  (n  —  k^)  —  (y  —  x) 

a.nd  let/  and  F  be  determined  by  the  conditions 

sin  F=  tan  R  [(m— a)8in  (A'— A)4-6  cos  (A-'— A:)+(/i— a)  sin  w—ficoQ  w] 
COB  F=  tan  B  [(m — a)C08(A:'— A)— 6  sin  (//— A)— (/x— a)  cos  w — ^  sin  u?] 

(305) 

Multiplying  these  respectively  by  cos  (n  —  A-')  and  sin  (n  —  A'), 
also  by  —  sin  (n  —  k')  and  cos  (n  —  A:'),  the  sums  of  the  pro- 
ducts are,  by  (292), 

u=/sin(n-A;+^)  | 

i;  =/cos(n  —  A:'-f  ^)  J 

from  which  it  follows  that  /  and  n  —  A:'  +  1^  are  the  same  as 
tan  J  and  tt. 
If  we  also  assume  8  and  j&  to  be  determined  by  the  conditions 

2tanJSsin  JS?=tani2[— (m— a)sin(A'— A)-f  6'— 6  cos  (A' —  A)]  ^ 
2tan  JScos  JJ=  tan  JB[(m'— a')  — (m-'a)cos(A'— A)-f  6sin  (A'— A)] 

(307) 
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we  Bhall  find,  'by  meanB  of  the  multiplication  and  addition  above 
employed,  and  by  compariBOn  with  (292)  and  (295), 


)  and  (i 


=  2  tanl:SBiD(n  - 
=  2tant£rcoB(n  - 


i^  +  E) 
k+E) 


(308) 


H«'+«)=tani*S8m(n-A'+£)+/Bm(n-A'+F)  \ 

i(u'  +  p)=t»niSco8(fi  — V+£)+/coB(n  — A'+i?)  /    '-^*^> 

To  focilitate  the  substitntion  of  these  valuea  in  (304),  let  as  pnt 

q  =  n-k-\-E  «,=  J(u'+«)  r,=  J(t/  +  t,) 

we  shall  then  have 

tnnja 

tan  \a 


sin  j>  =  sin  q  (1 — «,' — j  ti,' — j  «,*  tan'  i,)  +  cos  ?  («i  tan  3^ —  «,i),) 
coBj)  =  co8j'(l — II,' — J«,' — ju,'taD'i^  —  einy'.u,  tan  3, 


Multiplying  these  respectively  by  cos  q  and  —  sin  q,  and  again 
by  sin  q  and  cos  q,  the  sums  of  the  products  are 

- — —  8in(j) — })=^w,tan*|, — \<i06q\tVji^yt^iiO6q — r,sing')-f-(«,*+»,*)8ing] 

^Licofl(j>—j)=l  — («,'+»,')— JM/tan»a,  +  iCWieoB}—p,Bin2)' 
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by  the  aubetitation  of  which  we  obtain 

■tanl£=tanl.5{l— tnM'15— 2/tanJSeos(F— £^)— i/'[l-|-C09\P— £')]J 
P=q-i-  lUmiSmnq-\-f  e\D(q  +  F—  £)]  tan  8^ 
I  — icoB  gEtan'i'SBm  q  -f  2/tan  iS  sin  (g  +  J*  —  E) 

+fe\a{q  +  2F-2E):i  (310) 

In  the  terms  of  the  order  of  tan'  JS,  we  may  put  p  for  q;  bnt 

I  in  those  of  the  order  of  tan  J  s,  in  the  first  line  of  the  value  of  p,   , 

"we  shall  employ  the  more  accurate  value 
q=p~  [tanj^sinp  +/Biii(;>  +  F  —  E^'jtaa.t^ 

IDividing  the  first  equation  of  (310)  by  1  —  tan'  ^  S,  the  first  mem- 
l>er  becomes  J  tan  s,  within  the  degree  of  approximation  hero 
adopted,  and  in  the  small  terms  we  may  put  J  s  for  tan  J  S.     The 
I  equations  thus  become 

i 

I       b 


I 


M  s  =  2  taa  iS {I  —fs  coa(F  —  E)  —  |/'[1  +coa'(F— fi)]} 
p  =  n  —  k'  +  E  +  {^s  sin p  +  f  ahUp  -^  F— £)]  tani, 
-[|8'«ni,+^/sBin(p+F-S)+i/'sm(;»  +  2F-2F)]coep 
-[^s'8in2p+.i/«em(2p+F-B)+;/'Bin(2p+2F-2£)]tan'a, 

I  These  may,  however,  be  still  further  simplified.  The  angle  JS  is, 
1  general,  either  very  small  or  very  nearly  180°,  according  as 
['  — fl'— (m  —  a)  is  a  positive  or  negative  quantity  in  (307). 
I  The  case  must  be  excepted  iii  which  the  distance  s  is  itself  w 
small  as  to  be  regarded  as  of  the  same  order  aa  ft'  —  A  and  6'  —  b; 
bnt  ill  tliia  case  the  terms  involving  E  are  themselves  so  small 
tJiBt  tiiey  can  be  wholly  neglected.  Putting,  therefore,  in  the 
small  terms,  ^=0  or  =  180°,  and  also  substituting  the  valua 
o{  k'=  n/  —  -i,  and  of  i  by  (290),  we  have,  finally, 

i/'Cl  +  eo8'F)]  \ 

-  fl)  -f  »i]  sec  fl,  I 

-f  Qssinpd:/ain(p  +  F)  —  c  —  ccos  j-ein  r,]  tan  3^      1    C"*!!), 

-[:j..'siTiprt!/s8m(p+F)  +  -i/'ainCp+2F)]co8p        \ 
-[j«'Bin2p±J/SBinC2p+F)+J/'8iaC2p+2F)]taD'a,/ 

which  the  upper  or  the  lower  sign  is  to  be  taken  according  aa- 
—  a'  —  {nt  —  a)  ia  positive  or  negative.     In   the  value  of  X 

<290),  we  have  here  substituted  r,,  and  3^  for  z^  and  A,,  which  will 

jroduce  no  appreciable  error. 

The  angle  p  here  expresses  the  position  ungle/rowi  the  star 


tan«  =  2l«ni5[!  q^/scos  F- 
p  =  «-n,'  +  F+I>sin(r, 
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whose  image  ia  formed  by  the  ecmi-tens  I,  to  the  etar  whose 
imftge  ia  formed  by  the  aemi-lena  II.  It  is  also  to  bo  observed 
that  we  have  employed  the  formulie  for  the  equatorial  iiiiStrumeDt 
as  given  for  the  case  in  which  the  declination  circle  preetdes  the 
telescope :  bo  that,  accoi-ding  to  Arts.  248  and  250,  when  the 
declination  circle /oyoi/".*,  t^  will  be  the  hour  angle  increased  b_v 
180°,  and  5j  will  be  tho  supplement  of  the  deeliuation;  coiise- 
quently,  also,  p  will  be  the  position  angle  inci'caeed  by  180°. 


274.  The  coincidence  of  the  images  of  the  two  stars  Sand  S' 
can  be  produced  at  the  point  0  (Art.  271)  in  ttt'o  different  ways, 
namely,  by  opposite  motions  of  the  semi-lens  II,  relatively  to 
tho  semi-lens  L  By  the  combination  of  the  observations  made 
in  these  two  ways,  we  shall  be  able  to  eliminate  a,  a',  b,  b',  k'  ~  k, 
and  it  will  no  longer  be  necessary  to  determine  these  quantities. 

Let  us  suppose  the  aemi-lens  I.  to  remain  in  the  same  position 
as  in  the  iirst  observation,  and  that  the  semi-lens  II.  is  now 
moved  in  a  direction  opposite  to  that  of  its  former  motion  until 
the  second  coincidence  of  the  images  is  produced.  This  will,  in 
general,  require  a  common  revolution,  to  a  small  extent,  of  the 
two  lenses  about  the  heliometer  axis,  thus  slightly  changiug  the 
reading  of  the  position  eiTOle,  which  reading  we  shall  now  denote 
by  i\.  Let  the  reading  of  the  micrometer  in  this  observation  W 
nji',  and  let  the  corresponding  values  of  S,  E,  and  p  be  denoted 
by  Si,  £■„  and  p,.  The  fonnnlre  (307)  and  (311),  with  these 
changes,  will  then  apply  to  this  second  observation,  and  (30' 
will  become 


2  tan  15,  sin  .E,= 
2tani:S,co8fi,= 


tan  R  [- 

tan  R  [nt 


(m- 


n  (ft-—  ft)  -I-  y-  6  cos  (,V—  A)3 
—  a)  cos  (A''—  k)-\-h  sill  (k  —  k") 


I 


Since  m^'  —-  a'  and  vi'  —  a'  fall  upon  opposite  sides  of  m  —  a,  the 
quantities  2  tan  J  S^  cos  E^  and  2  tim  J  Scos  E  have  opposite  signs. 
but  2tan^5,  sin£,  and  2  tan  JS  aiujE  are  equal;  from  which  it 
follows  (since  -S,  and  Scan  differ  only  by  terms  of  the  3d  order) 
that  Ey  differs  from  180°  —  E  on\y  by  terras  of  the  order  of  tho 
product  of  /;'  ^  A-  into  a*,  and  this  difference  may  be  regarded  as 
altogether  insensible.  In  the  application  of  (811)  to  the  second 
observation,  therefore,  the  meaning  of  the  double  sign  will  be 
reversed.  We  can,  however,  avoid  all  the  ditficulty  in  distin- 
guishing the  cases  iu  which  E  is  to  be  taken  greater  or  lesa  than 
90°,  by  calling  that  observation  tlie  first,  for  which  E  <  90°,  t 
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pplymg  to  it  the  notation  m'^  n.  Under  this  condition,  the 
pper  signs  of  (811)  will  be  nsed  for  the  first  observation  and 
36  lower  signs  for  the  second ;  and  the  value  of  ;7|  for  the  second 
bservation  will  be  180°  +  p. 

The  formulsB  for  the  two  observations  may,  therefore,  be 
xpressed  as  follows,  where  we  introduce  the  value  of  2  tan  \  3 
iven  by  the  second  equation  of  (307)  after  neglecting  the  inseii- 
ible  terms  (which  terms,  howler,  even  if  they  were  sensible, 
irould  be  eliminated  by  the  subsequent  combination  of  the  two 
observations) : 

gt  Observation, 

tan  «  =  taniZ^^''~^'""^+^^  [1  —fs  cosi^—  i/'G  +  C08«i?')} 

1?  =  n  —  n/  +  J5?  +  0  sin  (to  —  t^)  +  t  J  sec  d^ 
-f-  [^  5  sin  p  -\-fBm(p  +  jP)  —  c  —  e  cos  ^  sin  tJ  tan  d^ 

—  [4 «' sinp  -f  Ifs  sin  {p -i^  F)  -\-  ^p  sin  {p  +  22^)]  cos  j> 

—  [| «« sin  2p  +  \fs  sin  (2p  +  -P)  +  i/«  sin  (2p-\-  2Fy]  tan*  d^ 

Id  Observation, 

tan  «  =  tan  R  (^^  — ^— ^Z  +  ^O  ^  _|_  ^^  ^^^  F-  J/«  (1  +  co8«  i^)] 

P  =  ^  —  n^'  —  -E?  +  [r  sin  (r,  —  .9)  +  i  J  sec  d^ 

+  [—  2  5  sin  /)  +/  sin  (p  -f  i^*)  —  c  —  e  cos  f>  sin  tJ  tan  d^ 

—  [J  «' 8Jn ;>  —  i/«  sin  (;?  +  JP)  4-  1 /« sin  {p  +  22?')]  cos  j> 

—  [J  «*  sin  2;>  —  ^fs  sin  (2;?  +  jP)  4.  ^/«  sin  (2p  +  22^)]  tan«  ^. 

Prom  the  mean  of  the  two  observations,  we  have 

an  «  =  tan  2Z  ^  ~  Z'  [^  —  hP  (1  +  cos«2^)l 

2cosJS;    •■         ^-^    V    ^  J^ 

P  =  ^"Y^  —  V+  [r  sin  (r,  —  I?)  +  ij  sec  d,  .    ^ 

4-  [/  sin  ( J?  +  2^)  —  c  —  e  cos  ^p  sin  rj  tan  ^^ 

—  y»5  ««  sin  2;?  (1  +  2  tan«  a^) 

—  i/*  [sin  (;>  +  22^)  cos  p  +  sin  (2;>  +  22^^)  tan*  dj 

The  value  of  -B,  obtained  from  the  difference  of  the  two  values 
if  p,  is 

p— -_i J58inj?tan^^ 

^      +  U^  [sin  (i>  +  F)  COS  ;)  +  sin  (2/)  +  2?0  tan*  <JJ         (313) 

But  it  will  not  usually  be  necessary  to  regard  the  divisor  cos  jBiit 
Ihe  formula  for  tan  Sy  for  it  can  differ  sensibly  from  unity  onlj^  in . 
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those  caaeu  in  which  s  is  an  extremely  small  quantity,  and  in 
these  cases  we  may  take  J?  ~  J  («,  —  n). 

The  method  of  observation  with  the  heliometer,  in  which  two 
corresponding  observations  in  opposite  positions  of  the  semi- 
lenses  are  combined,  may  be  regarded  as  t'nndatacutal  and  easen- 
tiiii.  The  same  degree  of  accuracy  which  it  affords  cannot  he 
attained  by  single  observations,  the  reduction  of  which  requires 
an  accurate  determination  of  the  quantities  a,  a',  b,  b',  k'  ~~  k; 
for,  in  addition  to  the  uncertainty  of  such  determinations  foi 
any  given  position  of  the  inatcunicut,  it  is  not  certain  Uiat  the 
values  of  these  quantities  are  really  constant  for  al!  positions  of 
the  telescope  with  respect  to  tlie  horizon.  It  is  true  that  our 
formula  still  involve /and  jP,  which  dcpettd  upon  a,  a',  &c.;  but 
a  precise  determination  of  these  quantities  is  no  longer  necessary. 
eince  they  enter  only  into  the  small  terms  of  the  formulBe. 
Moreover,  by  a  proper  method  of  observation, /and  i^'may  be 
dispensed  with  altogether,  aa  I  next  proceed  to  show. 

275.  Assuming  that  a  complete  observation  always  consists  of 
two  corresponding  observations,  as  in  the  preceding  article, 
there  are  yet  three  different  methods  of  making  such  an  obser- 
vation, each  of  which  offers  some  advantage  over  the  others. 
These  I  propose  to  consider  separately. 

Shst  Method  of  Observation. — Let  the  semi-lens  which  is  to 
remain  fixed  during  the  observation  be  set  so  that  its  sight  lino 
shall  be  parallel  to  the  heliometer  axis.  This  will  be  effected  by 
making  m  —  a  =  /i  —  a,  and  at  the  same  time  n  —  A  =^  v  —  x,  or, 
in  the  most  simple  manner,  by  making  m  —  a^^ft  —  a  =  0. 
We  shall  then  have/=  0,  and  the  formulee  (312)  become  ^_ 


p  =  !L±_!!l  _„..+  [,, i„  (,._,,+  , -J  ,ec  J.  C3U) 

— i(<r  +  e  008  p  sin  r,)  tan  J^  — ygS'fiin2p(l  -j- 2  tan'  Jjl 

This  method  recommends  itself  by  the  symmetry  which  it  gives 
to  the  observations,  as  well  aa  by  the  simplicity  of  their  reduction. 
Second  Method. — In  this  method,  we  make  the  lines  of  motion 
of  the  objective  and  ocular  parallel,  or  !r  =  0.  and  also  make 
m  =  (i;..but  the  ocular  is  moved  between  the  two  obyervations, 
being  set  for  one  observation  so  that  /i  —  a  =  ^{jn'~  a'),  i 


tan  s  ^ri  tan  R  - 

*  +  "■ 


2  cobE 


(816) 
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for  the  other  ho  that  /i  —  a  =  i  (m^'  ~  a').  "We  then  have  I 
y  —  is  and  jP=  180°  for  one  oliaervation,  but  i^=  0  for  the 
other.  These  changes  must  be  made  in  the  two  seta  of  formulEe 
from  which  (312)  were  obtained;  for  in  the  combination  expressed 
bj"  (312)  the  ocular  was  euppoaed  to  have  the  same  position  in 
T_»otli  observations.  Here,  however,  we  nmst  put  J^^^180° 
tlie  first  and  J'=  0  in  the  second,  at  the  same  time  substituting  j 
^  s  for^',  and  then  make  the  combination:  we  thiUJ  obtaiu 

i    .^^.....,.-.,... 

^^^^K  —  (<^  +  £  cos  jD  sin  Tg)  tau  Jg 

^^^^B>  t^is  method,  the  rays  from  the  two  stars  make  the  same  angle 
^^■^1=  ^s)  with  the  optical  axis  of  each  semi-lens;  whereas  in  the 
^^Kl^tst  method  the  ra^'s  from  one  star  make  the  angle  s  with  tliia 
^^^mxis  and  tltoso  from  the  other  star  are  parallel  to  the  axis.  The 
i  second  method,  therefore,  offers  the  advantage  of  bringing  both 

images  at  eqnal  distances  from  the  axis,  thereby  producing  equal 
distinctness  and  accuracy  of  definition  in  them,  and  avoiding  the 
defects  of  the  lens,  which  appear  more  prominently  as  the  raya 
fall  raore  obliqneiy.  The  greater  simplicity  of  the  first  method 
iu  the. observation  will,  however,  give  it  the  preference  ho  long 
as  the  distance  to  be  measured  is  not  so  great  as  to  carry  one  of 
the  objects  beyond  the  limits  of  distinct  vision. 

Third  Method. — This  combines  the  advantage  of  the  second 
method  with  the  simplicity  of  the  tirst.  We  place  the  ocylop 
permanently  in  the  heliometer  axis,  and  make  each  observation! 
vith  the  semi-lenses  at  equal  distances  from  that  axis  and  on 
opposite  sides  of  it  The  chief  objection  to  this  method  is  that,' 
since  both  lenses  are  moved,  it  becomes  necessary  to  know  the 
T&lao  of  a  revolution  of  the  screws  of  both ;  but,  as  has  been 
itiready  remarked  in  Art.  278,  it  is  expedient  to  devote  all  our 
.attention  to  the  investigation  of  the  errors  of  but  one  screw.  It 
rWaiy  also  be  objected  to  this  method  that,  when  the  distance  to 
measured  is  rapidly  changing,  time  will  be  lost  in  effecting 
llhe  requisite  symmetrical  arrangement  of  the  observations.  This 
"objection,  however,  may  be  made  with  even  greater  force  against 
file  second  method ;  but  the  first  method  is  free  from  it. 

"With  any  of  these  methods,  if  we  wish  to  free  the  results  from 
the  effects  of  flexure  of  the  declination  axis  and  from  the  iuclt- 
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nation  of  this  axis  to  tlie  hour  axis,  without  BuppoBing  >,  and 
c  to  bb  known,  we  take  two  complete  ohscrvationa  {i.e.  pairs  of 
obsen'ations]  in  the  two  positiona  of  the  decHuation  cin-le.  pre-  - 
ceding  and  foUowing;  for  we  see  by  (314)  and  (315)  that  i,  and  c  - 
will  vanish  from  the  mean  of  these  two  observations. 

In  Art.  263,  we  have  seen  that  j^s*  sin  2/i  (I  +  2  tan'  dj  is  the 
correction  to  be  added  to  the  position  angle  at  the  middle  point— 
lietwcen  the  two  stars  to  reduce  it  to  tlie  mean  {—  p^  of  the 
position  angles  at  the  two  stars :  consequently,  if  wo  neglect  this 
term  in  the  first  method  of  observation  above  given,  the  result- 
ing position  angle  will  be  at  once  the  mean  position  angle  ;>„, 
with  which  and  the  distance  s  we  find  the  difl'erunces  of  detli- 
nation  and  right  ascension  of  the  stars,  by  Art.  264.  The  results 
are  yet  to  be  freed  from  the  effect  of  refraction,  by  the  methods 
hereafter  to  be  given. 

276.  I  have  thus  far  assumed  that  the  contact  of  the  images  is 
always  produced  at  a  certain  iaiown  point  (o)  of  the  plane  of 
motion  of  the  ocular.  It  will  be  well  always  to  make  the  con- 
tacts at  the  middle  point  of  tlie  field,  but  the  position  of  this 
point  will  usually  bo  estimated  only,  unless  it  is  indicated  by  a 
square  formed  of  intersecting  threads  or  some  equivalent  con- 
trivance, which,  however,  involves  the  necessity  of  illuminating 
the  field  or  the  threads.  Let  us  inquire,  therefore,  to  what 
extent  an  erroneous  estimate  of  the  position  of  the  middle  of 
the  field  will  aft'ect  the  observed  measures. 

The  quantities /and  F,  determined  by  (305),  express  tbo  actual 
position  of  the  middle  of  the  field  (ci);  but  if  tb©  point  of  con- 
tact is  a  different  point  (o'),  the  values  given  by  the  formulw 
require  a  coiTcction. 

Let  h  denote  tlie  angular  distance  of  o'  from  o,  and  Jl  the 
angle  which  oo'  makes  with  the  observed  arc  SS',  if  and  w  being 
reckoned  in  the  same  direction.  Thequantitiestan-R.  (/<  — a)6in  a 
and  tan  R.  {ji  -~  a)  cos  w,  whicli  express  the  angular  distances  of 
the  poiut  0  from  &S",  and  from  a  perpendicular  to  SS'  drawn 
through  the  hcliometer  axis,  must  bo  increased  by  /i  sin //and 
A  cos//  respectively.  Consequently,  /s'lnF  and /cos  J*  will  re- 
quire the  corrections  h  sin  H  and  —  h  cos  ff:  hence,  if  we  aappose 
A  to  be  BO  small  that  its  square  may  be  neglected,  the  effect  upon 
tana  will  be,  by  (311), 

±  As' cos  ^-f  h»f  (2  coa  F  COB  ff  —  sin  Faia  ff) 
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suid  the  efiect  upon  the  pOBition  angle  will  bo 

^^  A&in(p  —M)t&n9^±  ihslam{p  -^ M)coep  -\-  am(2p ~  H)i&n' e^ 
-j-  A/[8in  (j>  +  F  —  S)co6p-i-s\n(2p-^-F—Br)  tan' iJ ] 

*ince  A  will  bo  l>nt  a  few  minutes  in  any  case,  it  follows  that  the 
«fteet  npou  the  distuiice  will  be  UBually  inappreciable  even  for 
"the  greatest  values  of  s  and/.  The  firat  and  principal  term  of 
the  effect  upon  the  posilion  sngle  is  propoitionai  to  the  tangent 
of  the  declination ;  but  it  vanif hca  when  sin  (p  —  H)  =  0,  that 
is,  when  11=  p,  or  H=  p  +  180°,  or  when  the  point  at  which 
the  contact  ia  niado  lica  in  the  declination  circle  wliich  paesM 
through  the  centre  of  tlie  field.  When  the  telescope  follows  the 
(liunial  motion  accurately,  and  a  contact  has  once  been  made  in 
the  centre  of  the  field,  tlic  subsequent  observations  will  all  he 
very  near  this  iioint.  The  greater  the  declination,  the  more 
careful  must  wc  be  to  make  tlio  contacts  near  the  declination 
circle  of  the  centre  of  the  field ;  but  it  is  evident  from  the  pre- 
ceding discussion  that  we  shall  probably  always  be  able  to  eti^ect 
tliia  with  sutficient  accuracy  by  estimating  the  position  of  this 
mtre,  without  resorting  to  the  use  of  illuminated  threads. 
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27T.  To  find  a,  a',  a. — Direct  the  telescope  to  any  fixed  point, 
and,  having  brouglit  Uie  centre  of  the  semi-lens  I.  nearly  into  th» 
heliometer  axis  (by  estimation),  revolve  the  lens  180°  about  the 
axis.  If  the  imago  of  tlic  point  appears  still  in  the  same  point 
of  the  field  of  view,  the  reading  m  of  the  micrometer  is  then 
evidently  =  a.  If  the  image  has  moved,  we  have  only  to  move 
the  semi-lens  by  its  micrometer  screw  until  the  image  has  been 
«UTicd  to  the  middle  point  between  its  first  and  second  poattiona, 
»nd,  if  this  middle  point  has  been  correctly  estimated,  tlie  semi* 
revolution  will  no  longer  aff'ect  the  apparent  position  of  tha 
image.  By  repeating  this  process,  we  shall  very  quickly  find 
the  exact  position  of  the  semi-lens  when  its  centre  is  at  the 
minimum  distance  from  the  heliometer  axis,  for  which  m  ^^  a. 
In  the  same  manner,  a'  will  be  found  for  the  semi-lens  11. ;  and, 
by  a  similar  process,  revolving  the  ocular  180°,  a  will  be  found. 


278,    To  find  Ic'  ~  k,  b'  —  b, — These    quantities  produce  the 
influence  upon  the  readings  of  the  position  circle,  the 


greater 
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smaller  the  distance  between  two  points  whose  ima^s  an 
brought  into  coincidence.  They  will,  therefore,  be  most  accn- 
rately  determined  by  complete  observations  (Art.  275)  of  the  dis- 
tance and  position  angle  of  the  components  of  a  double  star. 
Bince  s  is  in  this  case  extremely  small,  we  shall  have  jE^  J  (n^ — nj, 
and,  neglecting  tlie  insensible  terms  in  (307),  the  single  obsoi 
tions  will  give 


asinlCn.-n)- 
a  cos  1  (n,  —  n)  = 


71  Km 


and  (aince  in  the  Becond  observation  we  put  180" 

O)  (/I  -  /.■)  - 


..inH«, 

S  COB  i  (», 


»)  =  K  [(». 
,0  =  Jllm- 


OS  m  (<SUT)i  the  single  obsery^^ 

-o)(J-A')  +  4'-6J  ^1 

a'-m  +  a}  ^M 

on  we  put  180"  —  E  for  IT}  ^H 

-«)(*-*')  +  »'-']  ^1 


from  the  combination  of  which  we  derive 

(ni  —  a)(k  —  k')  +  b'—b  =  ^  (m'  —  m,')  tan  J  (n,  —  n)   (316) 

in  which  the  second  member  and  also  the  coefficient  of  k  —  k'  are 
known  from  the  observation.  By  setting  the  semi-lens  L  at  various 
readings  m,  and  making  the  contacts  by  moving  the  semi-lens 
n.,  we  shall  thus  for  each  cgmpleto  obacrvation  have  an  equa- 
tion of  condition  of  the  form  (316);  and  since  the  coefficients  of 
k  —  A'  in  these  equations  may  be  made  to  have  very  different 
values,  the  combination  by  the  method  of  least  squares  will  give 
a  very  accurate  determination  of  both  k  —  k'  and  b'  —  b. 

"We  may  here  observe  that  it  is  not  necessary,  nor  is  it  advan- 
tageous, to  bring  the  images  of  the  stars  into  coincidence.  It 
will  be  better  to  bring  the  image  of  one  of  the  components 
formed  by  one  semi-lens  to  the  middle  point  between  the  two 
images  of  the  two  components  formed  by  the  other  semi-lens. 
Thus,  if  a  and  b  are  the  images  of  the  two  components  formed 
by  the  semi-lens  L,  a'  and  b'  those  formed  by  the  eemi-lens  IL, 
in  the  first  observation  the  images  will  stand  thus : 

a'    a     b'    b 


and  in  the  Becond  observation  thus : 

rt    a'    6     6* 
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the  components  are  supposed  very  close  together,  the  bisec- 

don  of  their  distance  will  be  more  accurately  estimated  than  a 

^c3oincidence  of  superposed  images.     This  method  of  observation 

'Ss  always  advisable  when  the  distance  to  be  measured  is  but  a 

itfew  seconds. 

I  should  have  remarked  before  that  the  quantity  k  —  A'  is  the 
difference  of  the  index  errors  of  the  position  circle  for  the  two 
«emi-lenses,  since  from  the  values  of  k  and  k'  (291)  and  (294) 
'we  have 

279.  To  find  the  index  error  (w/)  of  the  position  circle. — This  is  the 
index  error  for  the  semi-lens  IL,  with  which  we  suppose  all  our 
observations  to  be  made.  Let  the  semi-lenses  be  separated  to 
any  assumed  distance  (by  setting  m  —  a  and  m'  —  a'  to  different 
readings),  direct  the  telescope  upon  a  fixed  point,  and  revolve 
the  objective  until  a  motion  of  the  telescope  upon  the  hour  axis 
(the  declination  circle  being  clamped)  causes  the  two  images  of 
the  fixed  point  to  come  successively  into  the  sight  line,  that  is, 
into  the  centre  of  the  field  of  the  ocular.  The  position  angle  of 
the  line  joining  the  two  images  is  then  nearly  di  90° ;  but  it  will 
vary  with  the  distance  by  which  the  semi-lenses  are  separated. 

If  the  hour  circle  is  clamped  and  the  objective  is  revolved 
until  a  motion  of  the  telescope,  upon  the  declination  axis  only, 
causes  the  images  to  come  successively  into  the  centre  of  the 
field,  the  position  angle  of  the  images  will  be  nearly  0°  or  180°, 
but  will  also  vary  with  the  distance  of  the  centres  of  the  semi- 
lenses.  Tlie  relation  between  the  reading  (n)  of  the  position 
circle  and  the  distance  of  the  lenses  will  be  investigated  for 
each  of  these  methods. 

In  either  method,  I  shall  suppose  that  the  sight  line  of  the 
Bemi-lens  I.  is  made  to  coincide  with  the  heliometer  axis,  which 
^11  be  effected  by  setting  the  micrometers  so  that  m  —  a  =  0 
and  /A  —  a  =  0. 

1st.  When  the  telescope  is  revolved  upon  the  hour  axis, — It  is  ob- 
viously unnecessary  to  consider  the  position  of  the  instrument 
with  respect  to  the  pole  of  the  heavens,  and  we  may  therefore 
express  the  position  of  the  heliometer  axis  by  formulee  which 
give  the  instrumented  hour  angle  and  declination  of  the  axis.  In 
order  to  show  the  effect  of  flexure,  let  us  return  to  the  general 
formulas  (258),  which,  by  omitting  the  terms  y  cos  (r  —  tf)  and 
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^-sin  {r  -  &)  tan  3,  will  express  the  declination  3,  and  hour  angle 
fj  of  thw  heliometer  axis  referred  to  the  pole  of  the  iiistrunieut. 
Putting  i>  for  rf  +  ii.d  and  T  for  (  -f  al,  and  i,  =  t  —  «  sin  y,  we 
shall  put 

in  which  y  will  now  denote  the  latitude  of  the  infltrument  The 
equations  (293),  under  the  form  given  to  them  lu  Ait.  272.  will 
now  become 

r  flin  a^=Bin2)4-  veoaD  -\-  r  cos  3  cos  (7"  —  t),  aD 
TCOBtcos(T—T)  —  coaD—vmnD—rmn3.£kD  +  roos3BiB\^T—T).iiT 
r  cos  J  sill  ( r  — r)  =  M  —  r  COB  4  008  (  r  -  r) .  a  r 

(317) 

in  which  d  and  r  are  the  declination  and  hour  angle  of  the  fixed 
point. 

Ill  the  revolution  about  the  hour  axis,  D  remains  constant. 
If  the  preceding  equations  are  assumed  for  the  case  in  which  the 
image  produced  by  the  serai-lena  I,  is  in  the  flight  line,  and  we 
distinguish  by  accents  those  quantities  which  vary  when  the 
second  image  is  brought  into  the  sight  line,  we  shall  have,  since 
d  ia  fixed. 


sin  A  =:  —  ain  D  -j cos  i)  -(-  ooa  d  coe  (  2*  —  z).  i.D      ^H 

= -J sin  i)  +  —  cos  D  4-  coa  a  cos  (7"  — rj.fti/        ^M 

as  the  expression  of  the  condition  that  the  two  images  of  the 
same  point  are  successively  brought  into  the  sight  line.  But,  aa 
we  may  neglect  the  products  of  the  small  quantities  c,  i,,  e,  e,  by 
the  squares  and  products  of  u,  V,  u',  v',  we  can  in  the  last  tenna 
put  coa(r—  r)  =  cos(r'—  r)  =  1,  and  then  give  the  equi 
the  form 


I  COB  2)  ^ 


1 


l 


n  /)  +  cos  JfaZ)  —  aZ*') 

nD-\-e  cos  fi sin  Dcos  3(cosT —  cos T") 


From  the  second  and  third  equations  of  (317)  we  have,  with  th« 
degree  of  approximation  here  required, 


I 

r ' 


L 
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riiid,  therefore,  also 

008  S  cos  2"  ^=  COB  D  cos  r  —  o'  ein  D  cos  t  —  u'  sin  r 
bry  means  of  which  our  equation  becomes 

— ~\tanD-\-eeoa^taxtDl{v' — r)8inZ)oo8r-t-(«' — u)si[irl  I 

The  mode  of  obaervatiou  above  proposed,  by  which  we  have  J 
JM  —  a  =  0  and  fi  —  a  =  0,  leads  to  a  simplification  of  this  eqna-  I 
tion  ;  for  these  conditions  give  also/^^  0,  and  consequently,  bj  f 
(306),  u  =  v^Q,  and  r  =  |/(1  +  ua  +  w)  =  1.  We  have  al8(^  j 
l>y  (308),  under  the  same  conditiona, 

«'=2tanJ,S6in  {n  —  k' +  E) 
1/  =  2  tan  i  S  COB  (n  —  A"  4-  ^) 

iKnd,  coDseqnently, 

r'  =:  1  +  J  (u'«'  +  i/u')  =  1  +  2  tan'  i  S 

Substituting  these  values,  and  neglecting  terms  of  the  order  oi 
etan'  J  5,  we  deduce 

»(n— *:"+£)— tan!  if  UnZJ+e  cosy  tan  Zl[BinZ)cosrcos(n—A'+jS) 

-t- ain  r  sin  (rt  —  A*  +  £■)] 

from  which  it  follows  that  cos  (h  —  A:'  +  S)  is  of  the  same  ordei 
as  tan  J-S,  and  n  —  k'  -\-  E  is  noarly  —  ±  90°.  "VVe  may,  there- 
fore, in  the  last  turm,  put  cos  {n  —  k'  +  E)  =  0  and  sin  {n  —  k' 
+  -E)  —  ±  1,  and  write  the  equation  in  the  following  form: 

sin  [90°  ^  {n  —  V  +  E)'}  =  tan  J5  tan  D  ±  ccob  p  tan  iJain  r         ' 

We  shall  hero  have  to  distinguiah  between  the  cases  in  which 

—  k'  is  nearly  =  90"  or  nearly  =  —  90°.   The  angle  ^is  nearly 

=  0  or  nearly  equal    180",  according   as  m' —  a'  is  positive  or 

negative  in  (307).     When  n  —  A'  is  nearly  —  +  90"  and  E  is 

nearly  ^^  0,  we  have  n  —  k'  -{•  E  nearly  =^  +  90°,  and  the  upper 

rign  in  the  second  member  must  be  used.     Under  the  same 

conditions,  the  upper  sign  in  the  first  member  makes  9 

(n  —  k'  +  E)  nearly  =  0,  and  the  angle  may  be  put  for  its  sine. 

"When  n  —  k'  is  nearly  =  +  90°  and  B  is  nearly  =  180°,  tho 

[  ■  lower  signs  must  be  used.     Hence,  if  we  write  sin  E  for  E  op 

►'  for  180°  —  E,  we  shall  have,  when  ti  —  f  is  nearly  =■  +  90°, 

q:(n— A"  — 90°)— sin£=tanJ5tani>±ecoa¥'tan7'sIn  r    (SlSa) 
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and  aimilartj,  when  n  —  k'  is  nearly  ^  —  90°, 

+  C«  —  A'  +  90°)  4-  Bin  £  ^  tan  J  iS  tan  D  +  e  cos  p  tnn  i>  sin  r  (31S6) 

The  value  of  k',  according  to  (294)  and  (290),  when  we  refer  i  to 
the  pole  of  the  tnetruiueut,  ia 


',  sec  *,  +  c  tan  3,  -|-  e 


B  p  Ian  (Jj  sin  r 


where  the  last  terra  is  equivalent  to  the  last  term  of  (318),  If, 
therefore,  we  neglect  this  terra  in  (318),  the  value  of  k',  which 
the  equatione  then  determine,  will  he 

=^  \'  —  i,  Bee  3,  -|-  c  tan  a, 

If  we  suppose  /■.■'  —  A  and  b'  —  6  to  be  known,  we  shall  know 
JS  from  (307),  and  a  single  observation  will  detonnine  k'  by  (318). 
But  it  will  be  preferable  always  to  combine  two  corresponding 
observations  in  which  m'  —  a'  —  m  -\-  a  and  /h,'  —  a'  ^  m  +  a  are 
numerically  equal  hut  have  opposite  signs;  then,  n  and  n^  being 
the  readings  of  the  position  circle  in  the  two  observations,  we 
shall  have  from  their  mean 


1,  +  c  tan  -J,  =  i  (n,  +  n)  : 


90° 


(313) 


If  wc  set  the  micrometer  at  various  readings  in  making  these 
pmrs  of  observations,  and  assume  that  the  weight  of  the  resulting 
determinations  is  proportional  to  J  (/»,'  —  /»'),  and  if  wc  denote 
the  several  values  of  J('",'—  T/t')  by  M,  M',  M",  &c.,  and  of 
J  (n,  +  ?))  +  90°  by  N,  N\  N",  &e.,  we  shall  have  the  final  mean 
by  the  formula  (see  Appendix,  Method  of  Least  Squares) 


(if)  = 


JUN  +  M'N'  +  M"N"  +  &o. 

Jf  +  Jf '  +  Jf "  +  &c. 

I,  Bcc  .\  +  c  tan  .1,  =  {X) 


To  eliminate  the  tenuB  involving  i^  and  c,  wc  take  observations 
in  the  two  opposite  positions  of  the  declination  axis, — circle  pre- 
ceding and  circle  following, — and  if  (iV)  and  {N')  are  the  general 
means  found  in  the  two  positions,  we  shall  have 

";=U(A^)  +  0\")]  (320) 

We  see  that  the  index  error  will  be  found  independently  of  all 
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^ther  qnantities,  by  taking  the  mean  of  the  readings  in  four 
observations,  two  in  each  position  of  the  declination  axis. 

2d.  When  the  telescope  is  revolved  upon  the  declination  axis. — In 
tlxis  case  T  is  constant  and  D  varies.  The  condition  that  the 
trwo  images  are  successively  brought  into  the  centre  of  the  field 
ill  be  expressed  by  equating  the  two  values  of  cos  5  sin  ( 7' —  r) 
ven  by  tfie  last  equation  of  (317).  Putting  cos  {T  —  r)  ==  1  in 
last  term  of  this  equation,  we  find 

r  r 

,  by  the  same  method  of  observation  as  we  employed  above, 
making/ =  0,  and,  consequently,  also  u  =  v  =  Oy  and  r  =  1, 

^  =  r' COB  ^  ( A  !r' —  A  T) 

=  r'  COB  9  pj  (tan  D  —  tan  jy)  —  (c  +  e  cos  ^  sin  T)  (sec  D —  seciy)] 

^wbich,  with  the  same  degree  of  approximation  as  was  observed 
above,  may  be  reduced  to 

ti'  =  r't/  [ij  sec  ^  —  (^  +  ^  cos  <p  sin  T)  tan  ^] 

Substitating  tan  {n  —-  k^  +  E)  for  - ,  and  r'  =  1  (which  involves 

only  errors  of  the  order  of  tan*  J  S  multiplied  by  ij,  c,  e),  we 
have 

tan  (n  —  A'  +  -S)  =  t\  sec  d  —  (c  -\-  e  cos  ^  sin  T)  tan  3 

Hence  n  —  A'  +  -E  is  very  small  or  very  nearly  =  180*^.  When 
n  —  A/  is  nearly  =  0,  we  shall  have,  for  the  two  cases  of  -£^, 

n  —  A'  ±  sin  -E  =  I'l  sec  ^  —  (p  -{-  ^  cos  ^  sin  T)  tan  S      (321a) 
and,  when  n  —  /:'  is  nearly  =  180*^, 

n  —  A' :+:  sin  -&  =  2j  sec  d  —  {c  -\-  e  cos  ^  sin  T)  tan  d    (3216) 

If  we  omit  all  the  terms  in  the  second  member,  the  value  of  A' 
which  these  equations  determine  will  be  that  of  w/  itself.  If, 
then,  two  observations  are  taken  in  which  m'  —  a'  —  m  +  a  and 
m,' —  a' —  m  +  a  are  numerically  equal  but  have  opposite  signs, 
and  if  n  and  n^  are  the  two  readings  of  the  position  circle,  we  shall 
have 

<=i(»i  +  ^) 
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Regarding  the  wolghts  of  the  several  determinationa  thus  made 
as  proportional  to  the  values  of  J  (m/  —  m'),  a  general  mean  (N[ 
will  be  found  as  above,  and  then  we  shall  have  v^'  —  {N). 


280.  From  the  preceding  article  it  appears  that  by  pevolvinj 
the  telescope  upon  the  declination  axis  the  index  error  of  th« 
position  circle  ia  found  independently  of  all  other  quantities, 
and  without  reversing  the  declination  axis.  We  should  expect, 
therefore,  that  when  this  method  is  followed  in  both  positions  of 
that  axis — that  is,  both  with  circle  preceding  and  with  circk 
following — the  same  value  of  Wj,'  will  he  obtained.  Bessee 
found,  however,  that  this  was  by  no  means  the  case  with  the 
Kbnigsberg  heliometer ;  for  the  difference  of  the  reeulliug  values 
was  sometimes  as  great  as  4',  which  is  too  great  a  difference  to 
be  ascribed  wholly  to  errors  of  observation,  lie  explains  the 
discrepancy  by  supposing  the  telescope  to  have  a  tendency  to 
revolve  (so  far  as  the  elasticity  of  its  materiala  will  permit) 
about  the  point  at  which  it  ia  secured  to  the  declination  axis ;  a 
revolution  which  has  the  same  efiect  upon  the  position  angles  as 
a  revolution  of  the  tube  about  the  heliometer  axis,  and  which  is 
clearly  to  be  distinguished  from  a  flexure  of  the  declination 
axis.  Supposing  the  amount  of  the  revolution  to  be  proportional 
to  the  fori'c  which  tends  to  produce  it,  the  law  which  it  follows 
in  all  positions  of  the  instrument  is  easily  assigned;  for  this 
force  is  merely  that  part  of  the  weight  of  the  telescope  which 
acfi  at  right  angles  to  a  plane  passing  through  the  declination 
axis  and  the  heliometer  axis,  and  is,  consequently,  proportional 
to  the  cosine  of  the  zenith  distance  of  the  point  of  the  heavens 
towards  which  the  perpendicular  to  this  plane  is  directed.  The 
hoar  angle  of  this  point  is  the  same  as  that  of  the  heliometer 
axis  ^:  T„  and  its  declination  differs  90°  from  that  of  the  helio- 
meter axis  =  90°  -f-  <5i-  Denoting  the  zenith  distance  of  the 
point  by  ^,  we  shall  have 


cos  C  1=  sin  p  COB  J,  —  cos  ^  sin  *,  cos  r, 

and  the  amount  of  revolution  will  be  expressed  hy  i//  cos  ;■,  in 
which  -J/  is  its  maximum.  The  observed  position  angles  must  be 
corrected  by  adding  this  quantity,  or 


4  C^in  ¥  COB  ^i  —  cos  f  eio  3,  cos  t,) 


(322) 
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which  term  mnst,  therefore,  be  annexed  to  the  fonnulffl  for  p  in 
^314)  and  (315).' 

281.  To  find  the  ivdex  error  (x)  of  the  position  circk  of  the  ocular, — 
Set  tJi«  Femi-lons  II.  at  any  aesumed  distauee  —  m'  —  a'  from 
tlae  lieliometer  axis,  aud  tlie  ocular  at  an  equal  distance  ^^ /i—  a 
from  that  axis.  Revolve  the  ocular  about  its  axis  until  the  image 
of  a  fixed  point  is  seen  in  the  centre  of  the  lield.  L<?t  n  and  u 
"he  the  readings  of  the  position  circles  of  the  objective  and  otular. 
■Without  moving  the  telescope  or  changing  n,  repeat  the  obser- 
-^-atioii  with  the  distance  —  {m'  —  a')  —  —  {ft  —  a),  and  let  u'  be 
tlie  new  reading  of  the  position  circle  of  the  ocular.  Then, 
n  —  w/  being  the  true  direction  of  the  line  of  motion  of  the 
Bcmi-lens  H,,  we  have  x  =  ^(v  +  v')  —  (n  —  v^').  It  will  be  well 
■to  adjust  the  index  of  this  circle  so  that  its  readingB  will  agree 
■with  those  of  the  poeition  circle  of  the  objective. 

For  the  fixed  point  in  the  preceding  methods  of  determining 
the  index  error  of  the  position  circles,  it  will  be  expedient  to 
employ  the  intersection  of  a  cross  thread  in  the  focus  of  an 
niixiliary  telescope,  mounted  in  the  obae^^'ing  room,  with  its 
objective  turned  towards  the  heliomoter;  the  two  threads  of  the 
cross  making  an  angle  of  45°  with  a  declination  circle. 

282.  To  find  (he  distance  (ji)  of  the  line  of  motion  of  the  ocular  from 
the  heUometer  axis. — Set  the  ocular  at  an  assumed  distance  ft  — a 
from  the  axis,  and  bring  the  image  of  a  fixed  point  into  the  centra 
of  the  field.  Keeping  tlio  telescope  fixed,  set  the  ocular  at  a 
reading  /t'  such  that  /i'  ~  a  =  —  {/i  —  a),  and  revolve  it  until 
the  image  is  again  seen  in  the  centre  of  the  field.  Let  v  and  v' 
the  readings  of  its  position  circle  in  tlie  two  positions;  then 
'C  evidently  have 

±p  =  ^^^  tan  i  (180'  —  >•  +  >/)  (323) 


I 


It  will  be  easy  to  adjust  the  ocular,  by  means  of  the  proper 
adjusting  screws,  so  that  its  line  of  motion  passes  through  the 
beliometer  axis,  and  thus  make  ^  —  0.  A  small  error  in  this 
adjustment  will  have  no  sensible  efi'ect  upon  the  observations,  as 
our  formulie  show. 

*  Sm  Bemkl's  Ailron.  Vnternteh.,  Vol.  1.  pp.  45,  72.     Id  tho  Uticr  place  he  God* 
t  fc(  tbe  Konigsberg  helloiueler  ^  [wliicb  he  lli«re  deoolcs  bjr  fi)  ■=.  r.014. 
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283.  Finally,  the  value  of  a  revolution  of  the  micromGt«r 
Hcrew  (—  li]  is  to  be  dctcniiined  with  the  utmost  precision.  Of 
the  methoils  jfiveii  in  Chapter  II.  for  the  filar  micrometer,  we 
may  regard  the  following  as  the  most  euilable  for  the  holiometer : 

Ist,  By  the  measurement  of  the  fooal  length  of  the  Icna  and 
of  the  distance  between  two  eucoesaive  threads  of  the  micrometer 
Bcrew. 

2d.  By  the  Qanssian  procese,  or  the  obaervation  of  a  thread  in 
the  focus  of  the  lens  with  a  theodolite. 

3d.  By  the  measurement  of  a  distance  otherwise  known,  as, 
for  example,  the  distance  of  two  stars  in  the  group  Pleiades  de- 
termined by  meridian  observations. 

By  the  third  method,  however,  we  cannot  expect  to  reach  the 
degree  of  accuracy  which  ia  necessary  to  give  the  heliometer  all 
the  advantage  which  it  should  possess  as  a  micrometer.  Thi* 
objection  is  obviated  in  a  degree  by  measuring  the  sueccssiv! 
distances  between  a  number  of  stars  wliich  are  nearly  in  the 
same  great  circle,  and,  having  reduced  these  distances  to  the 
great  circle  Joining  the  extreme  stars,  comparing  the  total  reduced 
distance  with  the  distance  of  the  extreme  stars  as  determined  by 
meridian  observations. 

Beshbl,  after  a  careful  trial  of  all  these  methods  with  the 
Konigsberg  heliometer,  gave  the  preference  to  the  first.  I  must 
refer  the  reader  to  his  elaborate  reaearchea  upon  this  instrument 
(already  referred  to)  for  his  very  precise  mctliod  of  determining 
the  focal  length  of  the  lens.  These  researches  include  also  aomo 
optical  iuvestigatione  of  great  elegance  and  importance. 
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284.  lu  the  general  discussion  of  eclipses  in  Vol.  I.,  I  omitted 
to  apeak  of  the  use  that  may  be  made  of  these  observations  in 
determining  the  corrections  of  the  elements  of  the  edipse.  The 
omission  may  be  appropriately  supplied  hero 
in  connection  with  the  heliometer,  witli  which 
the  observations  are  most  accurately  made. 
Let  J/'anil  .S'(Fig,  60)  be  the  aiijuircnt  places 
'  of  the  centres  of  the  moon  and  ann,  CC  the 
common  chord  of  the  intersecting  discs.  The 
observation  consists  in  measuring  the  distance  of  the  cusps  C,  C, 
and  the  position  angle  of  CC  with  reference  to  the  circle  of 
declination  drawn  to  its  middle  point.     This  distance,  as  well  &6 


m 


^ 
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the  position  angle,  will  be  affected  by  refraction,  the  correction 
for  -which  will  ho  investigated  hereafter.  Lot  s  and ^  here  denote 
the  distance  and  position  angle  deduced  from  the  observation  by 
the  formiilEe  above  given  for  the  hcHometer,  and  also  corrected 
for  refraction. 

The  local  time  of  each  measure  must  be  accurately  known. 
For  this  time,  let  the  p^^llaxeg  of  the  two  bodies  in  right  ascen- 
(1  declination  be  computed  (by  Vol.  I.  Art.  98),  and  let  a 
id  a'  denote  the  reeultiug  apparent  right  aaeensioua  of  the 
lOon  and  sun  reapectively,  ri  and  3'  their  apparent  deelinationa. 
let  a  denote  the  apparent  distance  of  the  centres  =  SM,  and  h 
the  position  angle  of  SM  ■with  referoucc  to  a  circle  of  declination 
drawn  through  its  middle  point,  reckoning  this  angle  from  th« 
Tuoon  towards  the  sun.     AVe  have,  with  auffieiout  accuracy, 


ff  Bin  n^=  (■'  - 

*  COB  TT  ^=    J'  - 


a)  COsK^'+  ^) 


(3241 


-which  determine  <t  and  jt. 

For  the  same  time,  the  apparent  scmidiamctora  nf  the  moon 
«nd  Bun,  which  we  shall  denote  by  S  and  S'  respectively,  will 
be  computed  by  Vol.  I.  Art.  131.  We  then  have  given  the 
tiiree  sides  of  the  triangle  SCl^f,  and,  denoting  the  anglea  at  Sf 
and  Shj  p  and  //,  we  may  find  these  angles  by  the  usual  formulte 
of  plane  trigonometry,  or  by  the  following  formul^^  which  in 
tile  present  case  are  aomowhat  more  convenient ; 


J  (S  C08  /I  ~\-  S'  COS  /i')  = 


|(Sc. 


(S-\-S')(S~S')  _ 


(325), 


iTPlth  cither  of  theae  angles  and  the  value  of  S  or  S',  we  can 
iompute  the  value  of  GO'.     Let  this  computed  value  of  CC  b« 
itoted  by  e' ;  we  have 

8*  =  25  sin  /i  =  25'  sin  /*'  (326> 

Hie  difference  between  this  computed  value  and  the  observed^ 
ftlue  s  will  determine  the  corrections  which  the  elements  of  the- 
>  ecl^ae  require  in  order  to  satisfy  the  observation.     Put  s  =  a!' 
'  +  ds'.    Differentiating  (826),  we  find 

ds'  =  2S  cos  f,   d/.  +  2ainM-dS 
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and  from  the  formula 

2S<r  coa  ;<  =  (f*  +  S'  —  S" 


whence,  with  the  aid  of  the  known  i 
of  the  plane  triangle,  we  readily  find 


S  coe  ;i)  da  -f-  (S—  a  cos  /i)  dS  —  S'dS 

lationa  between  the  parted 


But,  air 
which  T 


I  da  varies  with  tt,  we  must  replace  it  by  correction* 
1  have  the  same  value  in  all  the  equations  of  condition 


thus  formed.     Bj  putting 


=  (a'  —  a)  COS  1  (J'  -f-  J)  = 


da  ^  dx  .  sin  n  -j-  rfy  .  cos  ir 


dx  =  coai{S'  -{•  3').d{a.' 
dy  =  d{S'  —  3) 


i 


ojjd  we  may  regard  d[a'  —  a)  and  d(S'  —  S),  and,  conaequently, 
also  dx  and  dy,  as  constant  for  the  duration  of  the  eclipse.  "We 
then  have  ^ 


« tan  jt'  rtan  /i 


a  iaai£ 


— -  sin  itdx  - 


a  tan/i' 


coairdy  = 


(327) 

This  will  be  the  final  form  of  our  equations  of  condition  if  the 
distance  a  is  fully  corrected  for  the  instrumental  errora.  If,  how- 
ever, the  zero  of  the  micrometer  ie  uncertain,  wo  should  make 
observations  on  opposite  sides  of  the  zero,  (with  the  heliometer, 
by  placiug  the  movable  semi-lens  alternately  in  opposite  poaitiona 
with  respect  to  the  stationary  one,)  and  if  c  13  the  unknown  error 
of  the  micrometer  zero,  wo  must  write  s  ±  e  for  a  in  the  above 
equation,  taking  s  +  c  for  one  series  of  observations  and  s  —  c 
for  the  other.  The  resolution  of  all  the  equations  of  condition 
by  the  method  of  leaat  squarea  will  then  determine  dS,  dS',  dx, 
dy,  and  c. 


cusps    IN    A    SOLAll    ECLIPSB,    1 

It  will  HBually,  however,  be  inexpedient  to  retain  dS',  hb  ita 
^^soefficient  will  difter  very  little  from  that  of  dS.  The  value  ot 
^tle  Ban's  Be  mi  diameter  ia  now  so  well  determined  that  in  dia- 
^c=?nseions  of  this  kind  it  will  be  quite  allowable  to  put  dS'  —  0. 

We  may  also  form  equationn  of  condition  from  the  position 
-^BDgles.  The  angle  n  is  formed  by  SM  a,ud  a  circle  of  decliim- 
~<ion  drawn  to  the  middle  point  of  SM,  while  p  is  formed  at  the 
^int  D.  Denoting  the  middle  point  of  SM  by  £!,  we  have  DE 
-=  iff  —  S'  cos  ft'  =  j  [S  cos  ft  —  S'  cos  fi')  ^=  A ;  and  we  can  now 
compnte  the  position  angle  of  CC  at  the  point  D  from  the 
knon'n  parts  of  the  triangle  formed  by  the  points  D,  E,  and  the 
pole.     Lety  denote  this  computed  value;  we  readily  find 


-  00=  +  A  Bin  .7  tan  J  {5'  +  S) 


(328) 


Putting  the  observed  value  p  ^p'  +  dp',  we  have,  by  neglecting 
the  insensible  variations  of  the  last  term  of  (328),  dp'  =  dit,  and, 
consequently, 

cos  IT  rfx       Binirrfw  .  „^„ 

where  dx,  d^,  and  a  are  expressed  in  seconds  and  dp'  in  minutes. 
From  all  the  equations  thus  formed,  we  can  find  dx  and  di/;  or 
we  can  combine  all  the  equations  of  the  forms  (327)  and  (329)  in 
a  single  discussion.  We  see  that  the  corrections  of  the  semi- 
diameters  cannot  be  determined  from  the  position  angles  alone. 
When  the  observations  are  made  with  the  heliometer,  each 
must  bo  a  single  observation,  for  the  chord  a  changes  so  rapidly 
that  wc  cannot  combine  two  opposite  observations,  as  has  been 
supposed  in  Art.  275.  We  must,  therefore,  reduce  each  obser- 
vation by  the  general  formula  (311),  in  which,  however,  we  may 
make /=  0,  by  making  all  the  contacts  in  the  heliometer  axis 
or  middle  of  the  tield.  The  angle  S  in  these  formulsc  must  then 
bo  known  ;  but  if  it  has  not  been  determined  with  certainty,  we 
may  introduce  it  into  onr  equations  of  condition  as  an  additional 
unknown  quantity.  For  one  scries  of  obser\atioii8,  we  must 
write  p  +  ^in  the  place  of  p  in  (329),  and  for  the  other  series, 
in  opposite  positions  of  the  semi-lenses,  we  must  write  p  —  E\n 
the  place  of  £.  But,  as  .E  varies  inversely  with  the  distance  s, 
it  will  be  necessary  to  put 


8 .  sin  1' 


in  which  /•  is  a  constant  which  will  be  expressed  in  sec 
since  s  ia  in  Becouds  and  E  in  minutes.  The  equation  (329 
then  be  put  under  the  form*  ^j 


-  COB  Tidx  - 


n  r.  dy  -t-  Y  ^  s  am  {p  ~p') 


For  some  observationa  of  the  cusps  of  tlie  solar  eclipse  oj 

28,  1851,  made  with  the  heliometer  of  tiie  KbnigBberg  Obi 

tory  and  reduced  by  the  preceding  method  by  the  !Mj 

WiOHMANK,  see  Aslron.  Nach.,  Vol.  XXyiTr,  p.  809.  « 

1> 
THE   RIN8   MICROMETER. 

285.  This  is   simply   a   thin    metallic   ring,   exactly  cir 

placed  in  the  foeua  of  the  objective,  with  its  plane  at  right  a 

to  the  optical  axis.     From  the  times  of  transit  of  two  atara  i 

its  edge,  the  telescope  remaining  fixed  throughout  the  oht 

tioii,  we  can  find  both  the  difference  of  right  ascension  an 

difference  of  declination  of  tlie  stai-s.      Although  infer! 

accuracy  to  the  filar  micrometer  and  the  heliometer,  it  post 

the  advantage  over  the  former  of  not  requiring  illuminatioi 

over  both  in  not  requiring  an  equatorial  mounting  of  the  teles 

Let  ABB' A'  represent  the  inner  edge  of  the  ring.     Done 

?,  and  (jjthe  observed  sidereal  times  of  in 

and  egress  of  a  star  at  the  pointsj"!  a 

//  and  ij   the  same   for  a  star  obsd 

A' a,nd  B'.     Upon  the  supposition  1 

I  paths  of  the  stai-s  across  the  field  a 

linear,  the  straight  line  CMM'.  dran 

the  centre  Cof  the  ring  perpondieulai 

chords  AB  and  A'B',  will  coincide  wit 

declination  circle  of  the  point  C,     The 

of  the  transit  of  the  first  star  over  this  circle  is  the  arithmi 

mean  of  the  times  /,  and  (,—  \{(^  +  Q;  that  of  the  transit  c 

second  star  over  the  same  circle  is  J{f|'  +  f,')^  and,  hence,  if  o 

a'  are  the  right  ascensions  of  the  stars,  we  have 

■■'-•  =  J(<.'+i.')-K'.  +  ',) 


Fij.  81. 


^ 


*  Bj  (307),  ve  perceive  Ihal  y  is  here  the  Tslue  or  the  r|u>ntitf  (n  —  a)  jl 
-|~  h' —  b  eipreesed  in  eocundii ;  aud  by  ))utting  ita  Talue  Toaod  trata  iJis  disc 
of  the  equation!  (a2!>]  in  the  Bccand  member  of  (31U).  and  also  llie  true  ti 
M  —  a  found  tVaiu  the  Talue  of  c  by  (327),  we  ahall  have  an  eqaalioa  far  dM«n 
t  — jf  audi'— 6.  " 
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Let  r  denote  the  radius  oi  the  ring  expressed  in  seconds  of 
arc,  d  and  f  the  declinations  of  the  stars,  and  put 


r       t,-t. 

»'=<,'-«.' 

r  =  BCM 

/^B'CAT 

d^MG 

d'=  M'G 

then  we  have  * 

pl=  B'M' 

16 

/!==  —  r  COB  d 
2 

• 

It'  —  —  t'  COB  3' 

2 

Bin  r  —  - 
r 

sin  /  =  — 

r 

d  —  r  cos  y 

d'  —  r  cos  / 

(331) 


and  hence  the  diffierence  of  declination  of  the  stars : 

d'—d  =  d''--d  (332) 

The  signs  of  cos  y  and  cos  y'  arc  not  determined  by  the  second 

equations  of  (831);  consequently,  either  sign  may  be  used  in 

computing  d  or  d\     To  remove  the  ambiguity,  it  is  necessary 

that  the  observer  note  the  positions  of  the  stars  with  respect  to 

the  centre  of  the  ring:  then  d  or  rf'  will  be  positive  when  the  star 

passes  north  and  negative  when  south  of  the  centre. 

• 
Example.* — On  the  11th  of  April,  1848,  at  the  Observatory  of 

Bilk,  the  planet  Flora  and  a  neighboring  star  were  compared  by 

a  ring  micrometer  of  a  six  feet  refractor.     The  observed  sidereal 

times  were  as  follows: 

Flora  (N.  of  eentre).  Star  (N.  of  centre). 

^'  =  11»  16-  35*.0  t^  =  11*  17-  63«.0 

<;==11  17    25.6  f,=  ll   19    46.6 

t'  =  50 .5  T  =  1    53 .6 

The  approximate  declination  of  Flora  was  d^=  +  24®  5'.4.    The 
apparent  place  of  the  star  was 

a  =        6*  4-  51'  .93 
^  =  4-  24°  1'    9".01 

The  radius  of  the  ring  was  r  -=  1126".25;  and  hence 

' 

*  BauN2iow'a  Spharisehe  Astjronomie,  p.  64S. 


m 
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loji;  T-  1,70329 

log  COB  3'  g.9G043 

log  fi'  2.5S878 

log  sin  y  9.48715 

log  ooB  /  9.97850 

log  d'  3.0S013 

d'=  +  17'61".9 


log  r  2.05500 

log  COS  a  9.96067 

log ;.  2.89073 

log  sin  r  9.83910 

log  COB  ;•  9.85940 

log  4  2.91103    . 

d  =  + 13'  34".8 


The  planet  and  star  being  both  obeerved  on  the  north  side  of  llie 
centre  of  the  field,  d'  and  d  are  both  positive,  aud  hence 

d'  —  a^d'—d=-\-4'  17". 1 

For  the  times  of  transit  over  the  decUnatiou  circle  of  the  middle 
of  the  field,  we  have 


Flora,  J  ((,'  4-  (,')  = 
Star,     Jt«.  +',)  = 


11M7-  0'.25 
n  18  49.75 
—     1    49.50 


Hence  we  have  for  tbe  planet 


6'  3"  2'.43 

^  -f  24°  5'  26".l 


J 


which  values  express  the  planet's  apparent  place  atthe  timeof  its 
passage  over  the  declination  circle  of  the  middle  of  the  field,  that 
is,  at  the  sidereal  time  11*  17"  0'.25.  But  the  eifeet  of  refracUpu 
has  not  yet  been  allowed  for.     See  Art.  300, 


p^P 


286.  Correction  for  currature. — The  correction  which  the 
ceding  method  requires,  in  consequenco  of  the  curvature  of  the 
paths  of  the  stars,  may  be  found  as  follows.  In  the  spherical 
triangle  of  which  the  three  angular  points  are  the  pole,  the  centre 
of  the  ring,  and  the  point  where  the  star  enters  or  leaves  the  ring, 
we  have 

sin  S  ^=  am  D  ooa  r  -\-  coa  D  sin  r  cob  ^ 

where  D  is  the  declination  of  the  centre  of  the  ring.     For  the 
Becond  star,  we  have 

sin  9'  =;  sin  D  cos  r  +  coa  D  sio  r  cos  / 

and  the  difference  of  these  equations  gives 

2  sin  1  (i'  —  3)  006  1  (*'  +  9)  =  Csin  r  cob  /  —  sin  r  cos  y)  cob  2 
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or,  yeiy  nearly, 

(d'  —  ^)  COB  }  (d'  +  d)  =  (r  cos  /  —  r  cos  r)  cos  D 

=  (d'  — d)cosi) 

^^^  vHch  d'  —  rf  is  the  approxiinate  difference  found  by  the  pre 
ceding  article.    But  we  have,  very  nearly, 

^ix«  mean  of  which  is 

we  may,  therefore,  put 
COS  i)  =  cos  i  (^'  +  a)  +  i  (d'  +  d)  sm  1"  sin  J  (^'  +  d) 

4 

that  we  obtain 

d' -^  S  =  d'  —  d  +  l(d'  +  d)  (<Z'— (f)sinr'tan  K*' +  ^)    (388) 


[ence,  the  correction  of  the  difference  of  declination  found  upon 
"k^e  supposition  that  the  path  of  the  star  is  rectilinear,  is 

+  i  (d' +  d)  (<Z' —  cf)  sin  1"  tan  i  (^' +  a) 

The  correction  disappears  when  d'  and  d  are  numerically  equal, 
^that  is,  when  the  stars  are  obsei^ved  at  equal  distances  from  the 
centre  of  the  ring. 

In   the    example   of   the   preceding   article,   this    correction 
amounts  to  +  0'^52,  and  the  corrected  difference  of  declination  ia 

^'  —  ^  =  +  4'  17".62 

287-  If  the  outer  edge  of  the  ring  is  also  an  exact  circle,  it  may 

be  used  in'  the  same  manner  as  the  inner  edge.     Let  the  four 

transits  of  a  star  over  the  edges  of  both  rings  be  observed  at  the 

'   times  ^,  ^,  ^,  t^ ;  then,  if  r  is  the  radius  of  the  outer  ring,  r^  that 

of  the  inner  ring,  we  put 

^=  i,«  (^,~gco8^  fi^=  VC^-^cosa 

sm  y  =  —  Bin  r.  =  — 

r  Ti 

80  that  with  the  outer  ring  we  find 

d  =^r  COB  r 
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and  with  the  inner  ring, 

d  ^^  r,  coa  j-, 
and  the  mean  of  theae  values  will  be  taken  as  the  tme  value  of 
d.     In  the  same  manner  d'  for  the  second  Bt&r  will  be  foand^^ 
after  which  d'  —  3  =  d'  —  d. 

But  when  the  four  obaervaHons  have  been  obtained,  the  pr( 
ce88  of  reduction  may  be  slightly  abridged,  ae  followe ;' 

The  sum  and  difference  of  the  values  of  d'  give 

r'  —  r,'  =  /i'  —  /!,' 
Putting 


pro^ 


(334) 


r  —  r,  =~ — ^=2a8in  JsinS 
t*-\-  r*  =  2  a"  (1  +  Bin'  A  sin*  B) 
f'+  H'  =  2i'  (ain'  -^  +  sin'  B) 
which,  substituted  in  the  above  value  of  d*,  give 

(i"  =  a'  COB'  A  eos'  B 
or 

d  =:  a  coa  A  coa  S 

■0  that,  A  and  B  being  found  hj  (334),  d  is  found  by  (335).     The 
formalfe  (334)  for  determining  A  and  B  may  also  be  written, 
follows : 

■       A  —  15  (t  +  r.)  coa  J  .      _  _  15  (f  —  T,)  COB  8 


I 


(835) 


un  B  = 


In  which  t  =  t^~  l^  and  r,  =  (,  —  ^, 

ExAMPtB. — On  the  24th  of  June,  1850,  at  the  Observatory 
Bilk,  Pbtersen's  comet  and  a  star  were  observed  with  a  double- 
ring  micrometer,  as  follows: 


I 


Cornel  (N.  of  eeolra). 

V    18' 15- 54'. 


8t«r  (8.  of  centre). 
(.     18'  18-  55*.3 


*  BsCNnov's  Sphiriicbe  Aitrononiie,  p.  £49. 
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The  ^proximate  declination  of  the  oomet  was  S'=  +  59°  20', 
and  the  apparent  place  of  the  star  was 

a  =  14'  S3-  30'.75  a  =  +  59'  7'  12". 19 


Tlie  radii  of  the  rings  were— 

Outer,    f 

^11 

21''.09 

] 

Inner,     r^ 

=    9 

26  ,29 

J 

irbtax 

a 

^  10  23  .69 

1 

TlieB  wefind: 

Cornel. 

1 

star. 

t' 

1-  54v0 

T 

2-  42'.2 

r,' 

1      1,0 

T, 

2      7,5 

logC  +  V 

2.24304 

l«g(^  +  "-O 

2,40195 

logC-'-V 

1.72428 

logtr-T,) 

1.54033 

7.48667 

,       15  COB  3 
log       ^^ 

7.48938 

^H               log  sin  ^' 

9.72971 

log  Bin  ^ 

9.95138 

^^H              log  Bin  £' 

9.21095 

log  sin  5 

9.02971 

^H 

9,92623 

log  COB  ^ 

9.66137 

^^H              log  cos  B' 

9.99419 

log  COS  B 

9,99750 

^m         log 

2.71539 

■       logd 

2,44384 

■ 

+  8'  39".27 

d= 

-4'37".87 

Ud  for  the  difference  of  right 


-  3-  25'.88 


dr 

W 


288,  To  find  the  correcUon  for  the  proper  motion  of  one  of  the  objects, 
•«— The  most  common  application  of  the  ring  micrometer  is  to  the 
determination  of  the  ditFerenee  of  right  asceueionB  and  declina- 
tions of  a  star,  and  a  planet,  or  comet.  But  since  a  planet  (or 
comet)  changes  both  itn  right  ascension  and  declination  duiing 
the  time  of  an  ohser^'ation,  ita  path  will  not 
be  at  right  angles  to  the  declination  circle 
drawn  through  the  centre  of  the  ring;  bo 
&at  the  differences  found  by  the  preceding 
lethods  will  require  a  correction. 

Let  Ab,  Pig.  62,  be  the  path  of  the  planet  ' 
Serosa  the  ring;   Cm  the  declination  circle 
through  C,  the  centre  of  the  ring.      Draw 

B  perpendicular  to  On,  Cn  perpendicular 

I  Ab,  bp  perpendicular  to  AB.     Put 
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&a'  ^  the  increaao  of  the  planet's  right  sBceneioa  ' 

in  one  sidereal  second, 
^3'  ^  the  increase  of  the  declination  in  one  aid. 

second, 
',tf'  =^  the  aid.  times  of  ingress  and  egress  of  the  ' 

planet  at  A  and  b, 


-t' 


^W, 


X  =  the  correction  of  the  mean  of  t,'  and  f,'.  or 
of  the  right  ascension  of  the  planet  found 
by  the  preceding  methods, 
I  (ti  -\-  (,')  -i-  X  =:  the  aid.  time  of  the  planet's  transit  at  m, 

P  —  the  angle  SAb  —  mCn. 

The  are  bp  may  be  regarded  as  a  portion  of  the  decimation  circle 
drawn  through  t.  The  angle  at  the  pole  included  by  this  circle 
and  the  declination  circle  of  A  is  the  hour  angle  described  by  the 
planet  in  the  time-',  which  houraugle  lar' — r'.Aa'— r'(l  —  ao'). 
Hence  wc  have,  very  nearly, 


We  have,  also, 
whence 


bp  =  /.  aJ' 
tan  J?  - 


4»')  COS  Sf 


At' 


4 

UCC  m&T   DO 


15  COB  a'(l—  a»') 
or,  since  the  squares  of  Ad'  and  aa'  or  their  product  m^^ 
neglected, 

tan  (9  =  

16  cos  S ' 

The  correction  x  is  the  time  in  which  the  planet  describes  the 

line  Tim,  and  this  time  is  found  by  the  proportion 

t'zx  ^Ab:nm  =  Ab:Cntaali 

for  which  we  can  take 

t':i  =  ISt'cob  d' id' tan  fi 

whence,  substituting  the  value  of  tan  j9, 

d'.  &3' 

Since  Ab  =  Ap  sec  ^,  and  sec  ;9   differs   from   unity  only  by 
terms  involving  (^3'f,  we  may  take  Ab  =  Ap,  and  hence 
15  t'  cos  3' 


d 


An  =  \Ap  =  - 


-(l-a.')  =  /Cl-A.') 
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SO  that  to  compute  c2'  =Oi  in  this  case  we  have 

sin  /  =  ^(1  —  Aa')  d'  =  r  cos  /  (387) 

t:1iat  is,  the  computation  by  the  preceding  methods  will  give  the 
-value  of  d',  corrected  for  the  proper  motion,  if  we  employ 
//  (1  —  Att')  instead  of  /x'.  In  the  method  of  Article  287,  with  a 
<iouble-ring  micrometer,  the  logarithm  of  1  —  Aa'  may  be  added 

t»  the  lomrithm  of  — : • 

°  4a 

Example. — In  the  example  of  the  preceding  article  the  comet's 
motion  in  one  mean  day  was,  in  right  ascension  —  5**  0*,  and  in 
cleclination  —  1°  17' ;  and  therefore,  since  one  mean  day  contains 
S6636  sidereal  seconds,  * 

Aa'  =  —  -^^  l0g(l  —  Att')=    0.00150 

86636  ^  ^  ^ 

^S'=  —  ^^^  log  A^'  =  n8.72694 

86636  ^ 

Hence,  in  the  computation  of  d'  we  have 

,         15 cos  d'  ^^  „       ^  AOOt^r 

log  — (1  —  Ao')    7.48817 

4a 

log  sin  A'  9.73121 
log  sin  B'  9.21245 
log  cos  A'  9.92563 
log  cos  ^'  9.99415 
log  d'  2.71475 
rf'=:  +  8'38".50 

*  The  log^Arithm  of  1  —  Aa'  may  be  found  at  once  from  the  change  of  right  ascen- 
•ion  in  4S  hours,  as  follows.  Let  this  change  be  expressed  in  minutet  of  arc,  and 
denoted  by  (Aa'),  then  we  have 

Aa^_       fAa-)XCO       ^  (Ac/) 
16  X  ^  X  8<>636       48318 

But  if  M  is  the  modulus  of  common  logarithms,  we  have  f^om  the  deyelopment  of 
log  (1  —  Ao')  in  series,  by  neglecting  the  second  and  higher  powers  of  Aa', 

1      M        A  '\            UA  '            0.48429 (Aa') 
log(l-Aa)=-ifAa'  = j^^jL_^ 

or,  Tery  nearly, 

log  (1  —  Aa')  =  —  0.00001  ( Aa') 

Hence,  to  correct  for  the  proper  motion  in  the  computation  of  </,  subtract  from  the 
logarithm  of  /  as  many  units  of  the  6th  decimal  place  as  there  are  minutes  of  arc  in 
the  48  hour  increase  of  right  ascension. 
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By(; 


d'--rf  =  -f  13'16".87 


a'— »  =  —    8-26'.30 

The  correction  oi  d'  ~~  d  for  the  curvature  of  the  path  is,  in  t 
case,  by  (333),  +  0".78;  whence 

3'— J^  +  13'  17".15 

ao  that  the  corrections  for  curvature  and  proper  motion  here, 
accidentally,  almost  destroy  eacii  other. 

The  apparent  place  of  the  comet  (still  affected,  however,  by 
parallax  and  planetjiry  aberration,  as  well  as  the  dlflereutial 
refraction)  is,  therefore, 

J=       14"  50-    4'.45 
y  =  +  59"  20'  29".34 

at  the  sidereal  time  18*  16"  SO-.TS. 

289.  It  is  yet  to  be  Bhown  tinder  what  conditions  errors  i 
observation  or  of  the  diita  will  have  the  leaat  eft'ect  upon  the 
results  obtained  with  the  ring  micrometer.     For  the  effect  of  an 
error  ax  in  the  observed  intei-val,  we  have,  by  differentiating  (331), 


A(f  = 


2r  C06;' 


I 

the 
if  an 
i3^ 


8  tan  ;■ .  At 


which  shows  that  the  error  in  the  observed  time  produces  the 
least  effect  upon  d  when  tan  x  is  least,  and,  therefore,  for  the  most 
accurate  determination  of  the  declination,  the  chords  described 
by  the  two  stars  should  be  oa  far  from  the  centre  of  the  ring  as 
possible,  or  the  difference  of  declination  should  be  but  httle  leaa 
than  the  diameter  of  the  ring.  If  d  is  not  much  lees  than  r,  it 
will  be  advisable  to  let  the  stars  pass  across  the  field  on  opposite 
sides  of  the  centre,  at  nearly  equal  distances  from  it.  But  if  d  is 
very  small,  both  stars  should  pass  as  far  from  the  ceutre  as 
possible,  on  the  same  side  of  it. 

For  the  effect  of  an  error  in  r,  we  have 
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■Wf  liich  13  also  leaat  when  the  star  is  fartlieat  from  the  uentro  of 
thke  field. 

H       For  the  second  star,  we  have  also  &'f'  =  ar  sec  j-',  ami  hence 


itrf'-d)  = 


r  (see  /  —  see  f) 


So  that  if  the  stars  are  on  the  same  parallel  of  declination  {when 
y  =  ^'J  the  error  in  r  has  no  eft'ect  upon  the  computed  diflerence 
'  of  declination,  as,  indeed,  is  othon\'iae  evident. 

For  the  accurate  determination  of  the  diflerence  of  right 
ascension,  it  is  plain  that  the  stars  should  pass  as  near  to  the 
centre  of  the  field  as  possible,  since  the  immersions  and  emer- 
^one  can  then  be  moat  accurately  observed. 

-I\rst  Mdhod. — Observe  the 


I  radiu 


Fig.  S3. 


290.   Tojmd  the  radius  of  (he  ring.- 

.nsits  of  the  sun's  limb  over  the 

the  ring.     Four  contacts 

be  observed,  the  sun's  centre 

ling  at  the  points  o,  i,  c,  d  (Fig. 

I)  at  the  times  (,.  /,,  ?„  t^.     If  the 

radius  of  the  ring  is  denoted  by  r 

and  the  sun's  semidiameter  by  R, 

we  see  that  the  external  contacts 

and  d)  are  observed  at  the 

,eB  at  which  the  transit  of  the 

in's  centre  would   be  observed 

hOrer  a  ring  whose  radius  was  r  +  R;  while  the  internal  contact* 

6  and  c)  are  observed  at  the  times  at  which  the  transit  of  tha 

[van's  centre  would  be  observed  over  a  ring  whose  radius  was 

jS,    Hence,  putting  d  =  sun's  declination,  and 


-  (, 


^t. 


I  we  have,  by  Art.  285,  from  the  external  contacts, 


2  (r  4-  ^  B'u  J-  ^^  15  T-  COB  8 
2  (r  +  ii)  cos  7-  =  d 


Z(r  —R)  sin  /  =  15  r'  cos  « 
2  (r  —  .R)  cos  ;^  =  rf 
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Eliminating  r  and  ;-',  we  have 


4  (r  +  ay  ^  (15  r  cos  3)'  +  d' 


4(r 


-K)'  =  (15t'co.  jy  +  tP 


and  eliminating  et',  we  obtain 

r  „  j^^  (338 

In  order  to  take  into  account  the  sun's  motion  in  right  aacenaior 
the  intervals  t  and  t'  shoulil  be  expressed  In  apparent  time. 

It  is  easy  to  see  that  the  formula  (338)  will  etill  be  applicabl' 
when  the  sun's  diameter  is  greater  than  that  of  the  ring. 

Example.* — The  sun  was  observed  with  a  ring  micrometer  b 
the  Observatory  of  Bilk  as  follows; 


Eilernat  Conlncls. 
(,  =  10*  31-    8'.2   Sid.  time 
r.  =  10   34    47  .5 


Internal  Conlnctt. 

I,  ^  io»  32-  ao-.s 

(,  =  10  33    25 .3 


I 


The  sun's  declination  was  3  ^  -\-  23°  14'  50";  the  semidiamete 
ii  — 15' 45".07;  and  the  sun's  motion  in  right  ascension  wa 
4"  8'.7  in  one  day. 

The  sidereal  intervals  3"  39'.3  and  54'.5  must  be  reducec^ 
, intervals  of  apparent  time  by  multiplying  tliem  by  t 


248.7 


:  0.99713 


wbence 

and  hence,  by  ( 


=  9'  23". 57 


be  redacet^ji 
y  the  factonl 


Second  Method. — Observe  the  transits  of  two  stars  the  dififef 
enee  of  whose  declinations  is  accurately  known.  Then,  r  and  r 
being,  as  before,  the  intervals  between  the  ingress  and  egret 
the  two  stars  respectively,  wc  have 


:  "^  T  cos  8  =  r  ein  ;- 
;  y  /  COB  i'  ^^  r  ein  / 


Since  for  deten 
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pair  of  stars  whose  difference  of  declination  is  not  much  less 
thcin  the  diameter  of  the  ring,  the  stars  will  be  observed  on 
o j>j)osite  sides  of  the  centre :  we  shall,  therefore,  have 

d'  —  d=:r  (cos  r  +  cos  /) 
Let  A  and  B  be  assumed,  so  that 

uxen 

d'—  d  =  r  [co8(il  +  B)  +  co8(A  —  ^)]  =x  2r  cos^  cos  B 
pi  -^  fi  =  r  [sin  {A+B)  +  sin  {A  —  By\  =  2r  sin  A  cos  B 
pi  ^  11=1  r  [sin  (-4  -f  j5)  —  sin  (-4  —  ^)]  =  2r  cos  -4.  sin  ^ 

Senee  we  derive 

d'—d  d'—d  ,    .„„„^ 

r  = 

2  cos  A  cos  ^ 

^Vfe  may  also  use  any  one  of  the  following  forms  for  r: 


2siniico8^       2co8il8inJ5       Bin(A-f-jff)       Bin(il  —  ^) 

In  order  to  render  this  method  exact,  the  atmospheric  refrac- 
tion should  be  taken  into  account.  Its  effect  upon  micrometric 
observations  in  general  will  be  considered  hereafter,  but,  since 
for  determining  the  radius  of  the  ring  micrometer  it  will  be 
advisable  to  take  the  observations  near  the  meridian,  the  refrac- 
tion may  be  allowed  for  in  a  very  simple  manner ;  for  we  may 
then  neglect  its  effect  upon  the  right  ascensions  of  the  stars.  The 
effect  upon  the  declinations  is  found  by  the  formulae  (234)  and 
(20)  of  Vol.  L ;  according  to  which,  if  d  and  d'  are  the  true  decli- 
nations, the  apparent  values  are 

a  4-  h!Qot{d  4-  N) 
d' -{-kcot\d' +  N) 

where  tan  iV=  cot  (p  cos  r^,,  <p  being  the  latitude  of  the  place  of 
observation,  and  r^,  the  hour  angle  of  the  centre  of  the  ring. 
Hence  the  apparent  difference  of  declination,  which  we  will 
denote  by  {d'  —  S), 


(a'-^a)  =  a'— a  — 


sin  ip  +  N)  sin  (J'  +  N) 
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for  which  we  inaj  take 

(3'  —  3)  ^  a'  - 


A'am(3'— 3)_ 


(340) 


which  18  to  be  used  for  d'  —  d  in  (339).  It  wil!  here  generally 
suffice  to  take  k'  =  57" ;  but  it  may  be  accurately-  fouutl  by 
Column  B  of  Table  n. 

When  the  stars  are  not  very  near  the  equator,  the  correction 
for  eui'\-ature  must  be  applied.  If  r  were  given,  the  observations, 
computed  npon  the  supposition  that  the  paths  of  the  stars  are 
rectilinear,  wonld  give  the  approximate  difference  d' —  d,  and 
hence  in  the  inverse  process  we  have  only  to  use  d'  —  d  instead 
of  (i'  —  d)  in  order  to  obtain  the  true  value  of  r.  Now,  by  (333), 

d'~d  =  {»'~S)  —^  sin  1"  ((/"  —  d")  tan  K*'  +  ^) 
or,  since  rf"  —  rf*  =  —  (ji'^  —  f^, 

d'  -  d  =  (J'  —  J)  +  i  sin  1"  (,.'  +  n)  (/  —  fi)  tan  iiS'+  S)     (341) 

in  which  {S'  —  3)  is  the  difference  of  declination  corrected  for 
refraction. 

Example. — Tlie  radius  of  the  ring  of  the  micrometer  em- 
ployed in  the  example  of  Art.  285  was  determined  by  the  stars 
Asterope  and  Merope  of  the  Phiadcs,  the  declinations  of  which 

3'  =  +  24°  4'  24".26  a  =  -J-  23"  28'  6".85 

and  the  observed  intervals  were  ^^H 

t'=I8'.5  r  =  56'.2  ^H 

In  order  to  illustrate  the  use  of  (340),  let  us  suppose  the  hoor 
angle  of  the  centre  of  the  ring  to  have  been  r,,  ^  1*  ^  15°  ;  then, 
the  latitude  of  Bilk  being  p  ^  +  51°  12'  25",  we  fiud 


N  =  37"  49'.6 

J(J4.3')  +  JV=  61     35.9 

a'— iI  =  36'17".4I 

oorr.      —    0  .78 

(r  — a)=36'16".63 

"We  find,  in  the  next  place, 

/=126".68 
logO"'+  p)  =  2.71038 


log  A^  =  log  .')7"  1.7559 

log  eoBoc'  [i  (3  +  3')  -fiV]  0-11 14 
log  Biii(<I'—  d)  8.0235 

log  corr.  nSitBOa 


logC/ 


■w-lience  the  correction  for 

t«erel"ore 
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ature  ie,  by  (341),  =  —  0".14,  a»  J 

--  36'  10".48 


we  now  find,  by  (339), 

ig  tan  ^  =  9,37263  log  tan  B  =  9.0771 

log  sec  ^  0.01175 
log  sec  B  0.00308 
log{d'—d)  3.33775 
Iog2r  3.35258 

r  =  18'  46".03 

Third  Method. — Direct  the  telescope  of  a  theodolite  towarO. 

'  tie  objective  of  the  telescope  which  carries  the  micrometer,  sDd 

menaure  directly  the  angular  diameter  of  the  ring  by  either  tho 

Vertical  or  the  horizontal  circle  of  the  theodolite,  as  in  the  case 

of  the  filar  micrometer,  Art.  4(i.* 

291.  The  filar  micrometer,  the  heliometer,  and  the  ring  micro- 
meter are  now  almost  the  only  micrometers  in  use.  I  will,, 
therefore,  here  only  briefly  mention  two  or  three  others,  a^  it  ia- 
not  within  the  plan  of  this  work  to  enter  upon  the  history  of  the- 
□Qmerous  instruments  of  this  clajs  which  have  been  proposed. 

The  duplication  of  the  images  of  objects,  which  is  eft'eetcd  in 
the  heliometer  by  dividing  the  objective,  has  also  been  effected 
by  dividing  the  ocular,  constitnting  what  has  been  known  as  the 
double-image  eye-piece  micromcler.    The  principle  of  thi.'i  inetniment 

Kh  identical  with  that  of  Ramsden'b  Dynameter,  which  is  atill. 

^  oaed  for  measuring  the  magnifying  power  of  telescopes  (Art.  13). 
It  is  evident  that  by  separating  the  two  halves  of  a  simple  eye- 

,  lens  until  the  image  of  one  star  coincides  with  that  of  another, 
llie  angular  distance  of  the  stars  becomes  known  from  the  known 
angular  value  of  a  revolution  of  the  screw  by  which  the  separo- 
taon  is  produced.     Amici,  of  Modena,  is  said  to  have  produced 

^Qie  best  micrometers  of  this  kind. 

The  duplication  of  images  is  also  effected  by  the  use  of  a. 
Ibuhly  refracting  prism  of  rock  crystal,  originally  proposed  by 
ftocBON.    The  difficnity  of  determining  the  relation  between  the.' 

r  pven  position  of  the  crystal  and  the  angular  distance  of  twoi 

*  ITpun  the  rinp;  mioromeler,  see  sUo  papcn  bj  BKaBib  ia  lb«  Manallitht  Cott*- 
>p,mdt«i.  Vols.  XSIV.  Md  SXVI.  ' 

Vol.  ii._-sg 
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olyects  which  have  been  brought  into  contact,  ie  a  considerable 
obstacle  to  its  general  use,  to  say  nothing  of  the  optical  difficul- 
ties iu  obtaining  well  detined  images  free  from  color,* 

Stkuvk  has  proposed  the  uae  of  a  gmduated  plate  of  trans- 
pareut  mica  placed  iu  the  focus  of  the  equatorial,  and  this  method 
haa  been  employed  by  the  Mcsers.  Bond  in  cataloguing  small 
stars.  Upon  a  plate  of  mica  ^^  of  an  inch  in  thickness  are 
drawn  two  sets  of  parallel  lines,  one  system  representing  decli- 
nation circles,  the  other,  at  right  angles  to  the  first,  representing 
parnllela  of  declination.  The  relative  declination  of  two  stars 
which  pass  over  the  field  is  determined  by  merely  observing  the 
dimiona  of  the  graduated  declination  scale  over  which  or  near 
which  they  pass;  and  their  relative  right  ascension  is  found 
from  the  observed  times  of  their  transits  over  the  lines  which 
represent  declination  circles,  these  times  being  noted  by  the  aid 
of  the  electro-chronograph,  t 

An  ingenious  mode  of  employing  a  double  eye  piece  micro- 
meter (consisting  of  two  complete  eye  pieces),  apparently  giving 
very  precise  results,  is  suggested  by  Mr,  Alvan  Clark,  of  Boston, 
In  the  Proceedings  of  the  Am.  Association  for  the  Adv.  ^f 
Science,  10th  meeting,  p.  108.  ^^| 
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292.  Since  the  position  of  each  of  the  two  obser\'ed  stars  \a 
affected  by  the  atniosphcric  refraction,  their  relative  position,  de- 
termined by  the  micrometer,  is  also  affected  by  it.  The  object 
of  the  following  investigations  is  to  determine  the  correction  of 
the  micrometric  measures  themselves,  without  requiring  a  sep^. 
rate  consideration  of  the  absolute  places  of  the  two  stars.^ 

293.  Tojindthe  effect  of  refraction  upon  the  observed  angular  distance 
of  two  stars  and  upon  the  angle  ichick  the  great  circle  joming  the  star) 
makes  icith  a  virtical  drrle. — This  mode  of  observation  is  indeed 
not  practised,  but  the  investigation  of  the  effect  of  refraction  in 


•  For  n  deicriptioB 
Pracllcal  Astronomy. 

f  Bm  Annnh  of  the  Aitrononieiil  Obier 

t  I  h«»e  followed  BessEL's  melhod*  (Atlron.   i'nltriurh..  Vol.  I.)  in  ihe  InTesllKft. 

tion  of  the  greater  pnrt  of  Ibe  fonnuln.     1'LkI  porlioo  of  hi*  article  which  reUlM  l« 

(he  ring  micromnter  i;,  liowii*er,  coasidcrabljr  abridged  and  simpliSed. 


1  number  of  double  image  miorometers,  ace  Peai 

cry  ef  Harvard  Collefft.  Vol,  1 
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thifl  cBse  is  veiy  simple,  and  will  serve  as  the  gronnd-work  of 
the  Babseqnent  applications.    Denote  by 

C,  C%  and  z,  sf,  the  trae  and  apparent  zenith  distances  of  the 

two  stars  S  and  S'; 
A,  their  difference  of  azimuth ;' 
r,  f',  their  refractions ; 
ii  X',  and  If  ff  the  true  and  apparent  angles  which  the  great 

circle  joining  the  stars  makes  with  their  re- 
spective vertical  circles,  all  reckoned  in  the 
same  direction ; 
a,  8,  the  true  and  apparent  distances  of  the  stars. 

We  have,  in  the  triangle  formed  by  the  zenith  and  the  appa- 
^■"^nt  places  of  the  stars,  by  the  Gaussian  equations  of  spherical 
"^^gOBometiy, 

sin  is  Bin  i  (I  -\-  V)  =z  sin  i  A  sin  i(z  +  z') 
sini^cos^?  +  V)  =  cos}-4.  8in}(-2:  —  2') 

^ftnd  in  the  triangle  formed  by  the  zenith  and  the  true  places  of 
^t±e  stars, 

sin  }  <r  sin  }  (A  -f  /)  =  sin  }  ^  sin  }  (*  +  C) 
sin^tf  oosi(>l  +  X')  =  oosJil'sinJ(C  —  C) 

If  we  put 

i.=  iG  +  n        ^  =  i(^  +  n        c,  =  }(:  +  CO 

and  also  substitute  C  ~~  ^  ^^d  C' "  ^'  ^^^  ^  ^^^  ^\  ^^^  elimination 
rf  A  from  the  above  equations  gives 

sin  C 

sin  )  <r  sin  >Iq  =  sin  }  «  sin  l^  •  — **  


•in  }  <rooa  >io  =  sin  }  5  cosZ^  •  - 


sin  [:,  -  }  (r  +  O] 
sin  }  C  —  :') 


8in}[:  — :'-(r-r')] 


We  may  evidently,  in  the  first  equation,  put  r^  for  i  (r  +  r'), 
which  is  equivalent  to  assuming  that  the  mean  of  the  refractions 
for  the  zenith  distances  ^  and  f '  is  the  same  as  the  refraction  for 
the  mean  of  these  zenith  distances,  an  assumption  producing  here 

no  senaible  error  in  the  factor  sin  [f ^  —  J  C  +  ''')]  ^^  •^^  (Co  ~"  ^o)- 
We  may  also  take 
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„*., 


in  wLich  the  differential  coefficient  -j^  expresses  the  rate  of  change 
of  the  refraction  corresponding  to  Z^    Then,  in  the  fraction 

BinKC-C'-C-r')] 
which  differs  but  little  from  unity,  we  may  pnt  the  arcs  for  thair 
sines :  so  that,  denoting  this  fraction  by  b,  we  have 
._ C-C 1^ 1 


-v-ix-n~ 


If  we  also  pnt 


C-C 


and  substitute  \a  and  \s  for  their  sines,  our  formaln  become 


From  these  we  have 


tf  ain  J,  :=  s .  a  sin  I, 
«  cos  1^=^  s.b  cos  I, 


which  developed*  ^ves 
b—a 


sm2I.+  i(^ysin4J,-&«.       (842) 


From  the  same  formaln  we  derive 
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in  whkh 

w^e  have,  patting  cos  r  =  1, 

a  =  l  +  k 

b  —  a  =  k  tan'  z  -I tan  z 

dz 

.These  quantities  may  therefore  be  found  by  the  aid  of  Column 
of  Table  11.     But,  as  the  argument  is  there  the   apparent 
<nith  distance,  while  in  micrometer  observations  it  is  generally 
e  true  zenith  distance  that  is  given,  it  is  expedient  to  form  a 
ew  table,  by  which  a  quantity  x,  depending  upon  the  refraction, 
be  found  with  the  argument  ^,  such  that 

h  —  a  =  X  tan*  C 

In  order  to  obtain  the  value  of  x  for  any  state  of  the  air, 
"Sessbl  gives  it  the  same  form  as  that  already  adopted  for  A, 
^Emd  assumes 

X  =  a"  /S^"  f 

in  which  the  factors  )9  and  y^  depending  on  the  barometer  and 
thermometer,  have  the  same  values  as  before. 

The  quantities  log  a",  A"y  A",  which  are  given  in  Column  C  of 
Table  11.,  must  be  determined  so  as  to  satisfy  the  above  defini- 
tion of  X  for  all  values  of  )9  and  y.    We  have 

,  tan*  z   .   dk  tan  z       I ,    ,   dk     ^    \  tan*  z 

%  =  k =(  ^  H cot  2  I 

tan*  C       dz  tan*  t:      \      '   dz  I  tan*  C 

Taking  the  Kapierian  logarithms, 

Ix  =  W+  A"lfi  +  X''lr  =  l(k  +  ^  cot  z\+  2ll^^^\    (844) 

\         dz  I  \  tan  C  / 

From  the  definition  of  A,  we  have 


dk 
dz 


—  k  f—  A- IS—  4-1    -1 
Lo  dz  dz  dz] 


*+£""=*hS+('^f+"Sh-] 


=>('+^) 


i  -j 


1  +  4 

'    rag 
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Bince  ^  and  y  differ  but  little  from  unity,  l^  and  1/  arc  80  smifll 
that  we  may  neglect  their  squares,  bo  that  tlie  logarithm  of  the 
laat  factor  of  the  above  expression,  under  the  form  /(I  +  x), 
hi!  put  =  X,  and  hence 


t[k  + 


dk 


-  cot  z 


=  /»  +  ^/jS  +  ;(r  +  q  1  +  - 


'C  +  'rS 


'+," 


■).°MM 

(34™ 


Now,  let  (z)  denote  toat  value  of  z  which  corresponds  to  th» 
given  J  when  ^  =  1,  j-  =  1,  a  value  which  can  be  found  from 
Column  A  of  the  table,  as  in  Art.  119,  Vol.  I.  Let  the  corre- 
epouding  values  of  ci,  A,  X,  as  found  from  that  column,  be  denoted 
by  (a),  [A),  (>i),  and  the  corresponding  refruetion  by  (r);  then, 
a\A',X'  being  taken  from  Column  B  for  the  ^ven  J,  we  have, 
as  in  the  article  just  referred  to,  ^^M 

(r)  =  (a)  tan  (z)  =  a'  tnn  C  ^^M 

Z^lz)  —  o'  Un  ZiA'l^+  X'  Ir)  ^ 

The  second  member  of  (345)  is  a  function  of  z,  whith  may  he 
transformed  into  a  flinction  of  (^).  The  small  terms  miiUiptied 
by  i(9  and  ly  will  not  be  sensibly  affected  by  substitnting  (z)  for 
z,  {A)  for  A,  &c.  The  other  terms  may  be  developed  by  tlia 
formula 


fz. 
in  ivhich 

y  =  —  a' tan  C  i-^'I 


+  '■  'rt  =  -  (•)  ton  (2)  (X'  I,!  +  I  Ir) 


tan  (z)  - 


ihJ7;T™"W 


1+. 


1 


-Ij^  (X'tS  +  J'fr) 


GOKBBcnnoir  vor  bbvbagtiov. 


46fr 


We  IttTe^  Also, 


tan  z 
tamTc 


2ll^  = 
\tanC/ 


tan  l(z)  +  y]  _  tan  (z)  ^      ft' 
tan  C  tan  C         cos'  (z) 

2  fa) 


iA'  ifi+rir) 


2/»'  — 2/(»)  — 


cos'  (z) 


UW^+^i'/r) 


Hence,  substituting  in  (344), 


+V 


f ."  +  ^'Wi»  +  r  ir  =  2ia'  -  ?(«)  +  z(  1  +  -i^^ \ 

\         (.r)d(z)l 
'^   ^     cos'(i)         d(jt)       ^^     ^  I  I     '^O 


fir 


W 


008*  (;r)         d  (2:) 


1  + 


Since  this  must  be  Batisfied  for  all  values  of  j9  and  y,  the  coeffieientd 
of  Ifi  and  ?^  in  the  two  members  must  be  equal,  respectively. 
JTow,  we  have  found,  in  Vol.  I.  Art.  119, 


w  = 


^'(^+^J)=4^+^-^'"'^'^+^^^"^^^] 


Substituting  these  values  in  the  above  equations,  and  comparing 
•imilar  terms,  we  find 

la"  =  21a.'—  ?(a)  +  i (  1  +  -^^  \ 

'  cos' (2)  ^    d{z)  ^'      H«»J 


(i  +  ^ii^)  (r  -  .)  =  -  li^f^L  +  Iffl  ». « 

\         (r)  c?  (z)  /  cos*  {z)       d  (^) 

by  which  fa",  -4",  ^"  are  computed.  The  quantities  a  and  a' 
in  Columns  A  and  B  of  the  table,  are  expressed  in  seconds,  but 
a"  in  Oolunm  C  is  in  parts  of  the  radius,  so  that  we  must  add  to 


1.099 

log  »"=       C.3947 

+  0.01185 

A"loeff  =  +  0.0106 

riogj-  ^  +  0.0130 

log  X  =       G.4182 
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the  value  found  by  the  iirst  of  the  equations  (346),  the  constant 
log  Bin  1"  —  4,685575.     In  the  eceond  member  of  the  other  two 
equationa   we   must  also  put  (o)  sin  1"  for  (o),  and  d(z)  uixx  1^— 
for  d{z).  S 

295.  With  the  table  thus  prepared,  the  computation  of  X  IB 
precisely  like  thiit  of  k  in  finding  the  refraction.     For  example, 
to  find  log  X  for  f  =  80°.  Barom.  30.35  inches,  Attached  Therm. 
40°  F.,  Ext.  Therm.  35°  F ;  we  have 

A"=       0.994  r  ^ 

logB  :^  +  0.01093         logr  ^ 
log  r  =  —  0.00031 

log  ^  =  +  o.oioei 

296.  Our  fundamental  equations  (342)  and  (343)  may  now  be 
reduced  to  a  much  more  simple  form.  It  is  evident  that  on 
account  of  the  small  value  of  x  we  may  omit  the  terms  in  {b^df, 

kc.    For  the  same  reason,  we  may  put  — —-  for  -, .  from 

''   ^  2  b  +  a 

which  it  differs  only  hy  terms  involving  x'.  In  (343)  we  may 
put  a  —  1  =  X  instead  of  its  true  value  k,  without  sensible  error; 
for  even  at  the  zenith  distance  85°  the  difference  of  x  and  k  is 
only  0.00006,  and  consequently  the  error  of  substituting  one  for 
the  other  in  this  term  will  be  less  than  s  X  0.00006,  so  that  even 
if  a  were  as  great  as  1000"  the  error  would  not  amount  to  0".06. 
We  therefore  adopt  as  fundamental  the  following  simplified 
forms : 

ff  ^  a  =  sx  (tan't  coB'fj-f  1)  } 

.i,— i,^  —  «  tan'CcoB/.sin  I,  J    f^"*") 

In  these  equations  ^  is  the  mean  of  the  true  zenith  distances  of 
the  two  stars,  and  x  the  corresponding  quantity  in  the  refraction 
table.  The  quantity  ?„  is  that  which  would  be  given  directly  by 
the  observation. 

The  mean  zenith  distance  f  will  be  found,  by  a  single  com- 
putation, from  the  mean  of  the  hour  angles  of  the  two  stars  and 
the  mean  of  their  declinations.  Denoting  these  by  r,,  and  3^.  and 
tlie  latitude  of  the  place  of  observation  by  ^,  we  have,  by  equa- 
tions (20),  Vol.  I., 

n  N  ^  cot  (6  cos  T, 
tan  T.sin  JV' 
tan  :  sin  ^  =  ^.^  ,°  ,    ^,  }    (348) 


tan  :  COB  g  ^  cot  (<Io  +  N) 


d 
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The  parallactic  angle  q  which  these  formnlie  give  at  the  same 
time  with  Q  will  be  required  in  the  subsequent  problems.    In 
^ie  observatory  the  computation  is  facilitated  by  a  table,  com- 
puted for  the  given  latitude,  which  gives  the  value  of  N^  and  of 
log  71  =  log  (tan  TjjSin  JV),  for  every  minute  of  the  hour  angle  r. 
W^e  then  have  only  to  compute  the  equations 

tan  C  sin  ^r  =  n  cosec  (9^  +  N)  )  r348*'J 

tan  C  cos  ^r  =  cot  (d^  +  iV)  )  ^ 

297.   Correction  for  refraction  of  micromeiric  observations  of  the 

e  and  position  angle  between  two  stars. — The  observed  position 

ngle  p  is  the  position  angle  at  the  middle  point  of  the  arc  joining 

.Tie  two  stars  (Art.  260).     Let  n  denote  the  true  value  of  this 

gle,  q  the  true  parallactic  angle  found  by  (348);  then  we  have 


X^z=7r  —  q 
jand  if  9'  is  the  apparent  parallactic  angle,  we  have 

From  the  differential  formula  (47)  of  Vol.  L  we  find  that  if  f 
varies  by  df  =  r,  the  angle  q  varies  by  the  quantity 

^__^  =  r8in^tan^, 

and  if  we  take  for  r  the  form  (Vol.  I.  Art.  119) 

r  =  A'  tan  C 

we  have 

^  =  q  ~\-  k^  tan  C  sin  q  tan  d^ 

and,  consequently, 

l^=^p  —  q  —  A'  tan  C  sin  q  tan  S^ 

This  value  of  l^  is  to  be  substituted  in  (347) ;  but  in  the  terms 
already  multiplied  by  5  x  we  may  take  lo  =  p  —  q'  Hence  we 
have 

c  —  s  =SH  [tan*  C  co8'(;)  —  S')  +  1] 

«  —  p  =  —  H  tan'  C  cos  (^p  —  q)  sin  (p  —  q^  —  A'  tan  C  sin  q  tan  S^ 

Since  the  position  angle  cannot  be  determined  within  a  num- 
ber of  seconds,  the  error  of  putting  x  for  k'  in  the  last  term  of 
the  formula  for  ;r  —  /?  will  be  of  no  practical  importance ;  and, 
moreover,  since  the  terms  of  the  series  (342)  have  to  be  reduced 
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to  8i!Conda  bj  multiplying  by  the  radius  in  eeeondB  (=  cosec  V), , 
we  liave,  finally, 


—  s  =;«)([tan'Ceos'(p  — 
—f  =  —  X  eoaeo  l"£tan' 


3)  +  1] 

r  COB  (p  —  y)  ain  (p  - 


(349)  - 
q)  +  tan  C  sin  J  tan  3J  ] 


Having  obtained  a  and  -a  by  adding  these  correctiona  to  s  and  p, 
the  frwe  difierence  of  right  ascension  and  declination  of  the  starsa 
may  then  be  computed  by  Art.  264,  employing  a  and  tz  for  s  and_I 
p;  that  is,  by  the  formulre 


Bin  1  (a'  —  o)  = 
sin  \(!i'~  r!)  = 


em  Jfl  sin  B  eec  J„ 

Bin  i  a  COB  ::  80C  J  (a'  —  a) 


or  by  the  approximate  formulte 


(S^ 


;  t350«) 


298.  If  the  apparent  diffcreneee  of  right  ascension  and  decli- 
nation have  already  been  computed  from  s  and  p  by  Art.  264, 
and  we  wish  to  correct  them  for  refraction,  we  have,  by  comparing 
the  formulsB  (284)  and  (SiiO*),  and  denoting  the  correctiona  which 
the  apparent  valucaof  a'— aaud  S'  —  iJ  require  by  the  gynibol  &, 


4(.'  - 

.)=C..in:,- 

temp) 

sec  J. 

or, 

4(4'- 

S)^=    a  COS  IT  — 

scosy 

•■-•)  =  [( 
'■-■>)=    ( 

r-j)sliip  +  . 
t  —  i)  coup  -f  <r 

(sin  ,  - 

sinf)]»ioi. 
ooip) 

or, 

again. 

with  sufficient  accuracy. 

a(.' 
ACJ' 

—  si  Bio  jj  +  a  (ff 
-!)C0SJ.-J(i 

—  j))sin 
-p)si. 

1"  cos  j>]  aeo  », 

l".iny 

am 

,  substituting  tho 

values  of  »-s 

miix- 

p  from  (349), 

a( a'— a)^s !( [tan' C COS  (p—q) sin  j^tan  C  sin  q  tan  i, cosp-f  ein p] sm^ 
&(J' — J)=« M  [tan' C coB(p — q)  CDS ^-f-^i^n  •  ^'i  1  ^o  ^b"'"  p+^^^^p] 

(.351) 

These   forraulie  are   somewhat   abridged   by  introducing   an 
auxiliary  u  such  that 

tan  «  =  tan  Z  sin  q  tan  -I, 
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by  which  ihej  become 

A(a  —  a)  =  sx  [tan* C  COS  (p — q)  sin  g-fsec  u  sin  (;>—«)]  sec  ^p ")  ^ 

A(#'  —  ^)  =  « X  [tan*  C  cos  (^ — j)  cos  q-^Bec  u  cos  (j? — w)]  J  ^        ^ 

ExAMPtB. — ^In  the  example,  Art.  264,  we  had  the  obsenred 
quantities  s  =  816".993,  p  =  169°  5V.7.  The  latitude  of  the 
place  of  observation  was  ^  =  88°  53^7,  and  the  sidereal  time 
was  0*  17"  52*.  The  right  ascension  and  declination  of  the 
middle  point  between  the  stars  were,  approximately, 

o,  =  21»  61-  52*  ^0  =  —  13°  28'.5 

The  corrections  for  refraction  being  exceedingly  small  in  the 
case  of  so  small  a  value  of  Sy  the  observer  did  not  think  it 
necessary  to  record  the  state  of  the  atmosphere ;  but,  for  the 
sake  of  illustration,  I  shall  assume  Barometer  80.29  inches,  Att. 
Therm.  49°,  Ext.  Therm.  41°  Fahr. 

We  have,  first,  the  hour  angle  of  the  middle  point  between  the 
observed  bodies,  r^  =  2*  26"  =  36°  80',  with  which  and  the  above 
^values  of  f  and  d^  we  find,  by  (848), 

JVr=44°63'.9  C  =  62^28'.5  j  =  31°  28'.2    , 

mnd  by  Column  C  of  Table  11., 

log  X  =  6.4555 
Then,  by  (349),  we  find 

IT  — «  =  +  0".277  TT— p  =  +  2'r.7 

and  hence 

i,  =  817".270  ic  =  169°  59'.73 

From  these,  by  (350*),  the  true  difference  of  right  ascension  and 
declination  are  found  to  be 

(a'  —  a)  =  +  56".68  (8'  —  ^)  =  —  5'  12".45 

But,  supposing  the  apparent  differences  to  have  been  already 
compnted  as  in  Art.  264,  namely, 

a'  —  a  =  +  56".82  ^'  —  ^  =  —  5'  12".14 

we  should  compute  the  corrections  of  these  quantities  by  (351*), 
which  give 

A(a'  —  a)  =^  —  CMSe  A(«'  -.  ^  =  _  0".306 
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which  added  to  a'  —  a  aud  i'  —  3  give  tlie  same  values  of 
(a'  —  o)  and  {&'  —  d)  us  above  found. 

299,  Correction  for  refraction  of  micrometer  obstrvalions  in  which 
the  ^fferaice  of  right  asccnaion  liaa  been  obtained  from  tlte  difference  of 
the  times  of  transit  of  Ike.  stars  oner  Utreads  lying  in  the  direction  of 
circks  of  declination,  and  the  difference  of  declination  has  been  directlg 
measured.     (2d  Method,  Art.  266.) 

Lot  t  aud  ('  denote  the  observed  sidereal  times  of  transit  of  the 
two  stars  over  the  same  declination  cii-ele.  A  star  upon  thft 
same  parallel  of  declination  as  the  second  star,  but  having  the 
right  ascension  a' —  (('— (),  would  have  been  obsen'ed  simul- 
taneously with  the  first  star,  and  would,  therefore,  have  had  the 
same  apparent  right  ascension.  The  effect  of  refraction  upon 
the  time  of  transit  of  this  supposed  star  is  evidently  the  same  as 
in  the  case  of  the  real  star ;  and  the  effect  upon  the  difference 
of  declination  is  also  the  same :  so  that  thia  case  is  reduced  to 
the  preceding  by  supposing  tlie  stars  to  have  been  ob8er\ed  with 
an  apparent  position  angle  p  ~  0,  and  apparent  distance  s  = 
S'  —  d.    These  substitutions  in  (351)  give  the  required  correction* 


d)  [tan' C  COS  J  sin  5  — 
B)  [tun'Ceoa'y  -)-  1] 


tan  Z  sin  y  tan  SJ  s< 


These  formulte  are  simplified  by  introducing  the  auxiliary  JV" 
already  used  in  the  computation  of  J^,    Substituting  the  valm 


tan  ^  sin  q  and  tan  J  coa  g  from  { 
reduced  to  the  following ; 


)  and  (348*),  they  a 


A(o'  —  o)  = 


_  X (J'  —  3)      nco8(2J,+if) 
Biu'(3,-j- JV")'        cosM, 


■-adily 


(352) 


Example. — In  the  example,  Art,  266,  we  have  the  obaerved 
difference  of  right  ascension  and  declination  of  Neptune  t 
known  star, 

o'  —  a  =  -I-  1-  45".30  d'—3=  —  r  28".22 

and  the  place  of  the  star, 

n  —  21"  50-  8'.99  S  =  —  13°  23'  35".ll 
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The  sidereal  time  of  the  star's  transit  being  28*  26"  43'.4y  the 
oommon  hour  angle  at  which  the  objects  wore  observed  was 

T,==  1*  36"  34V4  =  24°  8'.6 
^w^th  which  and  f  =  38°  53'.7,  *o=  ~  13°  27'.8,  we  find,  by  (848), 

y  =  48*»  3r.8  log  n  =  log  (tan  r^  sin  N)  =  9.6261 

C  =  57     0.1 

and  assuming  Barom.  80.29  inches,  Att.  Therm.  49°,  Ext.  Therm. 
41^  Fahr.,  we  find,  by  Column  C  of  Table  11., 

log  X  =  6.4677 
Hence,  by  (352), 

A(a'—  a)  =  —  0".128  =  —  O-.OOO  A(^'  _  a)  =  _  0".389 

The  differences  corrected  for  refraction  are,  therefore, 

a'  —  a  =  +  1"  46'.29  ^'  —  a  =  —  r  28".61 

and  hence  the  apparent  place  of  Neptune,  affected  now  only  by 
parallax,  was 

•'  =  21»  51-  54'.28  d'=  —  13°  31'  3".72 

on  November  29,  1846,  at  23*  28-  28'.7  sidereal  time  at  Wash- 
^gton. 

800.  Correction  for  refraction  of  observations  made  with  the  ring 
micromeier. — At  each  transit  of  a  star  over  the  edge  of  the  ring, 
its  apparent  distance  from  the  centre,  C,  of  the  ring  is  equal  to  the 
radius  r.  If  at  the  time  ^,  of  its  first  transit  its  true  distance  is 
^y  we  shall  have,  by  (349),  putting  r  for  5, 

<r,  =  r  [1  +  X  +  X  tan»  C  cos*  (p  —  q)}  (363) 

in  which  p  is  the  position  angle  of  the  star  referred  to  C. 
The  zenith  distance  ^  and  the  parallactic  angle  q  belong  to  the 
middle  point  between  the  star  and  C;  but  it  is  easily  seen  that 
it  will  produce  no  important  error  to  assume  them  either  for  the 
point  Cor  for  a  mean  point  between  the  stars  compared.  W,e 
shall,  therefore,  here  suppose  ^  and  q  to  have  the  same  values  for 
all  observations  made  in  the  same  position  of  the  ring.  At  the 
time  t^  of  the  star's  second  transit,  the  position  angle,  reckoned 
in  the  same  direction  as  for  the  first  transit  from  the  declination 
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circle  thro-igh  C,  will  be  360°  —  p:  so  that,  if  <f,  is  then  the  trutt^ 
distance  oJ'  the  star  from  C,  we  have 


r[l  +«  +  K  tan':  COS' (?  +  ?)] 


(,  ^  the  time  of  the  star's  transit  over  the  true  declina- 
tion circle  of  C, 

T,,  r,  ;=  the  (rue  hour  angles  of  the  star,  reckoned  from  the 
declination  circle  of  C,  at  the  two  observed  tranoits, 

0,  D  ^  the  declination  of  the  star  and  of  C; 


and  in  the  two  trianglcH  formed  by  the  pole,  the  point  C,  and  f 
two  Irue  places  of  the  stars  at  the  two  obaervations,  we  h 

COB  «-,  =  Bin  D  BJn  3  -\-  cos  Dcoa  3  cos  r, 
cos  <r,  :=  Bin  D  Bin  d  +  co8  Dcoa  3  cos  r. 

From  the  difference  of  these  equations,  namely, 

2Binl(ff,  4-ff,)8in  !(', —■»,)  =  2  cos  i)  cos  a  Bin  i(r,-|-r,)  BiniC,- 
we  derive,  approximately, 

rr,  \  /  ff,  -f-  ff,  \  2  sec  D  sec  t 


To  reduce  this  expression  to  a  practical  form, 
(853)  and  (354), 


we  have  first,  from 


in  which  we  may  use  the  approximate  values  of  sinp  and 
given  by  (331),  where  y  is  the  same  as  ^;  namely, 


Bmp  = 


2r 


COB  p  ^  — 


I 


where  d  is  the  approximate  value  of  d  —  D  found  by  ncglectlm 
the  refraction, 

Por  i  (ff|  +  tf,)  wo  may  here  nse  r;  for,  being  only  a  multipli«r 
of  ^  (ff,  —  ffi),  the  remaining  terms  would  give  only  terms 


uly  terms  iflri^H 
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in   the  product    For  Tj  +  r,  we  put  (^  —  (i*    These  substitutions 
being  made  in  the  value  of  ^  (r^  —  r^y  we  have 

i  (Ti  —  O  =  <^.^  tan«  C  sin  2  g  seo  D  (356) 

'^vli.ich  is  the  correction  to  be  added  to  the  mean  of  the  observed 
tiTK^es,  in  order  to  obtain  the  true  time  /^  of  the  star's  transit  over 
tbe  declination  circle  of  the  centre  of  the  ring ;  for  we  have 

*.  =  ift  +  ^)  +  K^i-^.) 

rTo  find  the  correction  of  d  for  refraction,  we  observe  that  if 
r^  and  r,  were  known,  the  true  value  of  the  difference  d  —  D 
^v^oald  be  found  by  the  formulse 

(^  _  By  =  tfj«  —  (tj  cos  sy 
(^  _  j)y  =  ^,«  —  (r,  cos  dy 

these  formulse,  indeed,  the  path  of  the  star  is  supposed  to  be 
ctilinear;  but  the  correction  for  curvature  has  already  been 
Testigatedy  and  is  given  by  (333).     The  mean  of  these  values 
*^*Xay  be  expressed  as  follows : 

nd,  consequently,  by  neglecting  terms  in  x\ 

<'-^)-=(H^)'-(^'H" 

TlTie  difference  d  is  found  from  the  formula 

^=r«-/^i:=l^|cotfd 

and  therefore,  observing  that  Tj  +  r,  =  ^,  —  ty, 

(,_I>)._d.  =  (fL±^J_r. 

=  2r*  X  [1  -f  tan'  C  (rin*  q  +  cos' j)  cos  2  q)] 

Substituting  d  for  r  cos  ;>,  and  then  dividing  both  members  by 
(d  —  D)  +  dy  (or  by  2d,  since  this  will  involve  only  errors  of  the 
order  x*),  we  find 

(a  — D)  — d  =  — (tan'C8in'jr+  1)  +  d x  tan' t cos  2  j    (856) 

d 

which  is  the  required  correction  to  be  added  to  d. 
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For  a  eecond  etar,  we  have,  in  like  maDner, 

|(r/ —  r,')  =  d'jttan'C  em  2  5  sec i)      /  1     /oey-. 

(a'_Jj)_d'=-^(tan'CBiii'}+  1)  4-d')itan'CcoB2  5'     (858) 

The  difference  of  right  aeceoBion  of  the  etars  found  by  neglect- 
ing the  refraction  is 

•'--  =  l('.'+*.')-JC'.  +  '.) 

while  the  true  value  is  t^'  —  t^;  so  that  the  correction  for  the 
refraction  is 

a(.'  -  «)  =  i  (r/  -  r,')  ~  H^,  -  O 

or,  by  (355)  and  (357), 

&W  —  .)  =  (d'—d)7i  tan' C  sin  2  5  sec  «,  (359) 

in  which  we  have  put  ^1,=  i{^  +  ^0  instead  of  D.  The  eorroc- 
tion  of  the  difference  of  the  declinatioDB  of  the  stars  for  refrac- 
tion is,  by  (356)  and  (358), 


°°  (SCO) 

The  values  of  (^  and  9  to  be  used  in  these  formula  will  be 
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The  indications  of  the  barometer  and  thermometer  are  not  given ; 

bat,  assuming  a  mean  state  of  the  air,  the  refraction  table  gives 
for  this  zenith  distance  log  x  =  6.4882,  with  which  we  proceed 
to  compute  (859)  and  (860)  as  follows : 

log(d'^d)  2.4101 
log  X  6.4882 
log  tan«  C  0.6898  log  sec  d^   0.0395 

9.4881 9.4881 

log  cos  2  q  8.8658  log  ein  2  q  9.9988 


let  tem  of  (860)  =  +  0".02         log  A(tt'  —  a)  9.5264 

A(a'  —  a)  =  +  0".34  =  +  0-.0?l 
log  Bin*  q  9.6658 

log  f  tan*  C  sin»g  +  1)  0.4802 

log  (d'  —  d)  X  8.8483 

log  r»  6.1032 

5.4317 
log  dd'  5.9412  The  corrected  values  are  then 

^  term  of  (360)  =  -^0'^3T  »'  —  a  =  ~  1-  49*.48 

a(^'  —  ^)  =  —  0".29  ^'  _  ^  =  +  4'  16".81 

The  corrections  for  refraction  are  in  this  instance  less  than  the 
Jrobable  errors  of  observation.  Indeed,  with  the  ring  micro- 
meter,  it  will  seldom  be  worth  while  to  consider  the  refraction 
unless  the  zenith  distance  is  over  60°  and  the  difference  of 
declination  over  10'. 

CORRECTION   OF    MICROMETRIC    OBSERVATIONS    FOR    PRECESSION, 

NUTATION,   AND   ABERRATION. 

801.  In  most  cases,  micrometer  observations  of  the  difference 
of  position  of  two  celestial  bodies  have  for  their  object  the 
determination  of  the  apparent  place  of  one  of  these  bodies  from 
that  of  the  other  supposed  to  be  given.  The  apparent  place  thus 
found  is  then  usually  to  be  reduced  to  the  mean  place  for  the 
beginning  of  the  year,  or  any  adopted  epoch,  by  applying  the 
corrections  for  precession,  nutation,  and  aberration  with  reversed 
sign.  Sometimes,  also,  it  is  desirable  to  reduce  the  data  fur- 
nished by  the  micrometer  on  different  dates  to  a  common  date. 
The  only  case  of  interest,  however,  is  that  in  which  the  distance 
and  position  angle  have  been  observed.  I  shall  consider  first 
the  effect  of  aberration. 
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802.  To  find  ike  effect  of  aberrnOon  vpon  the  anguhr  distance  c==- 
two  slars. — Let  ua  denote  by  £!  the  point  of  the  ecliptic  fVo^V 
which  the  earth  is  moving  (as  in  Art.  387  of  Vol.  L);  bj  tf„  ^^ 
the  true  angular  diatancea  of  the  stars  from  E;  by  (J,',  <),',  tl^M 

apparent  iliataucea  from  £  aft'ected  by  aberration ;  by  o  and 

the  true  and  apparent  distances  of  tlie  stara  from  each  other ;  h^z. 
J-,,  j-„  the  angles  formed  by  a  with  iS,  and  iJ, ;  by ;-,',  ;•,',  the  aiiglf^ 
formed  by  s  with  the  same  arcs.  Then,  since  the  aberriitioti  actj 
only  in  the  great  circle  joining  the  star  and  the  point  E,  tli  ■« 
angle  at-E  between  the  arcs  ^|  and  d,  remains  unchanged,  an<f 
we  have,  precisely  ae  in  the  investigation  of  the  differentia/ 
refraction  in  Art.  293,  J^H 


ein](r8in  i  (r,  +  rO  = 


I  )s  S' 


i  (ri'  +  n') 


sin  J(*i  +  *,)'' 


sin  i  a  cos  i  O")  +  Tt)  ^  sin  is 


'sin  1(5,'  +  */) 

,  ,    ,   ,       .,   sinl(»,  — fl.) 


If  we  write  ;-,  and  y/  for  J  (r,  +  n)  and  J  (/,'  +  ;-,'),  we  may  pot 
these  equations  under  the  form 


r  sin  J-,  ^  (J3  Bin  ;-, 


in  which  we  have  put 

ein4 


^6ini(fl,— *,) 
sin  }  (*/  — *,') 


Now,  we  have  (Art.  385,  Vol  I.) 


in  which  h  =  20".4451 ;  and  hence 


1  -(-  A  COB  <\ 


HO  that  if  we  neglect  A*,  as 
our  equations  give,  simply, 


ft  coa  *j  +  ^  coa'  fl,  — >  Jl 
we  may,  we  have  a  =  b,  and  hence 


Hence  it  follows,  Ist,  that  the  anglo  which  a  makes  with  the 
&f  is  not  sensibly  changed  by  the  aberration  ;  2d,  that  the  offect 


i 
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<^f  aberration  upon  the  distance  a  is  the  eattie  in  whiiteter  S.Te<^- 
fUm  the  arc  a  may  lie,  and  dependa  only  on  the  distance  [p^'of 
its  middle  point  from  the  point  E,  or,  in  general,  npon  the  right 
ascension  and  declination  of  this  middle  point.  This  latter 
principle  auggesta  the  most  simple  nieuns  of  investigating  a  for- 
uiula  for  oompiitiug  the  aberration  in  distance  ;  we  have  only  to 
assume  the  distance  a  to  coincide  in  direction  with  a  declination 
circle,  so  that  <7  may  be  treated  as  the  difference  of  declination 
of  the  stars.  Then  the  eft'eet  of  aberration  upon  a  will  be  found 
by  differentiating  the  expression  Cc'  -f  -Drf*,  which  expresses  the 
correction  for  aberration  (Art.  402,  Vol.  L);  thus, 


L      da  ds\ 


Taking  the  values  of  a'  and  b'  for  the  middle  point  of  a,  or 
^Qrthe  right  ascension  a,  and  declination  S^,  we  put 


I 


-  ^  It.  cos  Oo  COS  H 


ud  then  for  computing  ait  we  have  the  simple  formula 

a»  =  +  Or  Jf-  m  (361) 

^or  which  C  and  D  can  he  taken  from  the  Ephomeris  for  the 
^[ivcD  date.  Tlio  correction  thus  found  is  to  be  added  to  the 
true  diatjince  to  obtain  the  apparent  distance. 

The  position  angle  p^  at  the  middle  point  of  a  is  composed  of 
t]ie  angle  y^  »nd  of  the  angle  which  the  declination  circle  makes 
"ivith  the  arc  &„ :  so  that  the  change  in  j>^  is  the  same  ae  Ihat  in 
the  latter  angle,  that  is,  it  is  the  difference  of  directions  of  the 
declination  circles  drawn  through  the  true  and  apparent  places 
of  the  stars.  This  difference  will  be  obtained  at  the  same  time 
with  that  produced  by  precession  and  nutation  in  the  next  article. 

303.  To  find  ike  effect  of  precession,  nittaiion,  and  aberration  upon 
the  pomt'on  angle  of  two  stars. — Let  o,,.  ^„,  be  the  right  ascension 
and  declination  of  the  middle  point  between  the  two  stars.  The 
change  ap^  in  the  position  angle  is  simply  the  change  of  direction 


i. 
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of  the  declinstioii  circle  drawn  through  this  point :  bo  that  we 
have 

_  dot  OOB  if 


tan  Api  =  &P,  = 


d»t 


or,  taking  a,  =  (a,)  -^  Aa  +  Bb  -\-  Cc  -\-  Dd  as  the  expression  of 
the  apparent  right  ascension  at  any  time,  where  (a,)  ia  ita  mean 
value  at  the  heginning  of  the  given  year  (Vol.  I,  Art  402),  we 
have 

La  da»  dS,  da,] 

:=^.nsin<i,secJ„-(-  2f.co8o„eeci,  +  CcosajtanJ, -l-D.Bmoj  tan-*. 

Hence,  putting 


o'  ^=  n  Bin  o,  see  <I, 
y  ;^  eos  a„  see  a. 


r'" 


1,  tan  S^ 
I,  tan  I. 


in  which,  for  a  ^ven  year  1800  +  /  (Vol.  I.  p.  617), 

n  =  20".0607  —  0".0000863( 
we  have 

&p,  =  Aa.' +  S?  +  (y  +  2)»' 

The  annual  increase  of  /i^  ia  n  sin  Og  sec  8^.  If  we  wish  to  reduce 
the  mean  value  of  p,  from  one  given  year  1800  +  /  to  aoother 
1800  + '',  we  must,  therefore,  add  the  quantity  (t'  —  ^  n sin  Oq  sec  5,, 
in  which  a,  and  8^  should  be  taken  for  the  date  1800  +  J  ('  +  '')• 


(363) 
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METHOD  OF  LEAST   SQUARES.* 

X,  A  NUMBER  of  observations  being  taken  for  tbe  purpose  of 

^^termining  one  or  more  unknown  quantities,  and  these  obser- 

^"^"tions  giving  discordant  results,  it  is  an  important  problem  to 

^^termine  tbe  most  probable  values  of  tbe  unknown  quantities. 

The  method  of  least  squares  may  be  defined  to  be  that  method 

^f  treating  this  general  problem  w^hich  takes  as  its  fundamental 

principle,  that  the  most  probable  values  are  those  which  make  the  sum 

9fthe  squares  of  the  residual  errors  a  minimum.    But,  to  understand 

this  definition,  some  degree  of  acquaintance  with  the  method 

itself  is  necessary. 

*  Theflnt  published  application  of  the  method  is  to  be  found  in  Legendrb,  Nouvellea 
wiftkodea  pour  la  dStermmaiion  dea  orbiiea  dea  eomitesy  Paris,  1S06.  The  development, 
boweTer,  from  fundamental  principles  is  due  to  Qauss,  who  declared  that  he  had 
nsed  the  method  as  early  as  1795.  See  his  Theoria  Motus  Corporum  Coelestium,  1809, 
Lib.  n.  Seo.  III.;  DUqutMitio  de  elemeniis  eUipticU  Palladis,  1811;  Bettimmung  der 
OmendgktU  der  Beobaehtwigen  (t.  Lindenau  und  Bohnenbebgeb's  Zeitschrift,  1816, 1. 
s.  186) ;  Thwria  tombmationu  observoHonum  erroribtu  minimis  obnoxim^  1828 ;  Supplt' 
menimm  tkeorix  eombinationitf  &c.,  1826 :  all  of  which  have  been  rendered  quite  acoesa- 
ible  through  a  French  translation  bj  J.  Bebtrand,  M^thode  des  moindret  earriea.  Mi- 
moires  aw  la  eombinaiaon  des  observations^  par  Ch.  Fr.  Gauss,  Paris,  1855. 

For  a  digest  of  the  preceding,  together  with  the  results  of  the  labors  of  Bbssel 
and  Havsev,  see  Ehcke,  Ueber  die  Methode  der  kleinsten  Quadrate,  Berliner  Astron. 
Jahrbuch  for  1831,  1835,  1836;  in  connection  with  which  must  be  mentioned  espe- 
cially the  practical  work  of  Gbbling,  Die  Ausgleichungsreehnungen  der  praetisehen 
Qeomatrie^  Hamburg,  1843. 

See  also  Laplacb,  Thiorie  analytique  des  probabilit^s,  Liv.  II.  Chap.  IV. ;  PoissoN, 
SurlaprobabilHidas  rlsultats  moyens  des  observations,  in  the  Connaissance  des  Temps  for 
1827;  EvcKK,  in  the  Berlin  Jahrbuch  for  1853;  Bbssel,  in  Astron.  Naeh.,  Nos.  858, 
S59,  899;  Hansen,  in  Astron.  Nack.,  Nos.  192,  202  et  seq. ;  Pbibcb,  in  tbe  Astron, 
Townal  (Cambridge,  Mass.),  Vol  II.  No.  21 ;  Liaqbb,  Caleul  des  probabUiies  et  thiorie 
iea  arreurSf  BruxeUes,  1852. 
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BRBORB  TO  WHICH  OBSERVATIONS  ARE  LIABLE. 
2.  Every  obsorvation  which  ia  a  measure,  however  carefully  it 
m:iy  be  made,  ia  to  be  regarded  as  siibject  to  error;  for  expe- 
rience teaches  that  repeated  tiieasurea  of  the  same  quantity,  ic/ien 
the  greatest  precision  is  sought*  do  not  give  uniformly  the  same 
result.     Two  kinds  of  errors  arc  to  be  diatinguiabcd. 

Constant  or  regular  errors  are  thoep  which  in  all  measures  of  the 
same  quantity,  made  under  the  same  circumstances,  obtain  the 
same  magnitude;  or  whose  magnitude  ia  dependent  upon  the 
circumstances  according  to  any  determinate  law.  The  causes  of 
auch  errors  must  bo  the  subject  of  careful  preliminary  search  in. 
all  physical  inquiries,  so  that  their  action  may  be  altogether  pre- 
vented or  their  eft'ect  removed  by  calculation.  For  example, 
among  the  constant  errors  may  be  enumerated  refracljon,  aber- 
ration, &e. ;  the  effect  of  the  temperature  of  rods  used  in  mea- 
Buring  a  base  line  in  a  aurvey ;  the  error  of  division  of  a  graduated 
inatrumeut  when  the  same  division  ia  used  in  all  the  measures; 
any  peculiarity  of  an  inatrument  which  affects  a  particular  mea- 
Burement  alwaya  by  the  same  amount,  such  as  inequality  of  the 
pivots  of  a  transit  inatrument,  defective  at^ustnicnt  of  the  colU- 
raation,  imperfeetiona  of  lenses,  defecta  of  micTOmeter  screws,  &c., 
to  which  must  be  added  constant  peculiarities  of  the  observer, 
who,  for  example,  may  always  note  the  passage  of  a  star  over  a 
thread  of  a  tranait  instrunlent  too  eoon,  or  too  late,  by  a  constant 
quantity,  or  who.  in  attempting  to  bisect  a  star  with  a  inioi-ometer 
thread,  constantly  makes  the  upper  or  the  lower  portion  the 
greater;  or  who,  in  observing  the  contact  of  two  inmgos  (in 
sextant  measures,  fur  instance),  aseumea  for  a  contact  a  position 
io  which  the  images  are  really  at  sonio  constant  small  distance, 
or  a  poaition  in  which  the  images  are  really  overlapped,  &e.  Ac. 
Thus,  we  have  three  kinds  of  constimt  errors : 
Ist,  Theoretical,  sucli  as  refraction,  aberration,  &c,,  whose  effects, 
when  their  causes  are  once  thoroughly  uuderatood,  may  be  cal- 
culated a  priori;  and  which   thenceforth  cease  to  exist  as  errors. 

•  The  qualiflonlion,  "  when  the  grealpsl  preoiilon  is  soughl,"  is  imp'irlant ;  for  if, 
i.g,.  me  irtre  Io  iletrrinine  Ihe  Ulilude  of  a  plnco  hjr  repealeil  mcBsiirpB  of  (he  meri- 
diitn  altitudu  uf  the  Bunie  fixed 'star  with  a  BOilmit  diridi^d  unly  (□  nli"le  ilegrBe*.  all 
our  measures  mighl  dive  the  anmo  degree.  The  aocordanoo  of  obsenraiiona  ia,  th«re- 
Tora,  not  to  he  Inkpn  &B  an  mi«l1ible  eijdenoe  of  Ihrlr  ncourirj.  It  ia  eapeoialljr 
whon  we  appronch  (A'  limili  of  our  ntataring  peiteri  that  we  beoome  lensibla  «f  Uw 
dUorepauciQt  of  obsoriaiioDS. 
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I  The  detection  of  a  coustaut  error  in  a  certain  class  of  observa- 
tions \ery  commonly  leads  to  inveatigatioua  by  which  its  cause 
is  revealed,  and  thus  our  physical  theories  are  improved. 

2d.  IiisiTumenial,  which  are  discovered  by  an  examination  of 
our  instruments,  or  from  a  diyt-ussion  of  the  observations  made 
with  them.  These  may  also  be  ruinoved  when  their  causes  are 
fully  understood,  either  by  a  proper  mode  of  using  the  iustru- 
nient,  or  by  subsequent  computation. 

3d.  Personal,  which  depend  upon  peculiarities  of  the  observer, 
and  in  delicate  inquiries  become  the  subject  of  special  investigiv- 
tioii  under  the  name  of  "peraoual  equatious." 
L  TVe  are  to  assume  that,  in  any  iuquii-y,  all  the  sources  of  cou- 

^^Hftwit  error  have  been  carefully  investigated,  and   their  efi'ects 
^^Kfliminated   as   far  as  practicable.     Wlicn   this  has  been  done, 
^^^bpw'ever,  we  tind  by  experience  that  there  still  remain  discrepao- 
^^^■(w,  which  must  be  referred  to  the  next  following  class. 
^^^H  Irregular  or  aecidmUil  errors  arc  those  which  have  irregular 
causes,  or  whoso  effects  upon  individual  observations  are  gov- 
erned by  no  fixed  law  connecting  them  with  the  circumstances 
of  the   observations,    and,   therefore,    can    never   be   subjected 
a  priori  to  computation.     Such,  for  example,  are  errors  arising 
from  tremors  of  a  telescope  produced  by  the  wind  ;  errors  in  the 
refraction   produced  by  anomalous   changes   of  density  of  the 
strata  of  the   atmosphere;   from   unavoidable   changes   in   the 
several  parts  of  an  instrument  produced  by  artomaloua  variations 
of  temperature,  or  anomalous  contraction  and  expansion  of  the 
parts  of  an  instrument  even  at  known  temperatures  ;  hut,  more 
especially,  en-ors  arising  from  the  imperfection  of  the  senses,  as 
the  imperfection  of  the  eye  iu  measuring  ver)'  small  spaces,  of 
the  ear  in  estimating  small  intervals  of  time,  of  the  touch  in  the 
delicate  handling  of  an  instrument,  &e. 

This  distinction  between  constant  and  irregular  errors  is, 
indeed,  to  a  certain  extent,  rather  relative  than  absolute,  and 
depends  upon  the  sense,  more  or  less  restricted,  in  which  we 
consider  observations  to  be  of  the  same  nature  or  made  under  the 
tame  circumslaiiccs.  For  example,  the  errors  of  division  of  an 
instrument  may  he  regarded  as  constant  errors  when  the  same 
division  comes  into  all  measures  of  the  same  quantity,  hut  as 
irregular  when  in  every  measure  a  different  division  is  used,  or 
when  the  same  quantity  is  measured  repeatedly  with  different 
^^^^instrumeuts. 


After  a  full  inveBtigation  of  the  coriBtant  or  regular  errors,  it 
ia  the  Dext  buBiness  of  the  observer  to  dim'misli  as  much  as  pos- 
sible the  in'egular  errors  by  the  greatest  care  in  the  obaerx'ations ; 
and  finally,  when  the  observations  are  completed,  there  remaiiia 
the  importaut  operation  of  combining  them,  so  that  the  outstand- 
ing, unavoidable,  irregular  errors  may  have  the  least  probable 
eflect  upon  the  results.  For  this  combination  we  invoke  the 
aid  of  the  method  of  least  squares,  which  may  be  said  to  have 
for  its  object  thi'  restriction  of  the  effect  of  irregular  errors  witliiu 
the  narrowest  limits  according  to  the  theory  of  probabilities,  and, 
at  the  same  time,  to  determine  from  the  observations  themselves 
the  errors  to  which  our  results  are  probably  liable.  It  is  proper 
to  observe  here,  however,  to  guard  against  fallacious  applications, 
that  the  theory  of  the  method  is  grounded  upon  the  hj-pothesia 
that  we  have  taken  a  large  number  of  observations,  or,  at  least,  a 
number  sufficiently  large  to  determine  the  errors  to  which  the 
observations  are  liable. 

COEBECTION   OF   THE   0B8KRVATIONB. 

3,  When  no  more  observations  are  taken  than  are  sufficient 
to  determine  one  value  of  each  of  the  unknown  (|uautitios 
sought,  we  have  no  means  of  judging  of  the  correctness  of  the 
results,  und,  in  the  absence  of  other  information,  are  compelled 
to  accept  these  results  as  true,  or,  at  least,  as  the  most  probable. 
But  when  additional  observations  are  taken,  leading  to  dilferciit 
results,  we  can  no  longer  unconditionally  accept  any  one  result 
as  true,  since  each  must  be  regarded  as  contradicting  the  others. 
The  results  cannot  all  he  true,  and  are  all  probably,  in  a  strict 
sense,  false.  The  absolutely  true  value  of  the  quantity  sought  by 
observation  must,  in  general,  be  regarded  as  beyond  our  reach ; 
and  instead  of  it  we  mnst  accept  a  value  which  may  or  may  not 
agree  with  any  one  of  the  observations,  but  which  is  rendered 
mosl  probable  by  the  existence  of  these  observations. 

The  condition  under  which  such  a  probable  value  ia  to  bo 
determined,  is  that  <tH  contradiction  among  the  obserrations  i*  to  be 
removed.  This  is  a  logical  necessity,  since  we  cannot  accept  for 
truth  that  which  is  contradictory  or  leads  to  contradictory  results. 

The  contradiction  is  obviously  to  be  removed  by  applying  to 
the  several  observations  (or  conceiving  to  be  applied)  probable 
corrections,  which  shall  make  them  agree  with  each  other,  and 
which  we  have  reason  to  suppose  to  be  equivalent  in  amount^ 
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^e  accidental  errors  severally.    But  let  us  here  remark  that  we 
do  not  in  this  statement  by  any  means  imply  that  an  observer  is 
-to  arUtrarily  assume  a  system  of  corrections  which  will  produce 
jtccordance :  on  the  contrary,  the  method  we  are  about  to  con- 
sider is  designed  to  remove,  as  far  as  possible,  every  arbitrary 
consideration,  and  to  furnish  a  set  of  principles  which   shall 
always  guide  us  to  the  most  probable  results.   The  conscientious 
observer,  having  taken  every  care  in  his  observation,  will  set  it 
down,  however  discrepant  it  may  appear  to  him,  as  a  portion  of 
the  testimony  collected,  out  of  which'  the  truth,  or  the  nearest 
approximation  to  it,  is  to  be  sifted. 

Admitting,  tlierefore,  that  the  observations  give  us  the  best, 
as  indeed  the  only,  information  we  can  obtain  respecting  the 
desired  quantities,  we  must  find  a  system  of  corrections  which 
shall  not  only  produce  the  desired  accordance,  but  which  shall 
also  he  the  most  probable  corrections,  and  further  be  rendered  most 
probable  by  these  observations  i/ieniselves. 

THE   ARITHMETICAL   MEAN. 

4.  In  order  to  discover  a  principle  which  may  serve  as  a  basis 
for  the  investigation,  let  us  examine  first  the  case  of  direct  ob- 
servations  made  for  the  purpose  of  determining  a  single  unknown 
quantity. 

Let  the  quantity  to  be  determined  by  direct  observation  be 
denoted  by  x.  (Suppose,  for  example,  to  fix  our  ideas,  that  this 
quantity  is  the  linear  distance  between  two  fixed  terrestrial 
points.)  If  but  one  measure  of  x  is  taken  and  the  result  is  rt, 
we  must  accept  as  the  only  and,  therefore,  the  most  probable 
value,  x  =  a.  Let  a  second  observation,  taken  under  the  same 
or  precisely  equivalent  circumstances,  and  with  the  same  degree 
of  care,  so  that  there  is  no  reason  for  supposing  it  to  be  more  in 
error  than  the  first,  give  the  value  6.  Then,  since  there  is  no 
reason  for  preferring  one  observation  to  the  other,  the  valne  of 
X  must  be  so  taken  that  the  difterences  x  —  a,  x  —  b  shall  be. 
numerically  equal ;  and  this  gives 

x  =  i(a  +  0^ 

This  resnlt  must  be  regarded  as  the  only  one  that  can  be  inferred 
from  the  two  observations  consistently  with  our  definition  of 
iccidental  errors ;  for  positive  and  negative  accidental  errors  of 
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equal  absolute  magnitude  are  to  bo  regarded  ae  equal  errors  and 
as  equiiUy  probable,  aince,  from  tbe  care  bestowed  on  the  obaer- 
vutious  and  tbe  Buppofied  similarity  of  the  eircumetaneea  under 
which  they  are  made,  there  is  no  reason  a  priori  for  assuming 
either  a  positive  or  a  negative  error  to  be  the  more  probable. 

ITow  let  a  third  observation  be  added,  giving  the  value  c. 
tSitice  the  three  observations  are  of  equal  reliabilitj-,  or,  ae  we 
ehatl  hereaft:er  say,  of  equal  weight,  we  must  so  combine  a,  b,  and 
c  that  each  shall  have  a  like  influence  upou  the  result;  in  other 
words,  X  must  be  a  symmetrical  function  of  a,  6,  and  c.  If  we 
first  consider  a  and  b  alone,  then  a  and  c,  then  b  and  c,  we  shall 
find  the  values  ^^ 


i  ("  +  />), 


i(a  +  c), 


1(6  +  0. 


with  ea«h  of  which  the  additional  observation  r,  b,  or  a  is  to  be 
combined.  Each  combination  must  result  in  the  same  sym- 
metrical function,  which,  whatever  it  may  be,  can  be  denoted  by 
the  functional  symbol  tJ-.     We  must,  therefore,  have 

=  *[*("  +  <:),  6] 
-  4  [K6  +  c),  a-] 

Introducing  the  sum  of  a,  b,  and  c,  or  putting 

s=a+b+c 
these  become 

«  =  +  CHs  —  0.  c]  =  +  [s.  0 

=  +  [JC«— «).  «]  =  +[«■  1] 

But  5  is  already  a  eymmetrical  function  of  a,  ft,  and  c,  and  there- 
fore these  equations  cannot  all  result  in  tbe  same  e3Tn7rietricaI 
function    unless  c,  b,  a,  in  the  respective  developmcnte  of  tl|^_ 
fuuctiouB,  disappear  and  leave  only  a.    Hence  we  must  have  ^H 

Now,  to  determine  ij/,  we  observe  that,  as  it  must  be  general, 
its  nature  may  be  learned  from  any  special  but  known  case. 
Such  a  case  is  that  in  which  the  three  observations  give  three 
equal  values,  or  a  ^^b  —  e;  and  in  thai  case  we  have,  «8  the 
only  value,  x  —  a,  or 


METHOD   OF  JjEAS^  SQUARES.  476 

and,  consequently,  the  symbol  ^f/  signifies  here  the  diviaon  by  8. 

Hence,  generally, 

a^t  +  c 

S 

Li  the  same  manner,  if  it  had  been  previonsly  shown  that  for 
wn  equally  good  observations  the  most  probable  value  is 

a  +  6+c+....  +  n 

X  =  — ■ ■ ■ ■ — - 

m 

it  would  follow  that  for  an  additional  observation  p  we  must 

liave 

a  +  b  +  €  +  ,...  +  n  4-;> 

X  =r  

m  +  1 
:tfor,  putting  s  =  a  +  b  +  c  +  ...  +  n+p,  we  shall  have 

^  =  4 1~  («  — ;>),PJ  =  4  [«,rf  =  4  («),  Ac. 

Bat  we  have  shown  that  the  form  is  true  for  three  observed 
values :  hence,  it  is  true  for  four ;  and  since  it  is  true  for  four 
values  it  is  true  for  five ;  and  thus  generally  for  any  number.* 

The  principle  here  demonstrated,  that  the  arithmetical  mean 
of  a  number  of  equally  good  observations  is  the  most  probable 
value  of  the  observed  quantity,  is  that  which  has  been  universally 
adopted  as  the  most  simple  and  obvious,  and  might  well  be 
received  as  axiomatic.  The  above  demonstration  is  chiefly 
valuable  as  exhibiting  somewhat  more  clearly  the  nature  of  the 
assumption  that  underlies  the  principle,  which  is  that,  under 
strictly  similar  circumstances,  positive  and  negative  errors  of  the 
same  absolute  amount  are  equally  probable. 

6.  If  now  n',  n",  w'" w^">  are  the  m  observed  values  of  a 

required  quantity  x,  and  if  x^  denotes  their  arithmetical  mean, 
the  assumption  of  x^  as  the  most  probable  value  of  x  gives 
n'-—  x^  n"  —  x^,  n'"  —  x^,,  &c.,  as  the  most  probable  system  of  cor- 
rections (subtractive  from  the  observed  values)  which  produce 
the  required  accordance.    But  the  equation 

^*  =         ^ (^) 

■      ■  ■ _— ^— ____________^^ 

*  Enckb,  Berliner  Aetron.  Jahrbuoh  for  1S84,  p.  262. 
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may  also  be  pat  under  the  form 

(n'  -  X,)  +  in"  -  x.)  +  (n'"  -«,)  +  ■ 


.(n' 


-^.)  = 


that  is,  the  algebraic  sum  of  the  corrections  is  zero. 

This  18,  however,  not  the  only  characterietic  of  the  system  of 
correctioaa  reaalt'mg  Irom  the  use  of  the  arithmetjcal  meao.  Let 
us  examine  the  sum  of  the  squares  of  the  corrections.  For 
brevity,  let  us  denote  the  corrections,  or,  as  they  will  be  here- 
after called,  the  residuals,  by  the  symbol  v:  so  that 


t/=n'-a^ 


—  ^ 


-  n'"  —  Xf,  Ac. 


and  also  denote  the  sums  of  quantities  of  the  same  kind  by 
enclosing  the  common  symbol  in  rectangular  brackets :  so  that 

[b]  =  t/  -f-  t?"  4-  v'"  4-  &c. 

[i>i!]  =  1/1/+  v"v"  +  v"'v"'  +  ic. 

a  notation  usually  employed  throughout  the  method  of  least 
squares.    We  have 

[«]  =  0  (2) 

and 

[TO]  =  («'  -  r.)'  +  («"  -  X,)'  +  (n'"  -x,y  + 

:=  £nn]  —  2  [n]  x,  +  mx,' 
But  bince  we  have  also 

..  =  [21 


this  equation  becomes 
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This  equation  determines  the  sum  of  the  squares  of  the  residuals 
for  any  assumed  value  of  x.  Since  the  last  term  is  always  posi- 
tive^ we  see  that  this  sum  for  any  value  of  x  differing  from  the 
arithmetical  mean  Xq  is  always  greater  than  [yv\.  Hence  it  is  a 
second  characteristic  of  the  arithmetical  mean,  that  it  makes  the 
sum  of  the  squares  of  the.  residuals  a  minimum. 

6.  Observations  may  be  not  only  direct^  that  is,  made  directly 
upon  the  quantity  to  be  determined,  but  also  indirecl^  that  is,  made 
upon  some  quantity  which  is  a  function  of  one  or  more  quanti- 
ties to  be  determined.  Indeed,  the  greater  part  of  the  ob8er\'a- 
tions  in  astronomy,  and  in  physical  science  generally'',  belong  to 

the  latter  class.     Thus,  let  x^y^z be  the  quantities  to  be 

determined,  and  3/  a  function  of  them  denoted  by/,  or 

M  =  f{x,y,z.,..)  (5) 

suid  let  us  suppose  an  observation  to  be  made  upon  the  value  of 

-2f.   "We  then  have  but  a  single  equation  between  x,  y,  2 . . . .  and 

'the  observed  quantity  3f,  and  the  problem  is  as  yet  indetermi- 

:Kiate.     Various  systems  of  values  may  be  found  to  satisfy  the 

equation,  either  exactly  or  approximately.    Let  us,  however,  sup- 

"pose  that  the  most  probable  system  (as  yet  unknown)  is  expressed 

"hy  a:  =  7),  y  =  y,  2  =  r....,  and  let  the  value  of  the  function, 

ivhen  these  values  are  substituted  in  it,  be  denoted  by  F,  or  put 

F=/(p,^,  r....)  (6) 

then  M —  Vis  the  residual  error  of  the  observation.  In  like 
manner,  if  a  number  of  observations  of  the  same  kind  be  taken, 
in  which  the  observed  quantities  M\  JSf ",  JSf '"  . . .  are  functions 
determined  by  the  same  elements  p,  q,  r, . . . . ,  and  if  F',  F'', 

V" ....  are  the  values  of  these  functions  when  p^  q/r are 

substituted  in  them,  then  M'  —  V,  M''  —  F",  JT'"  —  V' .... 
are  the  residual  errors  of  the  obser\'ation8.  If  there  are  /i 
unknown  quantities  and  also  p,  observations,  and  no  more,  there 
will  be  fi  equations  between  the  known  and  unknown  quantities, 
which  will  fully  determine  the  values  of  these  unknown  quanti- 
ties: so  that  the  probable  values  p,  y,  r are,  in  that  case, 

those  determinate  values  which  exactly  satisfy  all  the  equations, 
and,  consequently,  reduce  every  one  of  the  residuals  JSf '  —  F', 
3f "  —  V'y  &c.  to  zero.  But,  if  there  are  more  than  /i  observations, 
the  determinate  values  found  from  ft  equations  alone  will  not 


4n  * ^^^^^^^^^H 

necesearily  Batisfy  the  remaining  equations,  in  consequence  of 
accidental  errors  in  tVie  observiitions.  The  problem,  then,  is  W 
determine,  from  all  the  observatiovs,  or  from  all  the  equations.  Hit 
most  probable  st/stem  of  values  of  the  vnfcnown  qimnlities,  or,  wliidi  is 
the  same  thing,  the  most  probable  syalem  o/rrsulual  errors.  In  the 
case  of  direct  obaervatione,  we  have  seen  that  the  most  probable 
value  of  the  unknown  quantity  was  that  which  made  the  alge- 
braic sura  of  the  rcsiduaU  zero;  but  this  principle  followed  from 
taking  the  arithmetical  mean  of  the  same  quantity,  and  is  ob- 
viously inapplicable  in  the  present  caae.  Tlic  second  principle, 
that  the  most  probable  value  is  that  which  makes  the  sum  of  the 
squares  of  the  residuals  a  minimum,  is  of  a  more  general 
character,  and  might  be  assumed  at  onee,  as  at  least  a  pUiusibte 
principle,  to  serve  as  the  basis  of  the  solution  of  our  problem; 
but  it  will  be  more  satisfactory  to  justify  its  adoption  by  the 
calculus  of  probabilities. 

THB   PltOBABILITV   CUBVB. 

7.  Althongh  accidental  errors  would  seem  at  first  sight  to  be 
of  a  capricious  and  irregular  uiiture  which  would  exclude  them 
from  the  domain  of  mathematics,  yet,  upon  examination  from 
theoretical  coueidcratious,  confirmed,  as  will  be  shown,  by  expe- 
rience, we  shall  find  that  they  are  subject  to  remarkably  precise 
laws.  In  the  first  place,  we  remark  that  they  are  subject  to  the 
following  fundamental  laws;  Ist.  Errors  in  excess  and  in  defect 
— i.e.  positive  and  negative,  but  of  equal  absolute  value — are 
equally  probable,  and  in  a  large  number  of  observations  are 
equally  frequent.  2d.  In  every  species  of  observations,  there  is 
a  limit  of  error  which  the  greatest  accidental  en'ors  do  not 
exceed  :  thus,  if  I  denotes  the  absolute  magnitude  of  this  limit, 
alt  the  positive  errors  are  comprised  between  0  and  -f  I,  and  all 
the  negative  errors  between  0  and  —  I,  and,  consequently,  all  the 
errors  are  distributed  over  the  interval  2i.  3d.  The  errors  are 
not  distributed  uniformly  over  this  inter\'ai  21,  but  the  smaller 
errors  are  more  frequent  than  the  larger  ones. 

Thus  the  frequency  of  an  error  of  a  given  magnitude  may  be 

regarded  as  a  function  of  the  error  itself:  so  that,  if  we  denote 

r  of  a  certain  magnitude  by  J,  and  its  rchitive  frequency 

in  a  given  large  number  of  observations  by  (cJ,  this  function 

should  obtain  its  maximum  value  for  J  ~  Q,  and  become  zerflf 
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whmk  J=:  duL    tf,  then,  we  denote  the  probnbiUty*  of  an  erroif 
'bfjf,  or  put 

y  =  f  ^  (7) 

^e  may  regard  this  as  the  equation  of  a  curve,  taking  J  as  the 
abscissa  and  y  as  the  ordinate.  The  nature  of  this  curve  will  be 
accurately  defined  when  we  have  discovered  the  form  of  the 
fuuctjoii  fJy  but  we  can  see  in  advance  that  a  curve  such  as 
Pig.  A  is  required  to  satisfy  the  conditions  already  imposed  upon 


this  function.  For  its  maximum  ordinate  must  correspond  to 
J  =  0 ;  it  must  be  symmetrical  with  reference  to  the  axis  of  y, 
since  equal  errors  with  opposite  signs  have  equal  probabilities; 
and  it  must  approach  very  near  to  the  akis  of  abscissfe  for  values 
of  d  near  the  extreme  limits,  although  the  impossibility  of  as- 
signing such  extreme  limits  of  error  with  precision  must  prevent 
us  from  fixing  the  point  at  which  the  curve  will  finally  meet  the 
ans. 

8.  The  number  of  possible  errors  in  any  class  of  observations 
is,  strictly  speaking,  finite ;  for  there  is  always  a  limit  of  accuracy 
to  the  observations,  even  when  we  employ  the  most  refined 
instruments,  in  consequence  of  which  there  is  a  numerical  suc- 
cession in  our  results.     Thus,  if  V  is  the  smallest  measure  in  a 


*  Thii  IS,  if  the  error  J  occurs  n  times  in  m  obserrations,  y  =  ^A  =  — . 


given  caae,  the  posBible  errors,  arranged  in  their  order  of  magQi< 
tQde,  can  only  differ  by  1"  or  an  integral  number  of  Reconds. 
Hence,  our  geometricul  representation  nliould  Htrictly  cnnsiAt  of 
a  number  of  isolated  points;  but,  as  these  points  will  be  more 
and  more  nearly  represented  by  a  continuous  cnrve  as  we  increase 
tlie  accuracy  of  the  observations,  and  thaa  diminish  the  intervals 
between  the  snccesaive  ordinates,  we  may,  without  hesitation, 
adopt  aUch  a  continuous  curve  as  expressing  the  law  of  error. 
We  shall,  therefore,  regard  J  as  a  continuous  variable,  and  if  J 
as  a  continuous  function  of  it. 

Now,  by  the  theory  of  probabilities,  if  ipd,  ^J',  ipJ" 

are  the  respective  probabilities  of  all  the  possible  errors  J,  J', 
J" we  have-* 


pJ  -|-  jpJ'  -|-  (pJ"  -|-  . 


when  the  number  of  possible  errors  is  finite.  But  tlie  assumed 
continuity  of  our  curve  requires  that  we  consider  the  ditierencc 
between  successive  values  of  J  as  infinitesimal,  and  thus  the 
number  of  values  of  fJ  is  infinite,  and  the  probability  of  any 
one  of  these  errors  is  an  infinitesimal.  To  meet  this  difficulty, 
let  us  ob8er\'e  that  if  a  finite  series  of  errors  J,  J',  J" be  ex- 
pressed in  the  smallest  unit  employed  in  the  observations,  these 
errors,  aiTanged  in  the  order  of  their  magnitude,  will  be  a  series 
of  consecutive  integral  numbers;  the  probability  of  the  error  J 
may  he  regarded  as  the  same  as  the  probability  that  the  error 
falls  between  J  and  J  -f  1 ;  and  the  probability  of  an  error  Do- 
tween  J  and  J  +  i  will  be  the  sum  of  the  probabilities  of  the 
errors  J,  J  -f  1,  J  +  2.  . J  +  (i  —  1).  If  i  is  small,  the  pro- 
bability of  each  of  tlie  errors  from  J  to  J  +  t  will  be  nearly  the 
same  as  that  of  J:  so  that  their  sura  will  difl'er  but  little  from 
iifd.  As  the  interval  between  the  successive  errors  diminishes, 
this  expression  becomes  more  accurate ;  and  lience  when  we  take 
rfj,  the  infinitesimal,  instead  of  i',  wo  have  fJ .  if  J  na  the  rigorous, 
expression  of  the  probability  that  an  error  falls  between  J  and* 
4  +  tlJ.  Hence,  it  follows,  iu  general,  that  the  probability  that 
an  error  falls  between  any  given  limits  a  and  b  is  the  sum  of  all 

*  For  if  tlicTC  are  ii  errors  eqiinl  ID  J.  n'  equal  to  J',  &e.,  »nd  Ibe  whole  number 
of  irrort  ii  m,  the  protahiliiiea  of  llj«  errors  are  respeciiTelj  ^ J  =:  ^  ^ J'  ^=  — ,  lw.< 


I  tlic  Bum  of  these  ie 
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the  elements  of  the  fonn  <pd .  dJ  between  these  limits,  or  the 


f}j. 


dJ 


^^i  this  integral,  taken  between  the  extreme  limits  of  error,  an<l 
.118  embracing  all  the  possible  errors,  will  be 


/- 


0A,dJ  =1 
-I 


We  have  heretofore  assumed  that  the  function  fJ  is  to  be  zero 
for  J  =  d:  t  It  must  also  be  added  that,  since  the  probability 
of  any  error  greater  than  ±  i  is  also  zero,  we  should  have  t^> 
determine  this  function  in  such  a  manner  that  it  would  be  zero 
for  all  values  of  J  from  +  ^  to  +  oo  and  from  —  i  to  —  oo.  Th« 
obvious  impossibility  of  determining  such  a  function  leads  us 
^o  extend  the  limits  ±  2  to  ±  oo,  and  to  take 

r"^%j.(ij=i  (8> 

%/  —  00 

This  will  evidently  be  allowable  if  the  integral  taken  from 
^±  ?  to  ±  00  is  so  small  as  to  be  practically  insignificant.  Besides, 
'the  extreme  limits  of  error  can  never  be  fixed  with  precision,  and 
it  will  sufilce  if  the  frinction  fJ  is  such  that  it  becomes  very  small 
for  those  errors  which  are  regarded  as  very  large. 

9.  Betuming  now  to  the  general  case  of  indirect  observations. 
Art  6,  in  which  we  suppose  a  quantity  J!f = /  (z,  y,  2, . . . .)  to  be 
observed,  let  J,  J',  J" ....  be  the  errors  of  the  several  observed 
values  of  J!f,  and  yJ,  fJ\  <pJ'' ....  their  respective  probabilities ; 
then,  the  probability  that  these  errors  occur  at  the  same  time  in 
the  ^ven  series  being  denoted  by  P,  we  have,  by  a  theorem  of 
the  ealculus  of  prbbabilities,* 

P  =  fJ.  f  J'.  f>  J" (9) 

The  most  probable  system  of  values  of  the  unknown  quantities 

*  If  a  single  action  of  a  cause  can  produce  the  effects  a,  a\  a", ....  with  the  re- 

spectiTe  probabilities  Ptp\p", the  probRbility  that  two  successive  independent 

actions  of  the  cause  will  produce  the  effects  a  and  ^  is  pp';  and  similarly  for  any 
munber  of  effects.  Thus,  if  an  urn  contains  2  white  balls,  8  red  ones,  and  6  black 
Met,  the  probability  that  in  two  successive  drawings  (the  original  number  of  balls 
btiog  the  same  at  each  drawing)  one  ball  will  be  white  and  the  other  red  is  iV  X  A* 
Vol.  IL— 31 
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x,y,z will  be  that  which  makes  the  probability  P  a  maxl^E 

mum.     Consequently,  eincc  x,  y,  z .. ..  are  here  supposed  to  b^ 
independent,*  the  derivative  of  P  relatively  to  each  of  thes^ 
variables  must  be  equal  to  zero;  or,  since  log  i*  varies  with  1" 
the  derivatives  of  log  P  must  satisfy  this  condition,  and  we  ahal  _J 
have 

P  dx         '  P  dy         '  ,^H 

which,  since  ^^^| 

log  P  =  logy  J  4-  log9>J'+  log  yd"  + ^^1 

give  the  equations  ^^H 

,  .  rfJ   ,     ,  „  dJ'  ,     ,„,  dJ",  rt         \       ^1 

dx  dx  dx  I       ^H 

B  ^      dy^^      dy^^      dy    ^  \  (10) 

^B  ,.   dJ    ,      ,,,dJ'   ,      ,„,  d^'  [ 

^^K  £2               <ij                 tZ;  I  ^^H 

^^^  &c.  ^^1 

in  which  we  have  put 

yJaJ  If  A  da 

The  number  of  equations  in  (10)  being  the  same  b&  that  of  the 
unknown  quantities,  these  equations  will  serve  to  determine  the 
unknown  quantities  when  we  have  discovered  the  value  of  the 
function  ^'J.  as  will  bo  shown  hereafter. 

Since  the  functions  tpJ  and  ip'J  are  supposed  to  be  general,  and 
therefore  applicable  whatever  the  number  of  unknown  qnanti- 
ties,  we  may  determine  them  by  an  examination  of  the  special 
case  in  which  there  is  but  one  unknown  quantity,  or  that  in 
which  the  observed  values  M.  M'.  M". . . .  belong  to  the  same 
quantity.  In  that  case,  the  hypothesis  that  x  is  the  value  of  this 
quantity  gives  the  errors  ^^^ 

J  =  M-x,  d'=  JIT  — X,  A''=M"  —  x ^H 


*  Thkt  is.  lubjcct  1.1 
or  the  equktioiiB  M  ^=/  {x,  y, 
(M  Art.  &S  of  tliU  Appendix. 


except  thai  thej  sbftll  ssLisff  (he  obserfatlont, 
.).     For  the  o*m  of  "conditioned"  DbBerrktiont, 
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dx       dx        dx 
aimd  the  first  equation  of  (10)  becomes 

^(Jf— a:)+/(jr-a:)  +  ^'(Jtf"-a;)  + =0      (12) 

TTais  being  general  for  any  number  m  of  observations,  and  for 

an^  observed  values  M^  M*y  M'*. . . .,  let  us  suppose  the  special 

ccuse 

W=M" =  M—mN 

Since  the  arithmetical  mean  of  the  observed  quantities  is  here 
tbc  most  probable  value  of  a:,  we  have 

a:  =  -(Jf+-af'+ Jf"+ )  .    ,      >  = 

=  i[Jf+(m-l)(ilf-mi«r)] 

WWW 


'^^lence 


=  Jf  —  (m  —  1)  JV' 

Jf—a:  =  (m  — 1)JV 

Jf' —  x  =  M"--x =  —  JV 


^•nd,  consequently,  (12)  becomes 

/[(m  -  i)ir|  +  (^  - 1) /(- Jn= 0 

y^[(m^l)i^]^y-(~JV^ 

"That  is,  for  all  values  of  m,  and  therefore  for  all  values  of  (m — l)iV, 

ure  have  — ~ ^t^tt^^  equal  to    the   same  quantity      ^    ,^  ^' 

(m  —  1)  W^       ^  ^  "^      —  J^T 

Hence  we  have  generally  —  equal  to  a  constant  quantity,  and^ 

denoting  this  constant  by  A:,  we  have 

or,  by  (11), 

fa 

Integrating, 

log  f>  J  =  J  Ar  J'  +  log  % 
Whence 

in  which  e  is  the  base  of  the  If apierian  system  of  logarithma. 


4B4  AFFEKOIZ. 

Since  tpJ  must  decrease  a«  J  increaeeB,  |A  moat  be  essentially 
negative :  representing  it,  therefore,  by  —  A*,  our  function  becomes 

914  =  ««-»*" 

To  determine  the  constant  x,  let  this  value  be  substituted  in  (8), 
which  gives 

Putting 


this  integral  becomes 


(IS) 


X  /•  +  " 


The  known  value  of  the  definite  integral  in  the  first  member  is 
|/ff  (see  Vol.  I-  p.  153) ;  whence 


and  the  complete  expression  of  yJ  becomes 


(U) 


The  constant  A  must  depend  upon  the  nature  of  the  observa- 
tions, and  will  be  particularly  examined  hereafter.  If  we  here 
take  it  as  the  unit  of  absciasee  in  the  curve  of  probability,  the 
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The  carve,  Fig.  A,  in  Art  7,  is  constructed  from  this  table ;  but, 
to  exhibit  its  character  more  distinctly,  the  scale  of  the  ordinates 
is  £bar  times  that  of  the  abscissae  (which,  indeed,  corresponds  to 
tix^  case  of  A  =  2).  We  see  that  the  curve  approaches  very  near 
to  the  axis  for  moderate  values  of  J,  and  that  the  assumption  of 
±11  oo  instead  of  finite  limits  of  J  can  involve  no  practical  erro'h 
It:   18  evident  that  the  axis  JC^  is  an  asymptote  to  the  curve. 

The  differences  in  the  above  table  indicate  that  the  curve 
approaches  the  axis  most  rapidly  at  a  point  whose  abscissa  is 
between  0.6  and  0.8.  The  exact  position  of  this  point,  which 
is  a  point  of  inflexion,  is  found  by  putting  the  second  differen- 
tiail  coefficient  of  y  equal  to  zero,  which  gives 


"^^lience 


J  =  4o  =  0-7071 


The  ordinate  Mm  is  drawn  at  this  point    We  shall  have  occa- 
sion to  refer  to  it  again  hereafter. 


THE   MEASURE   OF   PRECISION. 

10.  The  constant  h  requires  special  consideration.    Since  the 

1 
exponent  of  e  in  (14)  must  be  an  abstract  number,  ^  must  be  a 

concrete  quantity  of  the  same  kind  as  J.    In  a  class  of  obser\'a- 

tions  in  which  J  is  small  for  a  given  probability  f  J,  ^  will  be 

small,  and  h  will  be  large.  Thus,  h  ynll  be  the  greater  the  more 
precise  the  nature  of  the  observations,  and  is,  therefore,  called  by 
Gauss  the  measure  of  precision.  If  in  one  system  of  observa- 
tions the  probability  of  an  error  J  is  expressed  by 

-_  p—hhAA 

and  in  another,  more  or  less  precise,  by 

tli6  probability  that  in  one  observation  of  the  first  system  the 


error  committed  will  be  comprised  between  the  limits  - 
+  8  will  be  expressed  by  the  integral 


i:- 


-  e-W.A4iJ 


and,  in  like  manner,  the  probability  that  the  error  of  an  obseiwp  jm 
tioii  in  the  aecond  eyatem  will  be  comprised  between  —  S'  aaj.  - 
+  8'  will  be  expressed  bj 


f  +  '-A' 


^da 


These  integrals  are.  evidently  equal  when  we  have  h3  =  h'd'.  H, 
for  example,  we  have  h'  =  'Ik,  the  integrals  will  be  equal  when 
d  =  2S';  that  is,  the  double  error  will  be  committed  in  the  first 
system  with  the  same  probability  as  the  simple  error  in  the 
second,  or,  in  the  usual  mode  of  expression,  the  second  system 
will  be  twice  as  precise  as  the  first.  We  shall  presently  see  how 
the  value  of  h  can  be  found  for  any  given  obeervations.  ^H 

THE    METHOD    0?    LEAST    SQUARES.  "^H 

11.  The  preceding  discussion  leads  directly  to  important  prac- 
tical results.  We  have  seen  (Art.  9}  tbut  to  find  the  most  probable 
vaiaoB  of  z,t/,z . . . .  from  the  observed  values  of  Jf=/(j:,y,  2, . 

we  are  to  render  the  probability  P— ^ J.  p J'. ^ J" 

mum,  tiiat  is,  by  (14), 


.A"«-*" 


(15) 


must  be  a  maximum;  and  this  requires  that  the  quantity 
/IJ  +  J' J'  -f  J"  J"  + should  be  a  minimum.  Thus,  the  prin- 
ciple that  the  moat  probable  values  of  the  unlmoiori  quantities  are  tfiose 
lohich  make  the  sum  of  the  squares  of  the  residual  errors  a  mininiutn,  is 
not  limited  to  the  case  of  direct  observatioua,  but  is  entirely 
general. 

The  principle  is  readily  extended  to  observations  of  unequal 
precision.     For  if  the  degree  of  precision  of  the  observations 

M,  M',  M" be  respectively  k,  A',  k" ,  and  we   compare 

these  observed  quantities  with  the  values  V,  V,  V. . . .,  computed 
with  the  most  probable  values  of  z,y,e. ..,, whereby  we  obtain 

the  residual  errors  M  —  V=^  J,  M'  —  V  =^  J' it  is  the  same 

thing  as  if  we  had  taken  obsenationa  of  equal  precision  (repre- 
sented by  1)  upon  the  quantities  kM,  h'M',  h"M". . . .,  and  had 
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spared  them  with  the  computed  quantities  h  Vy  A'  V\  A"  V". . . ., 
'wliereby  we  should  have  found  the  errors  h3f  —  hV  =  hJ^ 
h^Jf^  —  h'V'=  h'd'. . . .,  in  which  case  we  should  have  to  reduce 
to  a  minimum  the  quantity 

A«  j«  +  A'«  J'«  +  A"»  J"«  + . . . . 

tliat  is,  each  error  being  multiplied  by  its  measure  of  precision^  and 
therein/  reduced  to  the  same  degree  of  precision^  the  sum  of  the  squares 
o/  the  reduced  errors  must  be  a  minimum. 

In  what  precedes  is  involved  the  whole  theory  of  the  method 
of  least  squares.    I  proceed  to  develop  its  practical  features. 

THE   PROBABLE   ERROR. 

12.  From  the  preceding  articles  it  follows  that  the  probability 
"that  the  error  of  an  observation  falls  between  J  and  J  +  dJ  i^ 
expreBQed  by 


V 

and  the  probability  that  it  falls  between  the  limits  0  and  a  is 
expressed  by 


V 


A  s  0 


and  this  integral  expresses  the  number  of  errors  that  we  should 
expect  to  find  between  the  limits  0  and  a  when  the  whole  num- 
ber of  errors  is  put  =  1  [equation  (8)].  If  we  put  t  =  A  J,  the 
integral  takes  the  form 


1         /•i^ak 

y-   I  e-^dt 


The  whole  number  of  errors,  both  positive  and  negative,  whose 
numerical  magnitude  falls  between  the  given  limits  is  twice  this 
integral,  or 

±-\   e-'^dt  (16) 

The  value  of  this  integral  (which  may  be  computed  by  the 
methods  of  Vol.  L  Art  113)  is  given  in  Table  IX.  The  number 
of  errors  between  any  two  given  limits  will  be  found  by  taking 
the  difference  between  the  tabular  numbers  corresponding  to 
these  limits.  Since  the  total  number  of  errors  is  taken  as  unity 
in  the  table,  the  required  number  of  errors  in  any  particular  case 
is  to  be  found  by  multiplying  the  tabular  numbers  by  the  actual 


number  of  obeervations.     Thus,  if  there  are  1000  observataoiu, 
we  fiad  that 


^  0     and  t  =  0.5  there  are  620  errors.  ^ 

=  0.6    "    (  =  1.0     «      "    322      "  M 

=  1.0    "    (  =  1.6      "      "    123     "  ■ 

=  1.6    «    (  =  2.0     "      "      29     "  ^ 
=  2.0    "    i  =  QD      "      "        5     " 

13.  The  degrees  of  precision  of  different  series  of  observations 
may  be  compared  together  either  by  comparing  tlio  values  of  h, 
or  by  comparing  tlie  errors  which  are  committed  with  equal 
facility  ill  tho  two  aystems.  The  errors  to  be  compared  must 
occupy  in  the  two  sj-sfems  a  like  position  in  relation  to  the  ex- 
treme errors,  and  we  may  select  for  this  purpose  in  each  system 
the  error  which  occupies  the  widdk  place  in  the  scries  of  errors  arranged 
in  the  order  of  their  m€iffTiilude,  so  that  the  number  of  errors  which  are 
less  than  this  assumed  error  is  the  same  As  the  number  of  errors  which 
exceed  it.  The  error  which  satiafies  this  condition  is  tliat  for 
which  the  value  of  tho  integral  (16)  is  0.5.  Denoting  the  cor- 
responding value  of  (  by  p,  we  find,  by  interpolation  from  Table 
IX.,  _ 

P  =  0.47694  J 

and  we  have 


'dt  =  t 


U  then  we  denote  by  r  the  error  which,  in  any  system  of  obser- 
vations whose  degree  of  precision  is  h,  corresponds  to  the  value 
i  =  p,  or  put 

P^hr  A=J  (18) 


there  will  be  a  probability  of  J  that  the  error  of  any  single  obser- 
vation in  that  system  will  be  less  than  r,  and  the  same  proba- 
bility that  it  will  be  greater  than  r;  which  la  sometimes  expressed 
by  saj-ing  that  it  is  an  even  wager  that  the  error  mil  be  less  than  r. 
Hence  r  is  called  the  probable  error, 

"We  may.  therefore,  compare  different  aeries  of  observationg 
by  comparing  their  probable  errors,  their  degrees  of  precisiou 
being,  by  (18),  inversely  proportional  to  these  errors. 

14.  In  order  to  apply  Table  IX.  in  determining  the  nomber 
of  errors  in  a  ^ven  class  of  obeervations,  we  must  know  1 
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nxeasiire  of  precision  A,  or  the  probable  error  r:  thus,  if  we 
^^ish  the  number  of  errors  less  than  a,  we  enter  the  table  with 

the  argument  <  =  oA,  or  <  =  ^^ 

IPoT  greater  convenience,  we  can  employ  Table  IX.A,  which 

gi^es  the  same  function  with  the  argument  - .    For  example,  if 

^ixcre  are  1000  observations  whose  probable  error  is  r  =  2", 
^nd  we  wish  to  know  the  number  of  errors  less  than  a  =  1",  we 

t^ke  from  Table  IX.A,  with  the  arguinent  -  =  0.5,  the  number 

0. 26407,  which  multiplied  by  1000  gives  264  as  the  required 
xiTmiber. 

The  following  example  from  the  Fundamenta  Astronomic^  of 
Bessel  will  serve  to  show  how  far  the  preceding  theory  is  sus- 
tained by  experience.  In  470  observations  made  by  Bradley 
npon  the  right  ascension  of  Sinus  and  AUair,  Bessel  found  the 
probable  error  of  a  single  observation  to  be 

r  =  0".2637 

fience,  for  the  number  of  errors  less  than  O'M  the  argument  of 

Table  IX. A  will  be  t-^  =  0.3792;  and  for  0.''2,  0".8,  &c.,  the 

0.2637 

tucceseive  multiples  of  0.3792.     Thus,  we  find  from  the  table 
for  0".l  with  arg.  0.3792  the  number  0.20187 


«  0  .2 

u 

0.7584 

It 

0.39102 

"  0  .3 

a 

1.1376 

a 

0.55710 

«  0  .4 

u 

1.5168 

it 

0.69372 

"  0  .5 

(t 

1.8960 

(( 

0.79904 

«  0  .6 

u 

2.2752 

tt 

0.87511 

"  0  .7 

(( 

2.6544 

a 

0.92661 

«  0  .8 

a 

3.0336 

c< 

0.95926 

«  0  .9 

(I 

3.4128 

tt 

0.97866 

"  1  .0 

u 

8.7920 

tt 

0.98946 

GO 

tt 

1.00000 

Subtracting  each  number  ftt)m  the  following  one,  and  multiply- 
ing  tbA  remainder  by  470,  the  number  of  observations,  there  were 
found 


Between 

No.  of  errors 
by  (he  tbeorjr. 

No.  of  errors  by 
eiporienoo. 

0".0  and  r.l 

95 

94 

0  .1    «    0  .2 

89 

88 

0  .2    "    0  :3 

78 

78 

0  .3    "    0  .4 

64 

58 

0  -4    "     0  .5 

50 

51 

0  .6    "     0  .6 

36 

86 

0  .6    ■<    0  .7 

24 

26 

0  .7    "    0  .8 

15 

14 

0  .8    "    0  .9 

9 

10 

0  .9    "    1  .0 

5 

7 

over  1  .0 

6 

8 

The  agreement  between  the  theory  and  experience,  thongli 
not  abaolute,  ia  remarkably  close.  The  number  of  large  errors 
by  experience  exceeds  that  given  by  the  theory,  and  thia  has 
been  found  in  other  caaea  of  a  eimilar  kind ;  which  shows  at  least 
that  the  extension  of  the  limits  of  error  to  ±  «  has  not  intro- 
duced any  error.  The  diserepancy  rather  indicates  a  source  of 
error  of  an  abnormal  character,  and  calls  for  some  criterion  by 
which  Buch  abnormal  observations  may  be  excluded  from  our 
diBcuasione  and  not  permitted  to  vitiate  onr  results,  Suc-h  a 
criterion  has  been  proposed  by  Prof.  Peiece,  and  will  be  con- 
sidered hereafter. 


TEE  HBAN  OF  THE  ERRORS,  AND  THE  »BAIt  ERROR. 

15,  The  selection  of  the  probable  error  aa  the  term  of  com- 
parison between  different  euries  of  observations  is  arbitrary, 
although  it  seems  to  be  naturally  designated  by  its  middle  posi- 
tion in  the  series  of  errora.  There  are  two  other  errora  which 
have  been  used  for  the  aame  purpose. 

Tiie  first  is  the  mean  of  the  errors,  these  being  all  taken  with 
tlie  positive  sign.  In  order  to  find  its  relation  to  the  probable 
error,  let  us  first  consider  a  finite  series  of  errors 

J,  J',  J", 

with  the  respective  probabilities 
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tbat  in  «i  observationfl  there  will  be  2  a  errors  (numerically) 

equal  to  Jy2a'  equal  to  J^  &c.,  the  probability  of  a  positive  error 

d  * 

^  being  —.    The  mean  of  all  these  errors,  each  being  repeated 

fi  number  of  times  proportional  to  its  probabilityy  is 

m  m  m  m    ' 

men  the  number  of  errors  is  infinite,  the  probability  of  an 
error  J  is  to  be  understood  as  the  probability  that  it  falls 
between  J  and  J  +  dJy  which  is  ipd .  dd  (Art.  8),  and  the  above 
formula  for  the  mean  of  the  errors  becomes  the  sum  of  an  infi-. 
nite  number  of  terms  of  the  form  2Aipd .  dA.    Hence,  putting 


11=  f    fA  je -w^^  rfJ  = -i-  (19) 

'       Jo    t/;:  A,/«  ^ 


Tl  =z  the  mean  of  the  errors, 
we  have 

or,  by  (18), 

'^  =  77^  =  ^-^^29r  ,      (20) 

r  =  0.8453 17 

Another  error,  very  commonly  employed  in  expressing  the 
precision  of  observations,  is  that  which  has  received  the  appella- 
tion of  the  mean  error  (der  mittlere  Fehler  of  the  Germans),  which 
is  not  to  be  confounded  with  the  above  mean  of  the  errors.  Its 
definition  is,  the  error  the  square  of  which  is  the  mean  of  the  squares  of 
aU  the  errors.    Hence,  putting 

e  =  the  mean  error, 
we  have 

t«=r"4-^'^"**^*^  =  9TF  (21) 

or,  by  (18), 

•  =  ,-72  =  ^-'^'«'-  I     (22) 

r  =  0.6745 1  j 

When  we  put  A  =  1,  we  have  «  =  i/J.  The  mean  error  is, 
therefore,  the  abscissa  of  the  point  of  inflection  of  the  curve  of 
probability  (Art  9).  In  the  figure,  p.  479,  OM  is  the  mean  error, 


4d&  APPENDIX. 

OP  the  probable  error,  OE  the  mean  of  the  errors,  and  Mm,  Pp, 
Ee,  their  respective  probabilities. 


THE    PROBABLB    GKROR   OP  TBB  ARITHMETICAL    MEAN.  ■ 

16.  The  error  above  deiioted  bj  r  is  the  probable  error  of  any 
one  of  the  observed  values  of  the  unknown  quantity  x.  We  are 
next  to  determine  the  relation  between  thia  and  the  probable 
error  J*,  of  the  arithmetical  mean  of  these  values. 

If  J,  J',  J" are   the  errors  of  the   obBcrved   values,  the 

most  probable  value  of  x  is  that  which  renders  the  probahili^ 


-ime~AA(a 


(Art.  11),  and,  consequently,  the   i 


1  JJ   +  J' 


I 


But  this  sum  is  rendered  a  minimum  by 
the  assumption  of  the  arithmetical  mean  x,  as  the  most  probable 
.  value  (Art,  5},  and  hence  the  quantity  P  expresses  the  probability 
of  the  arithmetical  mean  if  J,  J',  A" ....  are  the  errors  of  the 
observations  when  compared  with  this  mean.  The  probability 
of  any  other  value  of  x,  ae  Xg  +  d,  will  be  ^H 


ii(a4]-a[i]i  +  -.M{ 


Since  [J]  =  J  +  J'  +  J"  + =  0  (Art.  5),  and  [JJ] 

(Art.  15),  this  expression  may  be  put  under  the  fonu 


P'=A-:r-i"e-"**i«- 

and  at  the  same  time  we  have 

F—  A-ir-l'-e-"**" 


)  that 


P:P'=l:e- 


rf 


that  is,  the  probability  of  the  error  zero  in  the  arithmetical  mean 
is  to  that  of  the  error  5  as  1  ;«-"''**'.  For  a  single  observation, 
the  probability  of  the  error  zero  is  to  tliat  of  the  error  5  as 
l:c-**".  Hence  the  measure  of  precision  (Art.  10)  of  the 
single  observation  being  A,  that  of  the  arithmetical  mean  of  i 
such  observations  is  h.\'yn;  from  which  follows  the  import 
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theorem  that  the  precision  of  the  meav  of  a  number  of  observations 
increcises  as  the  square  root  of  their  7i umber,* 

If,  then,  r  b  the  probable  error  of  a  single  observation,  and  r^ 
that;  of  the  arithmetical  mean  of  several  observations,  we  most  have 

'■• = -^  (2^) 

yf/t 

^^d.  from  the  constant  relation  between  the  mean  and  the  proba- 
ble error  (22), 

•• = ^  ^"> 

I>BTERMINATION  OF  THE   MEAN  AND   PROBABLE   ERRORS   OF  GIVEN 

OBSERVATIONS. 

17.  The  principles  now  explained  will  enable  us  to  determine 
^e  mean  errors  of  any  given  series  of  directly  observed  quanti- 
'ties.    Let  n,  w',  w"....be  the  observed  values;  Zq  their  arith- 
metical mean ;  2?,  v\  v" .  • . .  the  residuals  found  by  subtracting 
2^  from  each  observed  value :  so  that 

V  =  n  —  x^,        i/=n'  —  x^f        v"  =  n"  —  ar^,  &c. 

If  Zq  were  certainly  the  true  value  of  x,  so  that  r?,  1;',  v" ....  were 
the  actual  or  (as  we  may  say)  the  true  errors,  and,  consequently, 
identical  with  J,  J',  J" . . . .,  we  should  have,  according  to  the 
above,  mtt  =  [ JJ]  =  [yv],  and  hence 


yim 


and  this  must  always  give  a  close  approximation  to  the  value  of  e. 
But  the  relation  mee  =  [JJ]  was  deduced  from  a  consideration 
of  an  infinite  series  of  errors  which  would  reduce  the  mean 
error  of  a:©  to  an  infinitesimal,  according  to  the  principles  assumed, 

and  thus  make  t?,  v\  r" identical  with  J,  J',  J'' . . .   A  better 

approximation  to  the  value  of  e,  where  the  series  is  limited,  is  to 
be  obtained  by  considering  the  mean  error  of  Xq  itself,  and  conse- 
quently, also,  the  miean  errors  of  the  residuals  v,  v',  v" If 

then  we  suppose  the  true  value  of  x  to  be  Xq  +  ^,  we  shall  have 
the  true  errors 

4  =  t;  — ^,        J'=:i/— ^,        J"=r"— ^,  &c. 
*  See,  in  oonneotion,  Arts.  21  and  25. 
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whence,  obserring  that  [v]  =  0, 

[JJ]  =  nu*  =  [pu]  —  2  [t»]  a  +  ma* 
=  [w>]  +  ma' 

Thue  the  approximate  value  itue  =  [up]  requires  the  correction 
m8*,  the  value  of  which  depends  upon  the  value  we  may  ascribe 
to  3.  Aa  the  beat  approximation,  we ,  may  asaome  it  to  be  the 
mean  error  Sg :  ao  that,  by  (24), 

ma*  =  m*J  =  m  —  ^  M 
^  m 

which  givea 

mtt  =  [to]  +  r« 

whence 


and  consequently,  also,  by  (22), 


'V(i 


(26) 


Thus  from  the  actual  residuals  the  mean  and  the  probable  error 
of  a  single  observed  value  are  found.  Hence,  by  (28)  and  (24), 
the  mean  and  probable  errors  of  the  arithmetical  mean  will  be 
found  by  the  formulee 
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/  " 

* 

4 

w 

/  ^K8".91 

—  0".40 

0.1600 

/  ^S9  .82 

+  0  .01 

.0001 

^3»  .98 

—  0  .88 

.1444 

^^9  .81 

0  .00 

.0000 

S9  .17 

—  0  .14 

.0196 

39  .04 

—  0  .27 

.0729 

39  .67 

+  0  .26 

.0676 

39  .46 

+  0  .15 

.0225 

\         89  .80 

—  0  .01 

.0001 

1    89  .08 

0  .28 

.0784 

\    39  .85 

+  0  .04 

.0016 

I   89  .25 

—  0  .06 

.0036 

1   89  .14 

—  0  .17 

.0289 

1   89  .47 

+  0  .16 

.0256 

1   89  .29 

—  0  .02 

.0004 

\  89  .82 

+  0  .01 

.0001 

1  89  .40 

+  0  .09 

.0081 

1  89  .88 

+  0  .02 

.0004 

1  89  .28 

—  0  .03 

.0009 

\  89  .62 

+  0  .81 

.0961 

n 

V 

vo 

39"r41 

+  0'  .10 

0.0100 

89  .40 

+  0  .09 

.0081 

39  .36 

+  0  .05 

.0025 

39  .20 

0  .11 

.0121 

39  .42 

+  0  .11 

.0121 

39  .80 

0  .01 

.0001 

39  .41 

+  0  .10 

.0100 

39  .48 

+  0  .12 

.0144 

39  .43 

+  0  .12 

.0144 

39  .36 

+  0  .05 

.0025 

39  .02 

—  0  .29 

.0841 

39  .01 

—  0  .30 

.0900 

88  .86 

0  .45 

.2025 

89  .51 

+  0  .20 

.0400 

89  .21 

—  0  .10 

.0100 

39  .17 

—  0  .14 

.0196 

89  .60 

+  0  .29 

.0841 

89  .54 

+  0  .23 

.0529 

89  .45 

+  0  .14 

.0196 

89  .72 

+  0  .41 

.1681 

x^  =  39  .808        \vv\  =  1.5884 


Hence,  since  m  =  40,  we  have,  by  (25)  and  (26), 


// 1.5884  \ 
=  \l"39-") 


0".202 


r  =  0".202  X  0.6745  =  0'M36 
and  Aonsequently,  by  (28)  and  (24),  or  (27), 


eo  =  ?^^  =  0".082, 


vm 


r,^^-m=^',^2. 


1/(40) 


That  ia,  the  probable  error  of  a  single  observation  was  0'M36, 
and  that  of  the  final  result  z^  =  39''.308  was  only  0".022. 

18.  The  preceding  method  of  finding  the  probable  error  from 
the  squares  of  the  residuals  is  that  which  is  most  commonly 
employed;  but  when  the  number  of  observations  is  very  great, 
it  is  desirable  to  abridge  the  labor,  if  possible.  A  sufficient 
approximation  can  be  obtained  by  the  use  of  the  first  powers  of 
the  residuals  as  follows. 

The  number  of  observations  being  very  great,  we  shall  pro- 
bably have  as  many  positive  as  negative  residuals.    K  r^  v"^ 
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v'" . . .  are  the  positive  and  »„  v„  I'j  . . .  the  negative  residttals, 
and  if  the  true  value  of  a:  ia  x,,  +  d,  the  true   errors  will    be 

v'  —  3,  v"  —  d,  v'"  ~  3 ,  and  —  I'l  —3,~i\  —  3,—v^—S, 

If  Uici/  are  alt  taken  with  the  positwe  sign  only,  the  errors  are,  there- 
fore, 


-  3,  i/'  —  3,  b"' 


and    u,  +  «,  u,  +  i,  r,  +  «,  . 


the  mean  of  which,  upon  the  hypothesis  of  an  equal  number  of 
positive  and  negative  reaiduals,  is  the  same  as  that  of  the  series 

(/,«",t/"....  w„w„r,.... 

Hence,  denoting  the  sum  of  the  numerical  values  of  the  residuals 
by  [d],  and  the  mean  of  the  actual  errors  by  5,  as  in  Art.  15,  we 
have  


and  hence,  by  (20), 

r  =  0.8453 
and  consequently,  also,  by  (22), 


c  ^  1.25S3  '^ 


M 


M 


(28) 


(29) 


In  the  example  of  the  preceding  article  we  find  the  mean  of  the 
residuals  taken  with  the  poaitive  sign  to  be  0",1555,  which  by 
(28)  gives  r  =  0".1555  X  0.8453  =  0".131,  which  is  perhaps  a 
sufficient  approximation  to  the  value  found  above.  In  this 
example,  however,  we  have  22  positive  residuals,  17  negative 
ones,  and  1  zero:  so  that  the  hypothesis  upon  which  the  formula 
(28)  was  founded  is  not  strictly  applicable.  In  a  larger  number 
of  observations  we  should  expect  a  closer  agreement  with  the 
hypothesis,  and  more  accordant  results. 

We  may,  however,  employ  the  first  powers  of  the  residuals 
more  strictly  according  to  the  theory  of  probabilities.  In  a 
limited  series  each  residual  is  to  be  regarded  as  liable  to  a  pro- 
bable error  r',  and  their  mean  is  fo  be  reg.irded  as  the  mean  of 
the  errors  of  the  residuals  themselves,  rather  than  as  the  mean 
of  the  errors  of  the  observations.     Hence  the  formula 
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givGB  Ae  probable  error  of  a  residual.    The  relation  between 
r^  and  r  (=  the  probable  error  of  an  observed  quantity  n)  may  be 
iband  as  follows.    Each  observed  n  may  be  supposed  to  be  the 
^■esiilt  of  observing  the  mean  quantity  Xq  increased  by  an  ob- 
served error  v.    The  probable  error  of  n  =  Xq  +  v  is,  therefore 
0>y  a  principle  hereafter  to  be  proved), 


'^Hence 


=  v'('.'  +  0  =  ij(s  +  '") 


=''VA 


or 


r  =  0.8453 ^ (80) 


"^liich  agrees  with  the  formula  given  by  C.  A.  F.  Peters.*    Ac- 
<^OTding  to  this  formula,  we  find  in  the  above  example  r  =  0'M88. 

I>KT£RMINATION  OF  THE  MEAN  AND  PROBABLE  ERRORS  OF  FUNCTIONS 

OF   INDEPENDENT   OBSERVED   QUANTITIES. 

19.  Suppose,  first,  the  most  simple  function  of  two  independ- 
ent observed  quantities  x  and  Xj,  namely,  their  sum  or  difference 

X  =  a:  ±  x, 

and  let  the  given  mean  errors  of  x  and  x^  be  e  and  e,.  Although- 
the  number  of  observations  by  which  x  and  Xj  have  been  found 
may  not  be  given,  we  may  assume  it  to  have  been  any  large 
number  m,  and  the  same  for  each  of  the  quantities ;  the  degrees 
of  precision  of  the  two  series  being  inversely  proportional  to  e 
and  «,.     The  true  errors  of  the  assumed  observations  may  be 

aasuxned  to  be — 

for  X,     J,  ^',  ^" 

for  x,,   J„  J/,  J/' 

and  the  errors  of  X,  consequently, 

^  ±  ^1,       ^'  ±  ^i',       ^"  ±  ^i", 

Denoting  the  mean  error  of  X  by  Ey  we  have,  by  the  definition*, 


*  Atiron.  Naeh.,  Vol.  XLIV.  p.  82. 
Vol.  II.— 32 
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In  a  great  numter  of  obeervationB  there  must  be  aa  raany  posi- 
tive as  negative  products  of  the  form  JJ„  and  such  that  we  ehall 
prohably  have  [*JJJ  —  0 ;  and  since  we  also  have  m^  —  [JJ], 
wu,*  =  i^jiii],  this  equation  gives 


and  the  mean  errors  of  x,  x„  r^  are  e,  e„  e^  we  have  by  the  pre- 
ceding equation  the  mean  error  of  3:  it  j:,  —  j/(£*  +  £,'),  and  by 
a  second  application  of  the  same  equation,  considering  x  ±  X[  aa 
a  single  quantity,  the  mean  error  of  Xwill  be  found  by  the 
formula 

-E'  =  £'  -f  *.'  +  ^.'  (31*) 

and  the  same  principle  may  be  thus  extended  to  the  algebraic 
snm  of  any  number  of  observed  quantities. 

In  consequence  of  the  constant  relation  (22),  if  r,  r^r^.,.. 
are  the  probable  errors  of  x,  x„  ij , . . .  and  R  the  probable  error 
oi  X  ^=  X  ±  Xi±  x^ ,  we  shall  have 

-R'  =  r'  +  r,'  +  r,'  +  . . . .  (32) 

Example  1. — The  zenith  distance  of  a  star  observed  in  the 
meridian  is 

C  =  21'  ir  30".3     with  the  mean  error  c  =  2".3 

and  the  declination  of  the  star  is  given 

S  =  19°  W  14".8     with  the  mean  error  i,  =  0".8 

Required  the  mean  error  E  of  the  latitude  of  the  place  of  oIn 
vatiou,  found  by  the  formula  f  =  Z  -^  ^-     W^  have,  by  (31),  1 

£^-/[(2.3)'  +  (0.8)']  =  2".44 
Hence 

<p  =  40°  47'  35". 1     with  the  mean  error  E  =  2" .44 

Example  2. — The  latitude  of  a  place  has  been  found  with  the" 
mean  error  t  ~  0".25,  and  the  meridian  zenith  distance  of  stars 
observed  at  that  place  with  a  certain  instrument  has  been  found 
to  be  subject  to  the  mean  error  e,  ^=  0".62 :  what  is  the  E 
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omor  E  of  the  decUnadons  of  the  stars  deduced  by  the  formula 
^=:f  — f?    We  have 

E  =  i/[(0.25)»  +  (0.62)«]  =  0".67 

SO.  Let  us  next  consider  the  function 

suppose  X  has  been  observed  with  the  mean  error  e,  and  a  is 
given  constant  Every  observation  of  x  with  the  error  dz  J 
ves  X  with  the  error  ±aJ:  so  that  the  mean  error  of  -^Tmust  be 

E=:(U 

general,  by  combining  this  with  the  preceding  principle,  if 

ehave 

JT  =  ax  -j-  «iXi  -}"  ^1^1  +  • . .  • 

^ud  if  the  mean  errors  of  x,  x^,  2:, . . . .  are  e,  e^  e^  . . . .,  and  JE 
^^hat  of  X,  we  shall  have 

E*  =  aV  +  ai«e,»  +  dfa*c,«  +  ....  =  [a*c«]  (88) 

and  the  same  form  may  be  used  for  probable  errors. 

Example. — As  an  example  illustrating  the  application  of  both 
the  preceding  principles,  suppose  that  in  order  to  find  the  rate 
of  a  chronometer  we  find  at  the  time  t  its  correction  +  12*  18*.2 
with  the  mean  error  O'.S,  and  ^t  the  time  i'  the  correction 
+  12*  21*.4  with  the  same  mean  error  0*.3,  and  the  interval  i'  —  i 
^  10  days.    The  rate  in  the  whole  interval  is 

12-  21'.4  —  12«  13'.2  =  +  8*.2 

with  the  mean  error,  according  to  Art.  19, 

v/[(0.3)«  +  (0.8)*]  =  0'.42 

The  mean  d^ly  rate  is  then 

+  —  =  +  0'.82 

with  the  mean  error,  according  to  Art  20<, 

•   ^^^-  =  0:042 

10 


21.  li  X,  X,,  2^ ....  are  the  sereral  obserred  values  of  the 
same  quantitj,  their  arithmetical  mean  being 

a:,  =  -  (a;  +  T,  +  a^  +  . . .) 

and  if  r  IB  the  probable  error  of  each  obaervation,  what  is  the 
probable  error  r,  of  3^,  ?  By  Art.  19^  the  probable  error  of  the 
eum  I  +  X,  +  I,  + is 

^/(r*  +  r"  +  r"  +  . . .)  =  v^CmH)  =  r  y/m 
and  the  probable  error  of  — th  of  the  sam  is,  by  Art  20, 


r,  =  -  X  ri/m  =  -— 
■    ,  m  '  |/m 

as  has  been  otherwise  proved  in  Art  16. 

22.  Let  as  now  take  the  general  case  in  which  X  is  any  func- 
tion whatever  of  the  obeerred  quantities  x,  x,,  Xp  , . . .  expressed 

by 

X=f{X,Xy,X„ ) 

Let  the  variables  be  expressed  in  the  form 

a;  ^  a  +  a/,        «,  =:  a,  +  «,',        x,  =  a,  -f-  x/, 
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o^V  if  fy  Ti,  r,  •  •  •  are  the  probable  errors  of  x,  n^  ^  •  •  •>  Ai^d  JS 
tiiatofX, 

-'^lus  formula  is,  indeed,  but  approximative,  since  we  have 
^^^glected  the  terms  involving  the  higher  powers  in  the  develop- 
'^^c^  eat  of  X;  but  the  mean  errors  of  these  small  terms  will  be  in- 
^^nsible  if  we  suppose  that  the  errors  e,  £i,  ej . . .  are  so  small 
*-l:iat  the  differences  between  the  observed  values  a:,  x.^^  x, . . . 
nd  the  true  values  are  of  the  same  order  as  the  quantities 
',  x/,  x/  . . .,  which  will  always  be  the  ease  where  proper  care 
lias  been  taken  to  reduce  the  accidental  errors  of  observation  to 
'tilieir  smallest  amount    K  the  given  function  is  implicit,  as 

0=/(jr,  X,  Xj,x, ...) 

"^e  should  still  by  differentiation  obtain  the  differential  coeffi- 
cients, and  then  find  the  mean  error  of  JC  by  (84). 

Example.— The  local  apparent  time  at  a  place  in  latitude 
^  =  38°  58'  53"  was  found  (Vol.  I.  Art.  145)  from  the  sun's 
zenith  distance  (^  =  73°  12'  25",  when  the  declination  was 
J  =  --  22°  50'  27",  to  be  <  =  2*  47-  39'.4.  What  is  the  probable 
error  of  this  result,  supposing  the  probable  errors  of  the  data 
tobe— 

Probable  error  of  f>  =  r  =  0".5 
"  "       a  =  fj  =  0  .6 

*'  «       C  =  r,  =  3  .5 

The  formula 


0  =  — 

COS  C  +  Bi^  f  Bi°  ^  +  ^^  9  ^^  ^  ^^^ 

expresses  <  as  an 
(VoL  L  Art.  86) 

implicit  function  of  f ,  ^,  and  {^.    "We  find 

dt 
dtp 

1 

cos  ^  tan  A 

dt 
dd 

1 

« 

cos  d  tan  q 

dt 
dC 

1 

oos  fp  sin^ 

where  ^  is  the  azimuth  and  q  the  parallaotio  angle.     We  find 
from  the  data  A  =  +  40"  1',  q  =  32°  51',  whence 


<^ 


~  =  1.680, 


dt 


=  +  2.001 


and  the  probable  error  of  t  is,  by  (84*) 

R  =  |/[(0.5  X  1-532)'  +  (0.6  X  1-680)'  +  (S.5  X  2.001)"]  =  7".12 

«>r,  in  Beconds  of  time, 

R  =  O-.iT 

2S.  To  complete  this  branch  of  our  subject,  it  ia  to  he  observed 
that  the  preceding  demonstrations  apply  only  to  the  case  where 
the  quantities  entering  into  combination  are  independent ;  hut 
when  they  are  merely  different  functions  of  the  same  observed 
quantities,  the  above  formulte  are  incomplete.  Let  us  Suppose 
that  we  have  J[  and  X',  different  functions  of  the  same  observed 
quantities  x,  x„  x^ ,  or 


X  =/  ix,  ar„  x^  . 
Jr'=^f'(x,x^,x,, . 


the  mean  errors  of  x,  x„  Xj  ...  being  t,  <„  c, .  ■ 
wish  to  find  the  mean  error  JE  of  the  function, 


;  and  that  we 


METHOD   OF   LRA8T   SQUARES.  503 

tJie  mean  of  the  squares  of  all  the  values  of  A"  which  result 
from  all  the  possible  values  of  ^,  d^^  8^. ... 
Substituting  the  values  of  J  and  J\  we  have 

J"  =  (Aa  +  AW)  d  +  (^Aa^  +  A'a^)  \  +  .... 

^hich  we  may  briefly  express  as  follows: 

If  the  number  of  values  of  A"  is  denoted  by  m,  the  mean  of  all 
the  values  of  J"*  will  be 

'  m      '        '     m      ' 

In  consequence  of  the  various  signs  of  dd^^  88^  &c.,  the  mean 
value  of  each  of  these  quantities  will  be  zero ;  and  the  mean 
values  of  ^,  8^y  &c.  are  €*,  Cj',  &c.  Hence  the  formula  becomes 
simply 

E^  =  {Aa  +  A' ay  e»  +  {Aa^  +  A'a/)«  e^'  + . . . . 

or 

E^  =  A^  (aV  +  a,  V  +  ...)+  ^"  («' ^  +  a/ V  +  •  •  •  0 1      r85^ 
+  2  AA' (aaV  +  aja,V  +  . . .  .^  j      ^    ^ 

To  illustrate  by  a  very  simple  example,  let 

X=2x  X'=Sx 

and  suppose  «  =  0.1 ;  then,  to  find  the  mean  error  £!  of 

T=zX+X' 

we  cannot  take  E  =  i/[(0.2)»  +  (0.3)^  as  we  should  if  JT  and  X' 
were  independent,  but  by  the  above  formula  we  must  take 

E  =  i/[(0.2)«  +  (0.3)«  +  2  X  2  X  3  X  (0.1)«]  =  0.5 

as  in  fact  we  find  directly,  in  this  simple  case,  by  first  substi- 
tuting in  Fthe  values  of  -^and  Jr\ 
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WEiaST  OF   OBSERTATIONS. 

24.  Observations  of  the  same  kind  are  aaid  to  have  the  saniJ 
or  different  weight  according  as  they  have  the  same  or  diftcTeiit 
mean  (or  probable)  errors.  We  aesume  a  priori  that  observationa 
will  have  the  same  weight  when  they  are  made  under  precisdy 
the  same  circiimslaHees,  including  under  this  designation  evci^ 
thing  that  can  afi'ect  the  observations;  but  whether  this  condi- 
tion has  in  any  case  been  realized  can  only  be  learned,  a  pos- 
teriori, from  the  meaQ  errors  revealed  by  the  observations  tliein- 
selves. 

In  order  to  obtain  a  numerical  expression  of  the  weight,  let 
us  suppose  all  our  observations  to  be  compared  witli"a  atandunl 
fictitious  observation  the  mean  error  of  which  is  any  assumed 
quantity  £[.  Let  the  actual  observations  be  subject  to  the  mean 
error  s.  Let  it  require  a  number  p  of  standard  observations  to 
be  combined  in  order  to  reduce  the  mean  error  of  their  arith- 
metical mean  to  that  of  an  actual  observation,  that  is,  to  £ ;  or, 
according  to  (24).  let 

t  =  -^        or        pi'  =  f '  (S6) 

then  one  of  onr  actual  observations  is  as  good,  that  is,  has  the 
same  weight,  as  p  standard  observatious,  and  the  number  p  may 
be  used  to  denote  that  weight.  If,  in  like  manner,  other  obser- 
vations of  the  same  kiud  are  subject  to  the  mean  error  «',  and 
we  have  _fl 


one  of  these  observations  has  the  weight  of  p'  standard  observa- 
tions, and  the  weights  of  the  observations  of  the  two  actual 
series  may  be  compared  by  means  of  tho  numbers  p  and  p'. 
The  weight  of  the  fictitious  observation  is  here  the  unit  of 
weight;  but  this  unit  is  altogether  arbitrary,  since  it  is  ouly  the 
relaiioe  weights  of  actual  determinations  that  are  to  be  con- 
sidered. 
It  follows  immediately,  since  we  have 
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that  the  we^hia  of  two  observations  are  reciprocally  proportional  to  the 
squares  of  their  mean  errors. 

The  measure  of  precision  (Art.  10)  and  the  weight  are  to  he 
distingubhed  from  each  other:  the  former  varies  inversely  as 
the  mean  error,  the  latter  inversely  as  the  square  of  this  error. 

25.  To  fnd  the  most  probable  mean  of  a  number  of  observations  of 
different  weights. — ^Let  w',   n'\  n'''  ....  he   the  given   observed 
values;  p'j  p**^  p'" their  respective  weights.     By  the  pre- 
ceding definition  of  the  weight,  the  quantity  n'  may  be  considered 
as  the  mean  of  p'  observations  of  the  weight  unity,  n"  as  the 
^Tiean  of  p'^  observations  of  the  weight  unity,  &c.     We  may, 
therefore,  conceive  the  given  series  of.  observed  quantities  re- 
solved into  a  series  of  standard  observations,  all  of  equal  weight, 
^tid  then  apply  to  the  latter  series  the  principle  of  the  arithme- 
"tVcal  mean.     The  whole  number  of  equivalent  standard  observa- 
tions will  be  p'  +  p"  +  p'"  +  . . . . ;  the  sum  of  the  p'  standard 
^observations  will  be  p'n^\  the  sum  of  the  jd"  standard  observa- 
tions will  be  p"n"  ^  &c. :  hence  the  desired  mean  x^  will  be 


or,  more  briefly, 


_  ynMi^VH-  P"'n-'  +  ■  ■  ■  -  ,o8x 


This  formula  shows  that  although  the  above  demonstration 

implies  that  p',  p''^  p^'' are  whole  numbers,  yet  any  numbers, 

whole  or  fractional,  may  be  used  which  are  in  the  same  propor- 
tion ;  for  /  being  any  arbitrary  factor,  whole  or  fractional,  we 
may  write  for  (38)  the  following : 

^  fp'n'  +  fp^'n'^  -f  fp"'n"'  +  . . . . 

and  ^eitifp'^fp'^fp"' ....  may  be  regarded  as  the  weights. 

The  value  of  x^  is  here  an  arithmetical  mean  only  in  the  con- 
ventional sense  implied  in  the  substitution  of  fictitious  observa- 
tions with  imiform  weights  for  the  given  observations.  It  may 
be  called  the  general  mean^  the  probable  mean  or  the  mean  by  weights. 

The  weight  of  this  general  mean,  referred  to  the  unit  of  p\ 
^',....\&=p'  +  p"  +  p'''  + 


•  •  • 
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Tbo  mean  error  of  the  general  mean  will  be  expreaaed  b^ 


l/(J^ +/'  +  ;''"+■■■)      ViP] 

where  s,  is  the  mean  error  correBponding  to  the  nnit  of  weight. 
If  «,  is  not  pven,  we  shall  have  to  find  it  from  the  observationL 
themselves.    Taking  the  difference  between  Zg  and  each  of  tba 
given  quantities,  we  have  the  residuals 


If  I*, «",  t"' ...  are  respectively  the  mean  errors  of.n',  b",  n'", . . .  _ 
we  shall  have,  aa  in  Art  17, 

whence 

and.  in  like  manner, 

t,'  =  p"vv"+p"V 

&e. 

The  number  of  g^ven  values  n',  n"  ...  being  =  m,  the  sum  of 
these  equations  is 

m«,'  =  [pOTj]  +  Qi]  «,' 

which  combined  with  the  above  value  of  e^  gives 
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■ 

» 

» 

ti» 

/)0V 

7 

89".179 

—  0".;29 

.016641 

.1166 

4 

.285 

—  0  .023 

529 

21 

6 

.294 

—  0  .014 

196 

10 

4 

.407 

+  0  .099 

9801 

892 

1 

.410 

+  0  .102 

10404 

104 

8 

.820 

+  0  .012 

144 

4 

8 

.877 

+  0  .069 

4761 

148 

4 

.810 

+  0  .002 

4 

0 

8 

.127 

—  0  .181 

32761 

988 

6 

.448> 

+  0  .140 

19600 

1176 

\v\- 

40 

X,  —  39  .308 

[j)i>»]  =  .3998 

Sere  the  general  mean  x^  found  by  (88)  of  course  agrees  with 
that  found  before.  For  the  mean  error  corresponding  to  the 
unit  of  weight  (which  in  this  case  is  that  of  an  observation  as 
given  in  Art.  17),  we  have,  by  (39),  since  m  =  10, 


,  =  ^(i^)=r.m 


and  for  the  mean  error  of  x^,  by  (40), 

.3998 


\\9  X40/ 


which  agree  sufficiently  well  with  the  former  values.  A  perfect 
agreement  in  the  mean  errors  is  not  to  be  expected,  since  our 
formulae  are  based  upon  the  supposition  that  we  have  taken  a 
sufficient  number  of  observations  to  exhibit  the  several  errors 
to  which  they  are  subject  in  the  proportion  of  their  respective 
probabilities ;  and  this  would  require  a  very  large  number  of 
observations. 

26.  In  the  application  of  the  preceding  formulae,  it  must  be 
observed  that  when  the  weights  of  different  determinations  of 
the  same  quantity  are  inferred  from  their  mean  errors,  we  must 
be  certain  that  there  are  no  constant  errors  (that  is,  constant 
during  the  observations  which  compose  a  single  determination) 
before  we  can  combine  them  together  according  to  these  weights, 
nnless  the  constant  errors  are  known  to  affect  all  the  determina' 


tions  equally  and  with  the  same  sign.  For  example,  if  ten 
meaBures  of'the  zenith  distance  of  a  star  are  made  at  one  cul- 
mination, giving  a  mean  error  of  0".4,  and  five  measures  at 
another,  giving  a  mean  error  of  0".H,  the  weights  according  to 
these  errors  would  be  as  4  to  1,  But  if  it  is  known  that  the 
errors  peculiar  to  a  eulmiyiation  (and  affecting  equally  all  the  indi- 
vidual observations  at  that  culmination)  exceed  1",  it  would  be 
better  to  regard  the  observations  as  of  the  same  weight,  since 
there  would  be  a  greater  probability  of  eliminating  such  peculiar 
errors  by  taking  the  simple  arithmetical  mean.  If,  however,  the 
observer,  from  considerations  independent  of  the  observations, 
can  estimate  the  weight  of  determinations  made  under  different 
circumstances,  then  it  is  evident  that  these  weights  will  serve 
for  the  combination,  if  the  mean  accidental  erroi-s  of  the  several 
determinations  are  sensibly  equal. 

But  if  from  the  different  eircumstjincea  we  have  deduced 
weights  for  the  several  determinations,  and  at  the  same  time  the 
mean  errors  (deduced  from  a  discussion  of  the  discrepancies  of 
the  observations  composing  each  determination)  are  widely  dif- 
ferent, it  is  not  easy  to  assign  any  general  rule  for  reducing  the 
weights  which  shall  not  be  subject  to  some  exceptions.  In  such 
cases,  practical  observers  and  computers  have  resorted  to  em- 
pirical formulse,  involving  some  arbitrary  considerations,  more  iQ 
less  plausible. 

In  many  cases  we  can  proceed  satisfactorily  as  follows,     Lai 

e  ^=  the  mean  accidental  error  of  a  single  observation, 

ij  =^  the  mean  error  peculiar  to  a  determination  which  rests 

upon  m  such  obsei'vations. 
t^  the  total  mean  error  of  such  a  determination, 

then,  e  and  -^  being  supposed  to  be  independent,  we  ehall  haf^ 


If  then  ij  can  be  obtained  from  independent  considerations,  this 
formula  will  give  the  value  of  c,  and,  consequently,  the  weight 
for  each  determination,  and  the  combination  may  then  be  made 
by  (38).  For  an  example  of  a  discussion  according  to  theae 
principles,  see  Vol.  I.  Art  'ZdQ. 
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INDIRECT   OBSERVATIONS. 

^7.  I  proceed  now  to  the  application  of  the  method  of  least 

■^^luares  to  the  solution  of  the  general  problem  of  determining 

"tlie  most  probable  values  of.  any  number  of  unknown  quantities 

c>f  which  the  observed  quantities  are  functions.     The  observa- 

"tions  are  then  said  to  be  indirect.     The  particular  case  of  direct 

ol>servations,  already  considered,  is,  however,  included  in   this 

general  problem ;  being  the  case  in  which  the  number  of  un- 

Icnown  quantities .  is  reduced  to  one,  and  this  one  is  directly 

observed. 

The  general  problem  embraces  two  classes  of  problems,  which 
must  be  distinguished  from  each  other.     In  the  first  class,  the 
unknown  quantities  are  independeniy  in  the  sense  that  they  are 
subject  to  no  conditions  except  those  established  by  the  observa- 
tions :  so  that,  before  iakirtg  the  observations^  any  assumed  system 
of  values  of  these  quantities  has  the  same  probability  as  any 
other  system.     In  the  second  class,  there  are  assigned,  a  priori^ 
certain  conditions  which  the  unknown  quantities  must  satisfy  at  the 
same  time  that  they  satisfy  (as  nearly  as  possible)  the  conditions 
established  by  the  observations.     Thus,  for  example,  if  the  three 
angles  of  a  plane  triangle  are  to  be  determined  from  observations 
of  any  kind,  we  have,  aprioriy  the  condition  that  the  sum  of 
these   angles  must  bo  equal  to  two  right  angles,  and   all   the 
qrstems  of  values  which  do  not  satisfy  this  condition  are  excluded 
at  the  outset.     This  class  will  be  briefly  considered  hereafter, 
under  the  head  of  "  conditioned  observations  ;*'  but  our  attention 
will  be  chiefly  directed  to  the  first  class,  which  includes  most  of 
the  problems  occurring  in  astronomical  inquiries. 

Again,  the  equations  which  the  observations  are  to  satisfy  may 
be  linear  or  non-linear;  the  observed  quantities  may  be  explicit  or 
impUcU  functions  of  the  required  quantities ;  but,  for  simplicity, 
we  consider  first  the  case  of  linear  equations,  to  which  all  the 
others  may  always  be  reduced. 

I 

EQUATIONS   OF   CONDITION  PROM   LINEAR   FUNCTIONS. 

28.  Let  us  suppose  the  equations  between  the  known  and 
unknown  quantities  are  of  the  form 

ax  +  by  +  cz  + -^  l=V 


_ii  which  a,  b,  e, I  are  known  quantities  given  by  theory  for 

Jeach  obaervatiou,  V  h  the  quantity  observed,  and  x,  >/.  2 are 

■the  quantities  to  he  determined.     For  each  observation,  we  jiave 
■  -  -iijiiiar  equation,  and  thus  a  system  such  as  the  following : 

a'x   +b'y    +^s  +....-... -I- r  =F'  J 

a"x  +  b"y  +  <f'z  + +  /"=T"'  ( 

a"'x  +  b"'y  +  <^"z  -\- +  /'"  =  V"  '      '*■ 

ius.  tec. 

the  number  of  these  equations  being  greater  than  that  of  t 
unknown  quantities  (Art.  0).  If  our  observations  were  perfec 
all  these  equations  would  be  eatiflfied  by  the  same  system  < 
values  of  z,y,  2..,;  but,  being  imperfect,  let  M',  M",  M'".. 
denote  the  values  obtained  by  observation  for  V,  V",  V" 
When  these  values  are  substituted  in  the  second  members  of  (42),  1 

there  will,  in  general,  be  no  system  of  values  of  z,  y,  z which 

satisfies  all  tlie  equations  at  the  same  time,  and  we  caa  only 
determuio  that  system  which  is  rendered  moat  probable  by  the 
observations.  Let  us  therefore  denote  by  N',  N",  N*"  ....  the 
values  which  the  fii-st  members  of  our  equations  obtain  when 
any  hypothetical  or  assumed  system  of  values  of  i,  y,  2 ....  is 
substituted  in  them  ;  and  put 

rf=N'~  M\        v"  =  N"  —  M",        1/"  ^  N"'  —  M"', .... 

then  «',  u",  «'" are  the  errors  of  the  observations  according 

to  this  hypothesis.     Finally,  let  us  put 

n'=l'—  JT,        ji"  =  I"  —  M",         n'"  =  l'" ~  M'" 

then  our  equations  may  be  thus  expressed : 

a'x  +b'y  +  e'i  -\-  ....  +n'  =& 
a"x  +  b"y  -\-<fz  +....+  n"  =  r" 
a"'x  +  b"'y  +  <:"'r  +  ....  +  b"'  =  w"'  /       (■*'*■ 


kc. 


kc. 


If  our  observations  were  perfect,  we  should  be  able  to  fiJ 

values  of  z,  y,  z which  would  reduce  all  the  quantities  v', 

v'"  ....  to  zero.   It  is  usual,  therefore,  to  write  zero  in  the  secoJ 
members : 

a'x    +  ft'y    +  c'j    -f I-  n'   =0 

I  a"x  +  b"y   +d'z  +....  +  .."  =  0 

I  a"'a:  +  b'"y  +  c"'2  +  ....  +  n"'=  0 
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&nd  these  are  called  the  eqiuUicns  of  ccndiUon^  since  they  express 

the   conditions  which  the  unknown  quantities  are  required  to 

satisfy  as  nearly  as  possible.    We  may,  however,  with  more  rigor 

i*egard  (48)  as  our  equations  of  condition,  Qnd  treat  them  as 

expressing  the  general  condition  that  the  unknown  quantities 

shall  be  such  as  to  give  the  most  probable  system  of  errors 

»%  r",  V'" .... 

13"ow,  according  to  Art.  11,  the  most  probable  system  of  vahies 
^f  Xj  j/f  z.... (and,  consequently,  the  most  probable  system  of 
^nx>r8)  is  that  which  makes  the  sum  of  the  squares  of  the  errors 
^  minimum :  thus,  we  are  to  reduce  to  a  minimum  the  function 

[w]  =  1/1/4-  v^'v"  +  xf'*xf"  +  . . . . 

Itegarding  \m\  as  a  function  of  the  variables  x^y^z...  (which  we 
'Hitist  remember  are  here  independent),  the  condition  of  minimum 
J^uires  that  its  derivatives  taken  with  reference  to  each  variable 
shall  each  be  zero ;  that  is, 

dx  dy  dz 

or 

dx  dx  dx 

dy  ^      dy     ^        dy    ^      ,  }     (^) 

dz  dz  dz 

&c. 

(which  we  might  have  obtained  directly  from  (10)  by  substituting 
f'J  =:  kJ  =  kVj  and  dividing  by  the  constant  A).  But,  by  differ- 
entiating the  equations  (43)  with  reference  to  x,  y,  z . .  •  •  succes- 
sively^  we  have 


di/ 

drf        „ 

dz    ~    "•• 

dx 

dy-'^ 

dyf' 

dx  =  "^ 

'^'  _  6". 

dy 

dz 

&c. 

&c. 

&0. 

80  that  (44)  are  the  same  as  the  following : 
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«'«'+a'V'  +  a"'i/"-f  . 
\^rf  +  6"!/'  +  6"V"  +  . 
C*!/  +  C"!/'  +  c"V"  +  . 

&0. 


.=0 
.  =  0 


(44- 


The  number  of  these  equations  is  the  sante  as  that  of  the  un-^ 
known  quantities;  and  if  we  now  substitute  in  them  the  valuc=. 
of  v',  v",  v'" . . .  from  (43),  we  have  the  final  or,  as  we  ahall  caL 
them,  the  nomuU  equations,  which  determine  the  most  probabl^^ 
vtdues  of  z,  ^,  2 

NORMAL   EQCATIOKB. 

29.  We  see  by  (44*)  that  to  form  the  first  normal  equation  we" 
multiply  each  of  the  equations  of  conditioa  (48)  or  (43*)  by  the 
coefficient  of  x  in  that  equation,  anti  then  form  the  sum  of  all 
the  equations  thus  multiplied.  The  resulting  equation  is  called 
the  normal  equation  in  x.*  The  sum  of  the  equations  of  condi- 
tion severally  multiplied  by  the  coefficients  of  y  is  the  normal 
equation  in  y,  &c.  To  abbreviate  the  expression  of  these  sums, 
we  put 

laa]  =  aW  +  a"a"  +  a"'a"'  + 

[aft]  =  a'b'  +  a"b"  +  a"'b"'  +  .... 

[oc]  =  a'</  +  a'V  +  a"'c"'  +  .... 
&o.  &c. 


then  the  normal  equations  are 
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Fonn  the  siimB  of  the  coefficients  of  the  unknown  quantitied 
iii  the  several  equations,  namely, 

a"  +6"  +  c"  +  ....  =  «" 
&c. 

If  we  multiply  each  of  these  by  its  n,  and  add  the  products,  we 
l^ave 

\an\  +  \hn\  +  [en]  +  ....  =  [«n]  (47) 

-Also,  multiplying  each  of  (46.)  by  its  a,  and  adding,  then  each 
^y  its  6,  and  adding,  and  so  on,  we  have 

\aa\  -f  [aft]  +  [«0  +  —  =  [^] 
[oJ]  +[ftft]  +[ftc]  +....  =  [6«] 

[ac]  +  [ftc]  +  [cc]  +....  =  [c^]  /      (*») 

&c. 

The  equations  (47)  must  be  satisfied  when  the  absolute  terms  of^ 
the  normal  equations  are  correct,  and  (48)  when  the  coefficients  -. 
of  the  unknown  quantities  are  correct. 

81.  The  normal  equations  will  give  determinate  values  of 
X,  y,  z . . . .,  provided  they  are  really  independent  If,  however, 
any  two  of  them  become  identical  by  the  multiplication  of  either 
of  them  by  a  constant,  the  number  of  independent  equations-  is^ 
in  fact,  one  less  than  that  of  the  unknown  quantities,  and  the 
problem  becomes  indeterminate.  This  difficulty  does  not  arise 
fix)m  the  method  by  which  the  normal  equations  are  fornbed,but 
from  the  nature  of  the  given  equations  of  condition.,  Ih  any 
such  case,  additional  observations  are  necessary,  for  whi«hi  the 
coefficients  have  such  varied  values  as  to  lead  to  independent 
equations.  Even  when  two  equations  cannot  be  reduced  pre-* 
cisely  to  a  single  one  by  the  introduction  of  a  constant  factor,  if/ 
they  can  be  made  very  nearly  identical,  the  problem  is  still  prac- 
tically indeterminate.  The  indetermination  will  become  evident 
in  the  actual  elimination  in  practice  when  any  one  of  the  un- 
known quantities  comes  out  with  so  small  a  coefficient  that  small 
errors  in  the  observations  would  greatly  change  this  coefficient 
(3e6  Art  52.) 

Vok  XL— S3 
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82.  Ry  whatever  method  the  elimination  is  perforroed,  we 
eball  necessarily  arrive  at  the  same  final  values  of  the  unknown 
quantities;  but,  when  the  number  of  equations  is  considerable, 
the  method  of  substitution,  with  Gauss's  convenient  notation,  ia 
universally  followed;  but,  for  the  present,  leaving  the  reader  to 
choose  his  method,  I  proceed  to  explain  the  principles  by  whii 
the  mean  errors  of  the  values  of  x,  y,  2  . . . .  are  determined. 


ii^_ 


MEAN   ERRORS   AND   WEIQHTS   OF  THE   UNKNOWN   QDANTITIBB, 

33.  Since  we  have  put  n'  =  l'  —M',  n"  =  l"—M",  &c.  (Art  28), 
the  mean  error  of  n',n",n'". ...  is  also  that  oi  M',  M",M"',.,.,\ 

that  is,  the  mean  error  of  n',  n",  n'." is  to  be  regarded  as  the 

mean  error  of  an  observation.  If  the  elimination  of  the  normal 
equations  were  fully  carried  out,  each  unknown  quantity  would 
be  finally  expressed  as  a  linear  function  of  n',  n",  n'", ....,  and  the 
mean  errors  of  the  latter  being  given,  those  of  the  unknown 
quantities  would  follow  by  the  principle  of  Art.  20.  It  results, 
however,  from  the  symmetry  of  the  normal  equations  that  several 
forms  may  be  obtained  for  computing  directly  the  weights  of  the 
unknown  quantities,  and  from  these  weights  the  mean  errors 
can  afterwards  be  found. 

34.  f^rst  m£thod  of  computing  the  weights  of  the  unknoivn  quantities. 
— For  simplicity,  let  us  first  suppose  all  the  observations  to  be 
of  equal  weight,  or  the  mean  errors  of  n',  n",n"'  to  be  equal 
Let 

t  =  the  mean  error  of  an  observation, 

t^^  the  mean  error  of  the  valnc  of  x  found  from  the  normal 

equations, 
p_^  the  weight  of  the  value  of  x,  the  waight  of  an  observa- 
tioQ  beiQg  unity; 
then  (Art  24) 


Now,  let  us  suppose  the  elimination  to  be  performed  by 
method  of  indeterminate  coefficients.     Let  the  first  equation  of 
(45)  be  multiplied  by  Q,  the  second  by  Q',  the  third  by  Q",  kc., 

and  the  products  added.      Then  let  the  factors  Q,  Q',  Q" 

(whose  number  is  the  same  as  that  of  the  unknown  quantities) 
be  supposed  to  be  determined  so  that  in  this  final  equation  the 
coefficients  of  all  the  unknown  quantities  shall  be  zero,  exi 


oal. 

I 
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^^t  of  Xy  which  shall  be  unity.    The  conditions  for  detennining 
these  fEU^tors  are,  therefore, 


[aa]  Q  +  lab-]Q+  [oc]  e'  +  ....=  1 
lab-]  Q  +  [bb]Q^+lbc-]  e'  +  ....  =  0 
[ac  ]  C  +  [^c  ]  C  +  [cc  ]  e'  +....=  0 
&c.  &c. 


(49) 


^'»id  the  final  equation  in  x  is 

X  +  laji-]  Q  +  [6n]  Q'  +  [en]  C"  +  ....  =  0  (50) 

Comparing  (45)   and   (49),   we   see  that  the   coefficients   of 

^»Cj  §"....  are  the  same  as  those  of  x^yyZ ,  but  that  the 

absolute  terms  are  —  1  in  (49)  instead  of  [an]  in  (45),  and  zero 

instead  of  [frn],  [en],  &c.     Hence,  if  the  elimination  of  (45)  were 

^larried  out,  and  the  values  of  x,y,  z determined  in  terms  of 

ii\  n",  n'''. . . .,  the  values  of  $,  $',  Q!^ would  be  found  from 

these  by  merely  putting  [a??]  =  —  1,  and  [6n]  =  \cri\t  &c.  =  0. 

This  is  also  evident  from  (50).     I  shall  now  show  that  Q  is  the 

reciprocal  of  the  required  weight  of  x. 
The  final  value  of  x  being  a  linear  function  of  n',  n'', n"'. ..., 

the  equation  (50)  may  be  supposed  to  be  developed  in  the  form 

X  +  a'n'  +  a"n"  +  a'"n'"  +  ....=  0  (51) 

in  which  a',  a",  oJ*\ are  functions  of  a\  6', . . . .,  a",  6", ,  &c. ; 

and  these  functions  are  immediately  found  by  developing  [an], 
[6w],  &c.,  in  (50);  for  we  then  have,  by  comparing  the  coefficients 
of(50)and*(51), 

a'  =a'  <2  +  6'  q-^e  §"  +  .... 

a'"=  a'"  q  +  6'"  §'  +  (/"§"  +  ....  ^     ^^""^ 

&c.  &c. 

Multiplying  each  of  these  equations  by  its  a,  and  adding  all  the 
products,  we  obtain,  by  (49), 

{Za-f-aa    -\-  d    o     -|-....=  1 

Multiplying  each  of  (52)  by  its  6,  and  adding,  we  obtain,  by  (49), 

Vfi!  +  6"a"  +  6'"tt'"  +  ....  =  0 

and  so  on  for  as  many  equations  as  there  are  unknown  quantities. 
These  relations  are  briefly  expressed  thus : 

[a»]  =  l  [6a]  =  0  [c«]  =  0,&c.        (63) 


If,  then,  each  of  (52)  is  multiplied  by  its  a,  and  the  resalts  are 
added,  we  fiiid,  by  (53), 


[»a]=  a" +»""+»""+. 


But,  by  Art.  20,  when  s  is  the  mean  error  of  each  of  the  qaan- 
tities  n', n", n'", ....,  the  mean  error  of  x  found  by  (51)  is         ^H 


■  K-M 


-  M 


(55) 


aa  was  to  he  proved. 

Hence  we  have  a  first  method  of  finding  the  weights.  Tti  the 
first  normal  equation  write  —  1  for  the  absulide  term  \ari],  and  in  the 
other  equations  zero  for  each  of  the  absolute  terms  [fen],  [wj],  ic. ;  the 
value  of  X  then  found  from  these  equations  will  be  the  reciprocal  of  the 
weight  of  the  value  of  x  found  by  the  general  elimination. , 

This  rule  is  to  bo  applied  to  each  of  the  unknown  quantities 
in  succession,  so  that  the  reciprocal  of  the  weight  of  y  is  that 
value  of  y  which  will  be  found  by  putting  [fin]  =  —  1,  and 
[an]  =  [en]  =  &c.  =  0 ;  the  reciprocal  of  the  weight  of  z  is  that 
value  of  z  which  will  he  found  by  putting  [en]  —  —  1,  and 
[an]=.[fin].  &c.  =  0;  ic. 

It  is  evident,  moreover,  that  although  we  have  deduced  the 
rule  by  the  use  of  indeterminate  multipliers,  it  muat  hold  good 
whatever  method  of  elimination  is  adopted. 


35.  Second  method  of  computing  the  weights  of  the  unknown  quan- 
titles. — If  we  write  the  normal  equations  thns, 


[afl]3:  +  [at]y+['w]i+....+  [fl«]=A 
[aft]  X  +  [i6  ]  y  +  [6c]  2  + . . . .  +  [6«]  =  5 
[ac]  a:  +  [fc]  y  +  [cc]  z  + . . . .  +  [en]  =  C 


ko. 


&c. 


I 


and  perfoi-m  the  elimination,  we  shall  obtain  x,y,z in  terms 

of  [«n],  [afi],  &c,,  and  of  A,  £,  C,  &e. ;  and  if  in  the  general  values 
thus  found  we  make  ^  —  5  =  C,  &c.  =  0,  tljcse  values  will  be 
reduced  to  those  which  would  be  found  by  carrj-ing  out  the 
elimination  with  zero  in  the  second  members  of  the  norm^ 
equations.     If  we  suppose  the  elimination  performed  by  mei 
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of  tbe  indeterminate  factors  Q,  Q'j  <^' —  already  employed,  the 
fi^^^Bl  equation  for  determining  x  will  be 

^^Here  the  coefficient  of  A  is  the  reciprocal  of  the  required  weight 
^^  X.  But,  whatever  method  of  elimination  is  emplo^'cd,  the 
^coefficient  of  A  in  this  general  value  of  x  will  necessarily  be  the 
^^^me;  and  hence  we  derive  the  second  method  of  determining 
^V^e  weights :  Write  -4,  £,  C,  &c.,  instead  of  0,  in  the  second  members 
the  normal  equationSy  and  carry  out  the  elimination  (by  any  method 

pleasure);  then  the  favd  values  of  x,  y^  z are  those  terms  in  the 

rabies  which  are  independent  of  A,  B,  C ;  the  xceight  of  x 

the  reciprocal  of  the  coefficient  of  A  in  the  general  value  of  x;  the 
'^'4)eight  of  y  is  the  reciprocal  of  the  coefficient  of  B  in  the  general  value 

86.  Third  method  of  computing  the  weights  of  the  unknown  quantities. 
—Let  us  suppose  the  elimination  to  be  performed  by  the  method 
of  substitution,  still  retaining  -4,  J5,  C. . . .  in  the  second  members, 
as  in  the  preceding  article.  The  final  equation  in  x,  according 
to  this  method,  is  found  by  substituting  in  the  first  normal  equa- 
tion the  values  of  y,  z...,  given  by  the  other  equations.  These 
substitutions  do  not  affect  the  coefficient  of  A,  which  remains 
unity,  so  long  as  no  reduction  is  made  after  the  substitutions. 
Thus,  the  final  equation  in  x  is  of  the  form 

Rx  =  T  +  A  -\-  terms  in  B,  C, 

in  which  T  is  the  sum  of  all  the  absolute  quantities  resulting 
fi-om  the  substitution,  and  is  a  function  of  [aa],  [oA], ....  [an']. 
Hence  the  value  of  x  is 

T      A 
a:  =  —  -f  ^  +  terms  in  J9,  C, . . . . 

T 
in  which  -^  is  the  final  value  of  x  which  results  when  A  =  B 

=  C. . . .  =  0,  and  ^  is  necessarily  the  quantity  denoted  by  Q  in 

the  preceding  articles.  Therefore  R  is  the  weight  of  a:,  and 
hence  we  have  a  third  method  of  finding  the  weights :  Let  the  first 
normal  equation  (the  equation  in  x,  Art.  29)  he  taken  as  the  final 
eqnatian  for  determining  x,  and  substitute  in  U  the  values  ofy^  ^ . . . .  in 


terms  ofz  as  found  from  the  remaining  fqaations;  then,  bejitre  freefng^ 
the  equation  of  fractions  or  introducing  arty  reduction  factor,  the  eoe^ — "^ 
cient  ofz  in  this  egualioti  is  the  weight  of  the  value  of  x.  In  the  sam^» 
manner,  substitute  in  the  second  iiormal  equation  (tbe  equation  in  i/J^ 

the  veUues  of  x,  z in   terms  of  y  ds  found  from  the  other  rqun 

lions ;  the  cofffinient  of  y  is  then  the  weight  of  the  value  of  y;  attd  so^ 
proceed  for  each  unknoion  quantity. 

According  to  this  metliod  we  determine  each  unknown  qaan — 
tity,  together  with  lis  weight,  by  a  separate  elimination  carried—! 
througli  all  the  equations,  in  each  caae  changing  the  order  of 
elimination,  until  every  unknown  quantity  has  been  made  to 
come  out  the  last.     The  algorithm  of  this  process,  with  Gauss's 
convenient  system  of  notation,  will  be  given  hereafter  (Art,  45). 

87,  To  find  the  mean  error  of  observation.— T\\e  weight  of  i  being 
found,  we  have  the  ratio  of  e^  to  e,  but  we  have  yet  to  determine 
e,  which,  in  general,  cannot  be  assigned  a  priori,  but  must  be 
deduced  a  posteriori,  that  is,  from  the  obaerv-ations,  and  conse- 
quently from  the  equations  of  condition.  The  residuals  p',v",v'" 

in  (43),  are  those  which  result  when  the  most  probable  values  of 

x,y,z (namely,  those  resulting  from  the  normal  equations) 

are  substituted  in  the  first  members.  The  actual  or  true  errors 
(Art  17)  of  observation  are.  however,  those  values  of  the  first 
members  of  (43)  which  result  when  the  true  values  of  a:,^,  2,.... 
are  substitnted. 

Let  ar  4-  Ar,  y  +  ay.  2  -[-  42,  —  be  the  true  values  which,  sub- 
stituted in  the  equations  of  condition,  give  the  true  residuals 
m',  a",  u'" ;  so  that  we  have 

a'(x  +  A,r)  +  6'  (y-fay)+c'(r+42)+....n'=«'  \ 
a"  (I  +  &x)  +  t"  (y  +  Ay)  +  c"  (^  +  a.-)  + . . . .  n"  =  «"  ( 
a'"ix  +  &x)  +  b"\y  -(-  Ay)  +  c"'(z  +  A2)  + . . . .  n"'=  u"\      (^6) 


If  these  equations  be  multiplied  by  a', a", a'"....,  respectively, 
the  sum  of  the  products  is 


+  [_aa]  Ai  -I-  [fl6]  ay  +  [«<:]  as  +  . . . . 


which  by  the  first  of  (45)  is  reduced  to 

[aa]t^^  [ai]  Ay+  \.ac^  az +....- [aw]  =0 
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^^  the  same  mapner,  maltipljing  each  of  the  equations  (66)  by 
its  6,  Cj  4c.,  successively,  we  form  the  other  equations  of  the 
Allowing  group : 

laa]  AX  -f  {ah']  Ay  +  [ac]  a^  +  —  —  [au]  =  0 

lab]  AX  +  [66]  Ay  +  [be]  A;?  + —  [6m]  =  0  i        -^. 

[ac]  AX  +  [6c]  Ay  +  [cc]  A2r  + —  [cu]  =  0  '       ^ 

&c.  &G. 

Iliese  being  of  the  same  form  as  the  normal  equations  (45),  we 
see  that  the  value  of  ax  resulting  from  them  will  be  of  the  same 
form  as  that  of  x  resulting  from  (45),  with  only  the  substitution 
of  —  u  for  n:  hence,  by  (61), 

^  _  a'u'  -^  a"M"  —  a"  V"  —  ....=  0  (58) 

.A^in,  multiplying  (56)  by  r',  r",  r'" — ,  respectively,  the  sum 
of  the  products  is,  by  (44*),  reduced  to 

[t?n]  =  [in*] 

and  in  the  same  manner,  from  (43), 

[vn]  =  \yv] 
whence 

[tni]  =  [tn;]  =  [m]  (59) 

The  sum  of  the  products  obtained  by  multiplying  the  equations 
(48)  respectively  by  u\  u'\  u"'. ...  is 

[au]  X  +  [6u]  y  +  [<?w]  z  -\- +  [nu]  =  [vu]  =  [w] 

and  from  (66),  in  the  same  manner, 

[au]x    +[6ti]y    +[cu]z    +  •••  +  [wt*]|^  r^^-, 
+  [au]  AX  +  [6m]  Ay  +  [cu]  Ai?  -f- j 

which  two  equations  give 

[uu]  =  [w]  +  [aw]  AX  -f  [bu]  Ay  -f  [cu]  a^  + (60) 

Now,  [tm]  being  the  sum  of  the  squares  of  the  true  errors'  of  the 
observations,  its  value  is,  as  in  Art.  17,  =  meiy  if  we  put 

m  =  the  number  of  observations, 

=  the  number  of  equations  of  condition. 


Conaequestly,  if  we  could  assume  ox,  Ay.-. . .  to  Tauish,  we  aboiu^^^ 
have 


and  thie  will  usually  give  a  cloee  approzimatioQ  to  the  value  o^ 
c,  but  it  will  give  the  true  value  only  in  the  exoeediugly  impro-  ■■ 

bable  case  iu  which  the  values  of  x,y,z are  absolutely  true^ 

whereas  they  are  to  be  regarded  only  aa  the  most  probable  one^ 
furnished  by  the  observations.  Thie  formula,  then,  must  always^ 
give  too  small  a  value  of  t,  siuce  it  ascribes  too  high  a  degree  of  ' 
preciaion  to  the  observations.  We  must,  therefore,  add  to  [rvj^ 
the  quantities  [au]&r,  [6u]a^,  &c.,  aa  in  (60);  but,  as  we  caoDot^ 
assign  any  other  than  approximate  values  of  these  quantities,  let  ~ 
us  assume  for  them  their  mean  values  as  found  by  the  theory  of 
mean  errors.  The  mean  value  of  [au]  ax  will  be  found  by  mul- 
tiplying together 


[au]. 


t'  +  fl"i("  +  a"'u"'  + . , 


observing  that  the  errors  w', «",  u'" ,  when  we  consider  only 

their  mean  values,  are  to  be  regarded  as  having  the  double  ^ign 

± ;  BO  that  the  mean  value  of  the  product  will  coutaiu  only  the 
terms  a'a'u'u',  a"a"u"u",&c.    Hence  we  take 

[aw]  Ajc  =  a'a'u'u'  -\-  a"a,"u"u"  -\-  a"'a"'u"'ii"'  -\- 


and  substituting  in  this  the  r 


\  value  of  u'u',  u"u",  fcc,  which 
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■ 

ft  =    *-     ^  e  =  x/  (61) 

It  is  to  be  observed  that  when  there  is  but  one  unknown 
qiiiantityy  or  /u  =  1,  this  general  form  is  reduced  to  the  simple 
(26),  already  given  for  direct  observations. 
I'inally,  y,,  y^,  y,,  —  denoting  the  weights  of  x,  y,  2. . .   found 
any  of  the  preceding  methods,  we  have 

*,=  -4r->&c-  (62) 


88.  Example. — ^Let  us  suppose  the  following  very  simple  equa- 
"txoiiB  of  condition  to  be  given  :* 

a:—   y  +  a?—  3  =  0 

8x  +  2y  —  62  —   5  =  0 

4a:+    y  +  42  —  21  =  0 

—   x  +  3y  +  32  —  14  =  0 

Xf  but  the  first  three  of  these  equations  had  been  given,  the 
problem  would  have  been  determinate.     We  should  find  from 

them  x  =  --,y  =  Y>^  =  -7>  ^^^  we  should  have  to  accept  these 

values  as  final  ones,  with  no  means  of  judging  of  their  accuracy, 
or  of  that  of  the  observations  upon  which  the  equations  are  sup- 
posed to  depend.  A  fourth  observation  having  given  us  our 
fourth  equation,  we  find  that  the  values  of  x,y,  z  derived  from 

the  first  three  will  not  satisfy  it,  for  when  they  are  substituted  in 

g 

it  the  first  member  becomes  —  - ,  instead  of  zero.     If  we  deter- 

7 

mine  the  values  of  x,  y,  and  z  from  any  three  of  the  equations, 
and  substitute  these  values  in  the  fourth,  we  shall  find  a  residual. 
Each  one  of  the  four  systems  of  values  of  the  unknown  quantities 
thus  found  satisfies  three  equations  exactly,  and  the  fourth 
approximately;  but,  all  the  observations  being  subject  to  error, 
the  most  probable  system  of  values  can  seldom  satisfy  any  one 
of  the  equations  exactly.  Hence  the  necessity  of  a  principle  of 
computation  which  shall  lead  as  directly  as  possible  to  such  a 
probable  system  of  values;  and  this  principle  is  furnished  by  the 
method  of  least  squares. 

•  Oaum,  Thumm  Motm,  Aft  ISl 


"We  are,  then,  by  Art.  29,  to  deduce  from  these  four  pqaation^ 
three  normal  equntions,  and  the  vahiee  of  ar,  y,  z  which  exactly^ 
sutiafy  these  are  to  be  regarded  as  the  most  probable  values. 

To  form  the  first  normal  equation,  we  multiply  the  first  of  th^ 
above  equations  of  condition  by  1  (=«'),  the  second  by  3(^a"), 
the  third  by  4  (—  a'"),  and  the  fourth  by  —  1  {—  a"),  and  add  the^ 
products.     We  thus  find  \aa:\  =  27,  [a6]  =  6,  [ae]  ^  0,  and. 
[«»]  =  -  88. 

To  form  the  second  normal  equation,  we  multiply  the  first 
equation  of  condition  by  —  1  (=  b%  the  second  by  2  (=  A"),  the 
third  by  1  (=  6'"),  and  the  fourth  by  3  (—  6"),  and  add  the  pro- 
ducts. "We  thus  find  [«6]  =  6,  [6i]  -^  15,  [6c]  =  1,  \bn\  =  —  70. 

The  third  normal  equation  is  formed  by  multiplying  the  first 
equation  of  eondition  by  2  (—  c'),  the  second  by  —  5  (=  c"),  the 
third  by  4  (=  c'"),  and  the  fourth  by  3  (=  c"),  and  adding  the 
products.     We  find  [ac]  ^  0,  [6f]  =  1,  [cc]  ^  54,  [ch]  ^  —  107. 

Hence  our  normal  equations  are 

271  +    6y  _    88  ^  0 

6a;  +  15y  -|-     r  —    70  =  0 

y  +  542  —  107  =  0 

the  Bolution  of  which  gives,  as  the  moat  probabl 


^  1.916 


In  order  to  determine  the  mean,  and  hence  also  the  probable, 
errors  of  these  values,  let  us  first  determine  their  weights  accord- 
ing to  the  preceding  methods. 

Mrst.  By  the  method  of  Art.  34,  we  first  write  —  1,  0,  0  ,  for 
the  absolute  terms  of  the  three  normal  equations,  and  we  have 
the  three  equations  for  determining  the  weight  of  X,  ^^H 

27a:'  -f    By-  -       1  =  0  ^| 

6a:'+  15^+      s'  =  0  ^B 

1^+ 54^  =  0 

in  which  accents  are  employed  to  distinguish  the  particalar 
values  from  the  above  general  ones.     These  give 
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^^    809 

19899 
which  is  the  reciprocal  of  the  required  weight    Hence, 

19899  ^,  ^^^ 
»=—-— =  24.597 
^'        809 

In  a  Bimilar  manner,  to  find  the  weight  of  y,  we  take  the 
equationg 

27«"+    6y"  =0 

6x"+15y"+     y— 1=0 

y"  +  542"         =0 


and  find 


y"=^ 


787 


whence 


787 
»  =  -£,  =  13.648 

And  to  find  the  weight  of  z,  the  equations 


which  give 


and 


27a/"  +    6y"'  =0 

6a/"  +  16y"'  +      /"         =0 

y'"+542'"— 1  =  0 


/"=  « 


2211 


©=  —  =  68.927 
^'        41 

Seecndh/.  By  the  method  of  Art  85,  we  write   our  normal 
equations  thus: 

27x4-    6y  —    88=^ 

Ox  +  lby  +     2:  —    70  =  ^ 

y  4-  S42r  —  107  =  C 

and,  carrying  out  the  elimination  as  if  ^,  £,  and  C  were  known 
quantities,  we  find 

19899  X  =  49154  +  (809)^1—324  B+       6   0 

787y  =    2617  —     12  A  +  (54)  J9  —  G 

66882:  =  12707  +        2  A  —     9  B  +  (128)  G 


1,  therefore, 

x  = 

49154 
'  19899 

with  the  weight  p. 

y  = 

2617 
787 

12707 
6633 

"       "         "     T, 
"       "         "     V. 

p.= 


123 


the  same  as  by  the  firet  method. 

JTiirdlt/,  By  the  method  of  Art.  86,  to  find  x  and  ita  weight 
we  eliminate  y  and  z  from  the  equation  in  x  (the  fij«t  normal 
equation)  by  means  of  the  other  equations,  employing  auccessive 
Bubstitutions.     The  last  normal  equation  gives 


■  107 
y  +  TT 


which  being  Bubstituted  in  the  second  givea 
.      ,   809  8678       „ 


The  value  of  ^  from  this,  namely, 
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FmaUy,  to  find  z  with  its  weight,  we  make  the  third  normal 
Equation  the  final  one.    From  the  first  two  we  find 


y  =  — 


9 


454 


123  ^  "^  128 


^^hich  substitated  in  the  third  gives 


6633          12707       ^ 
z =  0 


123 


123 


Inhere  the  ooefiicient  of  z  is  its  weight,  and  its  valae  is  the  same 
as  was  before  found. 

By  a  little  attention,  it  will  be  perceived  that  the  three  methods 
involve  essentially  the  same  numerical  operations. 

We  are  next  to  find  the  mean  errors  of  x,  y,  and  z\  for  which 
purpose  we  must  first  find  the  mean  error  of  an  observation, 
assuming  here,  for  the  sake  of  illustration,  that  the  absolute  terms 
of  the  given  equations  of  condition  are  the  observed  quantities, 
and  that  they  are  subject  to  the  same  mean  error.  Substituting 
in  these  equations  the  above  found  values  of  x,  ^,  and  ^,  we 
obtain  the  residuals  as  follows : 


No. 

« 

w 

1 

—  0.249 

0.0620 

2 

—  0.068 

.0046 

8 

+  0.095 

.0090 

4. 

—  0.069 

.0048 

m  =^  4,  Ai  =  3,      [tw]  =  0.0804 


[tn?] 


=  0.0804 


Hence,  by  (61), 


m  —  At 

c  =  i/0M)4  =  0.284 

which  is  the  mean  error  of  an  observation,  so  far  as  this  error 
can  be  inferred  from  so  small  a  number  of  observations.  ^See 
the  next  article.)  Consequently,  the  mean  errors  of  x,  ^,  and  z 
are  as  follows : 


Vp. 

€ 

Vp, 


=  0.057 
=  0.077 


=  -4-  =  0.089 

Vp. 
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Multiplying  these  errors  by  the  constant  0.6745,  we  ehall  bai^^H 

(Art.  15)  the  probable  errors  as  follows:  ^^| 

Probable  error  ofnn  obaervation  =  0.192  ^^H 

X  =0.038  ^H 

y  =0.052  ^H 

z  =0.026  ^^ 

39.  It  has  already  been  remarked  in  the  foregoing  pages,  au4 
the  remark  ia  especially  important  in  the  present  connection, 
that  the  method  of  least  squares  supposes  in  general  a  great 
number  of  observations  to  have  been  taken,  or  a  number  suSi- 
ciently  great  to  determine  approximately  the  errors  to  which  the 
observations  are  liable.  Theoretically,  the  greater  the  number 
of  observations  the  more  nearly  will  the  series  of  residuals  ex- 
press the  series  of  actual  -errors,  and,  consequently,  the  more 
correct  will  be  the  value  of  s  inferred  from  these  residuals.  In 
practice,  therefore,  no  dependence  should  be  placed  upon  the 
moan  or  probable  errors  deduced  from  so  small  a  number  of 
observations  as  we  have  employed,  for  the  sake  of  brevity  and 
clearness,  in  the  preceding  example.  Nevertheless,  the  method 
is,  even  in  this  case,  the  beat  adapted  for  determining  the  most 
probable  values  of  the  unknown  quantities  deducible  from  the 
given  observations,  and  also  their  relative  degree  of  precision. 
Thus,  in  this  example,  the  degrees  of  precision  (denoted  by  k, 
Art.  10)  of  x,  y,  and  ?,  being  inversely  proportional  to  the  mean 
errors,  or  directly  proportional  to  the  square  roots  of  the  weights, 
are  nearly  as  the  numbers  5,  3.7,  and  7.3,  so  that  from  the  four 
given  observations  z  is  about  twice  as  accurately  found  as  y, 
while  the  precision  of  x  falls  between  that  of  y  and  ?.  Bnt  we 
can  place  but  little  dependence  upon  the  result  which  assigns  i 
0.284  as  the  mean  error  of  observation,  and  0.057,  0.077,  0.039  j 
as  the  mean  errors  of  z,  y,  and  r,  because  this  result  is  derived  I 
from  too  small  a  number  of  observatioua. 

EQUATIONS   OF   CONDITION    FROM   NON-LINEAR   FUNCTIONS. 

40.  Let  the  relation  between  the  observed  quantities  V,  V"i 

V" and  the  unknown  quantities  JC,  Y,  Z be,  for  the  oq 

Bervations  severally, 

/'  (F',    X,Y.Z, )  =  0 

/"(F",  X,7,Z, )  =  0 

f"{V"',JC,Y,Z, )  =  0  I      CI 

&c. 
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liet  the  values  of  V,  V',  V" . . . .,  found  by  observation,  be 
-Jf ',  if'',  Jf '" ....  These  values  being  substituted,  we  shall 
^ve  the  equations 

/'  {M\   X,r,^,  ....)  =  0 

/"'(3f'",2:;y,-^,....)  =  o  •  (    (^) 

4rom  which  the  values  of  X,  F,  Z. . . .  are  to  be  found.  But,  as 
ve  cannot  eftect  the  direct  solution  of  these  equations  according 
to  the  method  of  least  squares  so  long  as  they  are  not  linear,  we 
resort  to  the  following  indirect  process,  by  which  linear  equations 
of  condition  are  formed.  Let  approximate  values  of  JT,  F,  -^ . . . .  be 
found,  either  by  some  independent  method  or  from  a  sufficient 
number  of  the  equations  (64)  treated  by  any  suitable  process,  and 
denote  these  approximate  values  by  Xq,  Yq^  Zq...,  Let  the  most 
probable  values  be 


then  ar,  y,  e . . . .  are  the  corrections  required  to  reduce  our  ap- 
proximate values  to  the  most  probable  values ;  in  other  words, 
2:,  y,  z . . . .  are  the  most  probable  corrections  of  the' approximate 
values,  and  the  method  of  least  squares  is  now  to  be  applied  in 
finding  these  corrections. 

Substitute  the  approximate  values  JT©,  Y^^  Z^. .  .\n  (63),  and 
find,  by  resolving  the  equations,  the   corresponding  values  of 

V,  V" which  denote  by  Fo',  Vo' These  will  be  func- 

tions  which  may  be  thus  generally  expressed : 

&c. 

Now,  the  values  of  F',  V" ....  which  result  when  the  most  pro- 
bable values  Xq-\-  x^  Yo+  y,  Zo+  z  are  substituted,  and  which 
are  yet  unknown,  being  denoted  by  iV',  iV"  ....  we  have 

N'  =r  (Xo  +  x,  Y,  +  y,Z,-{^2,....) 
iV-"  =  2?"' ( j;  +  X,  Yo  +  y,-2'o  +  ^,....) 

&c. 

and  by  Taylor's  Theorem,  when  we  neglect  the  higher  powers 


otx,y,z which  are,  sappoeed  to  be  very  email  qnoDtities,  w^ 

have 

'  ^  dX,  dV,  '  ^  dZ,      ^ 

„.,    _„  ,  ir,"     .  dr;'    ,  dv;'    , 

if"  =  F.-+^x  +  jj^,+  ^«  +  .... 

where  -j^  -—-•  **5->  T^  -nr~'  *<'•  ^^^  Bimply  the  valnes  of  the 
dAt  dJCt  az,    d¥, 

derivativea  of  V,  V" ....  found  by  differentiating  (63)  with 

reference  to  each  of  the  variables,  and  afterwards  Bubstituttng 

X»,  y"B.  &c.  for  Z,Y,....  &c. 

If  now  we  denote  the  derivatives  of  V,  V"  ....  with  reference 

to  ^by  a',  a"  .... ;  their  derivatives  with  reference  to  y  by  6', 

b"  , .. .  &c. :  80  that 

N'  =  V;  +  a'x  +b'y  +  <fz  +  .... 

N"  =  V,"  +  a"x  +  V'y  +  <f'z  -\-  .... 

&o.  &c. 


and  then  also  put 


xf=N'  —  M',  r"  =N"~M",  fte. 

W  =  F;  —  M',  W  =  F,"  —  M",  to. 


our  equations  become 

a'x    +b'jf   +(fz    +. 
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-the  corrections  which  these  last  require  will  generally  be  so  small 
"tLat  tlieir  higher  powers  may  be  neglected  without  sensible  error. 
However,  should  this  still  not  be  the  case,  successive  approxima- 
tions, commencing  always  with  the  last  found  values,  will  at 
length  lead  to  valucB  which  require  only  corrections  suitably 
small. 

Even  when  the  given  function  is  already  linear,  it  is  mostly 
expedient  to  follow  the  general  method  just  given  :  namely,  to 
substitute  approximate  values  and  form  equations  of  condition 
to  determine  their  corrections.  This  reduces  a-,  j/,  z  ...  to  small 
quantities,  greatly  simplifies  the  computations,  and  diminisheit 
the  chauce  of  error. 


PC 


iTMSNT    OF    EQUATIONS    OF    CONDITION  WHEN    THE    OBSERVATIONS 
HAVE   DIFFERENT  WEIOHTS. 

41.  The  process  above  explained  assumes  that  all  the  obserra 
tions  are  subject  to  the  same  mean  error,  and  hence  are  alt  of 
the  same  weight.  The  more  general  case,  in  which  the  obser- 
vations are  of  different  weights,  is  easily  reduced  to  this  simple 
case.     For,  let 

be  an  equation  of  condition  of  the  weight  p' ;  that  is,  one  formed 
for  an  observation  of  the  weight  p'.  The  mean  error  of  an  ob- 
servation of  the  weight  unity  being  e„  the  mean  error  of  the 

actual  observation,  and,  therefore,  also  of  «',  is  e'  ^=  —'-r   ITence 

l/p' 
the  mean  error  of  n'y'p'  is,  by  Art.  20,  equal  to  i'\  p',  that  is, 
equal  to  «,.     If,  therefore,  we  multiply  the  equation  by  y  p',  so 
'  tliat  we  have 

af^/^.x  +  by^.y  +  (fy^^.z  +  ...  +  nV/=  v'yP 

it  becomes  an  equation  in  which  the  mean  error  of  the  absolute 
term  is  the  mean  error  of  an  observation  of  the  weight  unity. 
Hence  wc  have  only  to  multiply  each  equation  of  condition  by 
the  square  root  of  its  weight  in  order  to  reduce  them  all  to  the 
same  unit  of  weight ;  after  which  the  normal  equations  will  be 
found  as  in  other  cases. 

The  mean  error  of  observ-ation,  found  by  (61)  from  the  equa- 
tdons  of  condition  thus  transformed,  will  be  that  of  an  observa- 

VoL.  II.— 3* 


tion  of  the  weight  unitj,  and  the  wrights  of  the  quIoiowq  quan- 
tities will  come  out  with  refcreuce  to  the  same  unit. 


BUHINATtON  OP  THE  DNRNOWTI  QUANTITIES  FROM  THT  KOSMAI- 
RQDATI0M8  BY  THE  METHOD  OP  SUBSTITUTION,  ACOOBDINS  TO- 
GA OSS. 

42.  By  means  of  a  peculiar  notation  proposed  by  Gauss,  the_ 
ehmination  by  substitution  is  carried  on  so  as  to  preserve 
throughout  tlie  symmetry  wliich  exists  iu  the  normal  equatious. 
In  order  to  explain  this  method,  it  will  be  expedient  to  suppose 
a  limited  number  of  unknown  quantities.  I  shall  take  but/o«r» 
but  shall  give  the  process  in  so  general  a  form  that  it  may  readily 
be  extended  to  any  number. 

The  unknown  quantities  will  be  denoted  by 


and  their  coefficients  in  the  equations  of  condition  by 

a,  h,  c,  d, 

respectively,  with  sub-numerals  denoting   the   number   of  the 
■  equation  or  observation  upon  which  it  depends,  and  by 


I 


„ic. 


J 


the  absolute  terras  of  the  1st,  2d.  3d,  &,c.  equations  respectiv* 
BO   that  the   m   equations   of  condition   (here   supposed   to   be 
reduced  to  the  same  weight  by  Art.  41)  will  be 

a^  +  6,y  +  c,Jf  4-  ''i'"  +  ",  =  0 
fli^  +  6^  +  V  +  *'.«'  +  n,  =  0 


1.1  +  6_y  +  c_e  -f.  djB  -(-  n_  =  0 
and  the  four  normal  equations  formed  from  these  are 

[aa]  X  +  \ab-\  y  +  [ac]  ^  +  {ad]  w  +  [nn]  =  0 
iab-ix  +  lbb]y  +  [bc-]s  +  lbd]w  +  lbn]  =0 
[ac-\x+  lbc~\y  +  [cc^z  +  lcd]w  +  [cn]  =  0 
ladjx  +  Ibd]  y  +  [erf]  z  +  [dd-]  w  +  Idn]  ^  0 
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Tike  valae  of  x  from  the  first  equation  is 

J.-,      t^ly      [gg].      [<»<1^      [Oft] 
(tfttj*      [aa]        [aa]         [aa] 

If  this  is  sabstitnted  in  the  other  thfiee  equations,  we  shall  pre- 
serve the  symmetry  of  the  result  by  the  following  notation : 


[»]-f^[«&]=[Wl] 


laaj 

[£6] 

[oa] 


[M]  — t^[a<f]  =  [M.l] 


The  three  equations  thus  become 


lad] 

£a<ff 
[en]  -  [^  [«n]  =  [en .  1] 


.1]^  + [c<i. !]«/?  + [<m.l]=0     V     (67) 


[fttf  .l]y  +[«c 


«The  jM-eseoce  of  the  numeral  1  is  all  that  distinguishes  these 
from  original  nonnal  equations  in  y,  Zj  and  lo.  The  elimination 
of  y  will,  therefore,  be  effected  in  the  same  manner  as  that  of  x. 
ThvLBj  from  the  first,  we  have 

y^       l^C'^1  ^      CM.l]^       [6n.l] 
'^  [66.1]  [66.1]  [66. 1  J 

the  substitution-  of  wUch  in  the  o^iher  two  equations  leads  to  I9ie 
firikmirngs  not»6on : 


[4e.t]  ^  ^^  [6c. 1]  =  [(». 2] 


[ed.!}  — 


[Af.l]  — 


[6(i.l]  =  [c(i.2] 


[66.1] 
[66 . 1] 


[(jji.l]  — 
[<fn.l]  — 


[6c .  1] 
[66 . 1] 
Ibd .  1] 
[66 . 1] 


[6n.l]  =  [<»i.2] 
[6n.l]^[(fn.2j 


I 


and  the  resnlting  equations  are 

[rf.2]j+[A;.2]«.-f  [in.3]  =  0 
From  the  first  of  theae  we  have 

Ice.  2]  [Oi.2] 

wliich,  substituted  in  the  second,  leads  to  the  following  notation : 


(68^ 


[rfrf.2] 


[cd^ 


[M.2]  =  [dd.3]   [dn.2]. 


and  the  resulting  equation  is 

[dd.SJw  +  [(fn.3; 


ice  .  2] 


[en .  2]  =  [dn .  3] 


whence 


[dn .  3] 
[d<Z .  3] 


1  the  first  of  (6( 
17  being  substituted  in 


i 

(69) 


Having  tliua  found  ?o,  we  substitute  its  valui 

and  deduce  z.     Then  the  values  of  z  and  u 

the  first  of  (67),  we  deduce  y ;  and  finally,  eubetituting  the  values 

y,  z,  and  w  in  the  first  of  (66).  we  deduce  x.     These  latter  subeti- 

tutions  are  made  in  the  numerical  computation,  but  it  is  not 

necessary  to  ^VT^te  out  hero  the  forraulre  wliich  result  from  ttie 

literal  substitutions,  as  it  would  not  facilitate  the  computation. 

It  may  be  observed  that  all  the  auxiliaries [W.l],  [6c. 1],  [cc.2], 
&c.,  may  be  expressed  by  the  general  formula 


[*•■/«] 


_  [^4   [„;,.;.]  ^[^.(^+1)] 
[on  ,  ll\ 


a,  j5,  Y  denoting  any  three  letters,  and  fi  any  numeral. 

For  the  convenience  of  reference,  the  final  equations  employed 
in  the  actual  computation  are  brought  together  as  follows,  the 
coefficient  of  that  unknown  quantity  which  is  found  from  each 
after  the  substitution  of  the  values  of  the  others  being  reduced 
to  unity : 
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M, 


[«a]- 


[i6.1]  ""'^  [bb.iy 


(70) 


"  + 


[*i<i .  3]  " 


As  the  number  of  unknown  quantities  increases,  the  number  or 
auxiliaries  to  be  found  inercasea  very  rapidly.  If  we  include  the 
coefficients  and  absolute  terms  of  the  normal  equations,  the 
whole  number  of  auxiliaries  is  shown  in  the  Ibllowing  scheme:* 


Ko.  of  nnlaiown  quantities  . 


m 


No.  of  aaxiliaries A  2 


7     16 


43.  For  the  purpose  of  verification,  it  is  expedient  to  repeut 
the  elimination  in  inverse  order,  commencing  with  the  last 
normal  equation  and  ending  with  the  first,  which  will  bring  out  x. 
It  will  not  be  uecesBary  to  write  out  the  formulre  for  this  inverse 
elimination,  since  when  tlie  form  for  computation  has  been  once 
prepared,  it  suflicca  to  place  in  it  the  coefficients  of  the  normal 
oquationa  in  inverse  order,  and  then  to  proceed  with  the  numeri- 
eal  operations  precisely  as  in  the  first  elimination.  The  unknown 
quantities  coming  out  in  the  first  elimination  in  the  order  w,  z, 
y,  X,  they  will  in  the  second  come  out  in  the  order  x,  y,  z,  to. 

This  inversion  has  also  the  advantage  of  giving  the  weights  of 
all  the  unknown  quantities  with  the  greatest  facility,  aa  will 
hereafter  be  shown. 

44.  A  very  complete  final  verification,  or  "  control,"  is  obtained 
as  follows.  Substitute  the  values  of  r,.v,  z,  w  in  the  eqnations  of 
condition,  and  thus  find  the  residuals  r,,  r,,  r, . . . .  v^,  or  the 
valnee  which  the  first  members  assume.    Form  the  sum 


M=r 


,  +  ",<> 


..  +  . 


*  The  Dumber  of  auKilUriea  will  be,  in  gener&l, 

.-(■■ +  !)(■• +  6) 


■'  denolcB  the  number  of  unknaKD  quantitiri. 


^J^  APPBKDU. 

which  is  also  Fequired  in  fiuding  tbe  m^aD  error  of  observatioQ 
hy  (61).     Also  form  the  following  uew  nuxilio 


[«».l]- 


[»»]  = 

Ml 

[64.1] 


=  [™.l] 
=  [n».2] 


then, .if  tbe  whole  coiapatation,  both  of  the  normal  eqaatiotn 
themselves  and  of  tbe  subsequent  elimination,  is  correct,  we 
must  have 

[»]  =  [«n.4]  (-1) 

To  demonstrate  this,  we  observe  first  that  we  have  already,  hy  (5i 

[TO]  =  [on] 


(6^ 

1 


If  now  we  go  back  to  the  equations  of  condition,  and  mull 
each  by  its  Ji,  the  auni  of  the  products  ia 

[an]  X  -f  [in]  y  +  [cti]  z  +  [dji]  w  +  (nn]  =  [fii]  =  [vv] 

If  this  equation  be  annexed  as  a  fifth  normal  equation  to  the 
group  (66),  and  the  successive  aubstitutiouB  are  made  in  it  as  lu 
the  others,  beginning  with  x,  it  evidently  becomes,  successively, 

[fc».l]y  +  [CTi.l]^  +  [dn.l]  w  +  [nn.l]  =  [m] 

[CH.2-]Z+  [rfn.2]  w  +  [«».2]  =  [f..]  ^ 

[<fn-8]w  +  [nn.3]  =  [^.]  M 

which  last  ia  the  same  as  {71). 


PETKRMINATION     OF    THE    WEIGHTS     OF     THE     DNKNOWN    QUAHTITJj 
WHEN    THB    ELIMINATIO::^   QAB   BEEN    EFFECTED    BY  THE   METHQj 

SUDSTITfTION. 

45.  By  the  general  method  explained  in  Art.  86,  the  elimi 
tion  would  have  to  be  performed  as  many  times  as  there  are 
unknown  quantities.  It  is  desirable  to  have  more  direct  methods. 
When  there  are  but  four  unknown  quantities,  we  can  find  their 
weights  from  the  auxiliaries  occurring  in  two  successive  elimina- 
tions in  inverse  order.  In  the  first  elimination,  according  to  the 
order  a,  b,  c,  d,  we  fiud  w  by  substitution  iu  tlie  laat  noi 
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equation,  and,  the  coefficient  of  w  being  then  [dd .  8],  it  foUowB, 
by  Art  86,  that  the  weight  of  the  valae  of  to  is 

In  the  inverse  elimination,  in  the  order  d^  c,  6,  a,  the  coefficient 
of  z  in  the  final  equation,  which  would  be  denoted  by  [aa .  8]^ 
will  be  the  weight  of  x,  or 

ITow,  if  a  third  elimination  were  carried  out  in  the  order  x,  y,  w,  z, 
orOj  bydjC  (the  third  normal  equation  now  taking  the  last  place), 
we  should  have  the  same  auxiliaries  as  in  the  first  elimination, 
80  &r  as  those  denoted  by  the  numerals  1  and  2 ;  and  the  equa- 
tions (68)  would  still  be  the  same,  but  in  the  following  order : 

ldd.22  w  +  lcd.2'\  z  +  [rfn.2]  =  0 
\cd.%'\yD'\-  [cc.2]2r  +  [en. 2]  :=  0 

The  value  of  w  given  by  the  first  of  these  is 

\cd,<£\.      [rfn.2] 
[(W.2]  [rf<i.2] 

which,  substituted  in  the  second,  gives  for  the  coefficient  of  z^ 

Therefore  we  have 

In  the  fourth  supposed  elimination,  in  the  order  rf,  c,  o^  6,  th^ 
auxiliaries  denoted  by  1  and  2  would  be  the  same  as  in  out 
actually  performed  second  elimination ;  but  in  the  final  equation 
in  y  we  should  have  for  the  coefficient  of  y  the  quantity 

[W.3]  =  [66.2]  -  M^  [a6.2]  =  [aa.3]  X  ^^ 

\aa,z]  \aa.  zj 

and,  therefore, 

p  =.[66.2]i?^^ 
^'       ^        •*[(ia.2] 

Thus,  when  the  elimination  has  been  once  inverted,  we  have 


found  the  weights  of  two  of  the  unkuowu  qaantitiea  directly, 
aiiJ  the  weights  of  the  other  two  in  terms  of  the  auxiliaries  pre- 
viously used,  and  in  a  form  adapted  for  logarithmic  computation. 

46.  In  order  to  give  the  above  method  greater  generality,  bo 
that  the  reader  may  be  enabled  to  extend  it  to  a  greater  number 
of  unknown  quantities,  we  remark  that  the  product  of  the  form 


P=laa^  [i6.1][rc.2]  t*/d,3].. 


has  the  same  value  whatever  order  maybe  followed  in  the  eliml- 
tiation.  TbiB  is  the  same  as  saying  that  it  is  a  symmetrical  func- 
tion of  a,  b,  c,  d .  , .  which  ia,  consequently,  not  affected  in  value 
by  the  permutatiou  of  these  letters,*  Suppose,  then,  four  orders 
of  eliminatio'b,  in  which  each  unknown  quantity  in  turn  becomes 
the  last,  while  the  order  of  the  remaining  three  quantities 
l-emains  the  same  ;  and,  to  distinguish  the  auxiliaries  which  occur 
in  each  elimination,  let  the  letter  which  occurs  in  the  last  auxiliary 
be  annexed  to  each  of  the  others ;  the  above  constant  product 
may  thus  be  expressed  in  the  following  four  forma : 

■P  =  l^"1i  [**  ■  1]*  ['•'^  ■  2]^  Idd .  3]  J 

^  ['"'].  l''l>  ■  1],  t'''^  ■  2],  [cc .  3]  ^1 

=  [W].  [';c.l].[rfd.2].  [(ia.3] 

Now,  it  is  evident  that  each  time  a  new  unknown  quantity  is 
made  the  last,  we  do  not  change  all  the  auxiliaries,  but  only 
those  which  involve  the  letter  which  has  become  the  last  in  the 
new  order.  It  is  readily  seen,  therefore,  that  if  we  annex  a  letter 
to  those  auxiliaries  only  which  have  a  different  value  from  that 
which  is  denoted  by  the  same  symbol  in  the  first  elimination,  we 
eliall  imve,  simply, 

"'  P=:[afl][66.1]  [«r.2]  [dd.3] 

=  [«a][6ft.l]  [dd.2]  [CC.3] 
=  [«rt]  [re  .  1]  idd.2]^  {bb  .  3] 
=  [6i  ]  [cc .  1],  [m  .  2],  [0(1  ,  3] 


*  The  quanlil;  P  U,  In  fnot,  natbing  more  IhftQ  Ihe  commnn  denomi 
*ala«i  of  X,  y,  i,  v.  when  thoae  *aluea  nre  reduced  tn  runctiDT 
titlM  and  ia  the  form  of  nimple  rraolioaa;  snd  this  commoD  dcoomi 
denlly  hate  tlie  snoiv  vulue  wiiateTer  order  cf  elimiuatian  is  foUoved. 
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froxn  which  we  deduce 

j>.  =  [dd.8] 

«  =  Tec  .8]  =  [cc.2].I^^:i2 

p=[W.8]  =  [66.1].t^^.E^^:a  )     (72) 

r         on  r      1     C^^l]     [^^-2]      [^^.3] 


If  this  method  is  applied  in  the  case  of  six  unknown  quantities, 
we  shall  in  each  of  two  eliminations  have  the  weights  of  three 
of  the  unknown  quantities  by  computing  each  time  but  one  new 
auxiliary,  and,  therefore,  the  weights  of  all  six  when  the  second 
elimination  is  the  inverse  of  the  first.  In  the  case  of  but  four 
unknown  quantities,  by  inverting  the  elimination  we  can  find 
the  weights  of  z  and  y  twice,  and  thus  verify  our  work. 

47.  If  we  have  but  three  unknown  quantities,  the  weights  are 
determined  at  the  same  time  with  a:,  3/,  and  z  themselves,  by  a 
single  elimination  in  the  order  a,  6,  c,  in  which  z  comes  out  first 
with  the  weight 

p,=  lcc,2-] 

and  then  y  and  Zy  with  the  weights 

[cc .  2] 


l>^  =  [66.2]  =  [66.1] 


p^  =  [aa .  2]  =  [ad] 


in  which 


[cc.l] 
[66 . 1]   jcc .  2] 
[66]   '[ce.l]. 


[cc.l].  =  [cc]-M[6c] 


IHDBPENDEKT  DETERMINATION   OF   EACH    UNKNOWN   QUANTITY   AND 

ITS  WEIGHT,   ACCORDING  TO   GAUSS. 

48.  Let  the  four  equations  (70)  be  multiplied  respectively 
by  1,  -4',  .4",  -4'",  and  let  these  factors  be  determined  by  the 
condition  that  in  the  sum  of  the  products  the  coefiScients  of  y, 
Zj  and  w  shall  be  zero.  Also,  let  the  last  three  equations  of  (70) 
be  multiplied  respectively  by  1,  -B",  JB'",  and  let  these  factors 


be  determined  by  the  condition  that  in  the  8um  of  the  pTodact^ 
tho  coefficients  of  z  and  w  shall  be  zero.  Finally,  let  the  las-^ 
two  equations  of  (70)  be  multiplied  respectively  by  1,  C",  and 
let  C"  be  determined  by  the  condition  that  in  the  sum  of  tho 
products  the  coefficient  of  w  shall  be  zero.  The  conditiena 
which  determine  these  factors  are  then 


["■a] 

itb.i: 

n      [Ml] 


[46.1]- 


.'  + 


[bb.  1]  [cc.2] 


[gd.S 


and  the  final  vali 
given  as  follows : 

„  _  [fa-'] 


[66.1]       [cc.2] 
[cc.2]^ 

of  a:,  J/,  z,  ; 


,  in  terms  of  these  factors, 


[inj] 
[66.1] 
[c».2] 


[66.1]       [cc.2]       ^[dd.S] 
[en.  2]       [d«.3] 
"  [cc.2]  "^  [id. 3] 


^[cc.2]        "^[iW.S] 
[Au3] 


1 

(73) 

I 

i 

(74) 

i 


49.  Ab  the  equations  (78)  are  above  arranged,  all  the  factors 
A  are  determined  from  the  first  system  of  three  equations ;  the 
factors  B  from  the  second  system  of  two  equations,  &c, ;  in  each 
case,  by  successive  substitution.  This  method  then  enables  us 
to  find  each  unknown  quantity  independently  of  tlie  others. 

Another  form  may  be  g^von  to  the  computation  of  tlie  auxiliary 
factors.  Since  in  tho  formation  of  the  equations  (74)  we  havo 
regarded  [an],  [A«],  [t-n],  &c.  as  independent,  we  must  stilly 
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TmgfuA  them  when  we  invert  the  pracess  and  recompose  the 
aquations  (70)  from  (74).  If,  then,  we  multiply  the  equations  (74) 

respectively  by  1,  p^  p^»  ~-~*  and  add  the  products  in  order 

"  ~    recompose  the  first  of  (70),  the  coefficient  of  [an']  will  be 


laa] 
Uizftt  the  coefficients  of  [bn .  1],  [en .  2],  &c.  must  severally  be  equal 

zero.     The  same  principle  will  apply  when  we  recompose  the 

8<;ond  equation  of  (70)  from  the  last  three  of  (74),  &c.    Hence 

'^have 

'   [ad] 
^  [ad]  [aa] 

[fla]  [aa]  [aa] 

^  [bb.l] 

0  =  5"' 4-  [be- 1]  ^nt  ,    [bdA] 
"^[66.1]        "^  [66.1] 

[erf.  2] 


0  =  C"  + 


[cc .  2] 


According  to  this  scheme,  we  first  find  A'^  5",  C"  from  the 
equations  in  which  they  occur  singly ;  then,  with  these  factors, 
we  find  the  values  of  A"y  J5'",  from  the  equations  involving  two 
fiictors,  &c. 

50.  Again,  let  us  write  the  8d,  5th,  and  6th  equations  of  (75) 
in  the  following  order : 

A'"^^^B'"+^^C'"    +^     =0 
[aa]  [aa]  [aa] 

[66.1]        "^[66.1] 

[cc.2] 

Comparing  these  with  the  first  three  of  (70),  we  at  once  infer 
that  A"',  B'"y  C"  are  those  values  of  x,  y,  Zy  respectively,  which 
we  should  obtain  from  our  first  three  normal  equations  by  putting 


w  ^  1  and  omitting  the  terms  in  n;  or,  ^oing  back  to  (t(6),  that 
A'",  B'",  C"  may  be  determined  by  the  following  conditions  : 

[<w]  A'"  -t-  [«i]  B'"  +  \ac\  C-"  +  [«Lr|  =  0  J^ 

[n6]  A'"  +  [/.6]  jS'"  +  [ic]  0'"  +  [W]  =  0  ^1 

[flc]  J'"  +  [6c]  B'"  +  [cc]  C"  +  [cd]  =  0  ^ 

If  now  we  multiply  the  normal  equations  (66)  by  A'",  B'",  C", 
and  1,  respectively,  and  add  the  products,  the  conditions  juat 
given  will  cause  x,  y,  and  2  to  disappear,  and  the  reanlting  equa- 
tion in  w  must  be  ideutical*  with  (69):  so  that  ^"',  B'",  C" 
must  also  satisfy  the  following  condition: 

[an]  A"'  +  [fin]  B '"  +  [cw]  C"  +  [</n]  ^  [dn .  3]  (76) 

The  second  and  fourth  equations  of  (75)  being  written  as  follows. 


5"  + 


[ii.l]  " 


and  compared  with  the  first  two  of  (70),  we  infer  that  A",  B" 
are  those  values  of  z  and  >/  which  we  obtain  from  the  first  two 
normal  equations  by  putting  z  —  1,  «j  —  0,  and  omitting  the 
terms  in  n;  that  is,  A"  and  B"  must  satisfy  the  conditions       ^m 

[fla]  A"  +  [rtfi]  B"  +  [flc]  =  0  M 

[flfe]  .4"  +  [ti.]  S"  +  [6f]  ^0  V 

Therefore,  if  we  multiply  the  first  three  normal  equations  (66)  by 
A",  B",  1,  respectively,  and  add  the  products,  x  and  y  will  dis- 
appear, and,  the  resulting  equation  being  identical  with  the  first 
of  (68),  we  must  also  have 

[an\  A"  +  t^«]  -B"  +  [en]  =  [en .  2]  (VT) 

Lastly,  it  is  evident  that  A'  must  also  satisfy  the  condition 

[«n]A'+[6n]-[6«.l]  (78) 

From  these  relations  wo  readily  infer  general  formulse  for  the 
weights  of  the  unknown  quantities. 


*  The  equaLioD  (r>g)  Ig  the  Ui 
tion  of  rquiraUaif  for  i,  y,  ati<t 
by  the  UHe  of  fikcigra.  but  Uo  □< 


nornml  er|unfion,  uncbangeil  ei 
,-  ami  in  lliu  pfeainl  nnlclQ  w» 
:  chftnge  the  kel  nonnit]  equntio 


epi  bj  llie  lubslitu- 
I.  lince  «D  muUlplj 
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« 

According  to  Art.  34,  the  reciprocal  of  the  weight  of  x  is  that 
value  which  we  obtain  for  z  if  we  put  [«w]  =  —  1  and  [6n]  =  [cw] 
=  [//n]  =  0.  But,  under  these  conditions,  the  equations  (76), 
(77),  (78)  give 

Idn .  3]  =  —  il'",        [en .  2]  =  --  A",        [bn .  1]  =  —  ^' 

In  order,  therefore,  that  the  value  of  x  given  by  the  first  equa- 
tion of  (74)  may  become  — ,  we  have  only  to  substitute  —  ^'", 

—  A",  —  A\  —  1,  respectively,  for  [dn .  3],  [en .  2],  [bn .  1],  [a?i]. 
In  the  same  -manner,  the  weight  of  y  being  found  by  putting 
[6n]  =  —  1  and  [em]  =  [cw]  =  [dn]  =  0,  we  have  to  put 

[dn .  3]  =  —  J?"',        [on.2]  =  — ^',        [6n.l]  =  — 1 

in  the  second  equation  of  (74),  in  order  that  we  may  put  —  for  y 
For  the  weight  of  z  we  have  to  put 

[dn,S]  =  —  C",  [en. 2]  =  —  1 

m  the  third  equation  of  {74),  and  —  for  z. 
For  the  weight  of  m?,  we  have  to  put 

[rfn .  8]  =  —  1 

in  the  last  equation  of  (74),  and  change  w  to  — 

The  final  formulse  for  the  weights  are,  therefore, 

11  A'A'        A'' A"        A'"  A'" 


Pm       [«^]  [^^1]       [ec.2']    '    [eW.8] 

1  1  B^B"'        W"E'* 


(79) 


r^       [66.1]       [cc.2]    '    [dd.^] 

;).""[cc.2]"*"  [dd.3] 
1   _       1 
jp,"""  [<W.8] 

XBAN   ERROR   OF   A   LINEAR  FUNCTION  OF  THE  QUANTITIES  X,  y,  ^,  W. 

60.  To  find  the  mean  error  of  thefuneiion 

X  =  fx  +  ^y  +  Aj  +  lu?  +  ^  (80) 

vohtn  Zyt/,  ZyW  are  dependent  upon  the  same  observations. 


The  quantities  x,  y,  z,  w  not  being  directly  obserred,  their 
mean  errors  cannot  be  treated  as  independent,  as  was  done  in 
the  ease  of  directly  observed  quantitiea  in  Art.  22.  We  might 
proceed  by  the  method  of  Art.  23;  but,  as  we  here  suppose 
X,  y,  z,  w  to  have  been  determined  from  the  normal  equations 
(66),  we  can  obtain  a  more  eonvenient  method  by  tlie  aid  of  the 
auxiliaries  whii^h  have  been  introduced  in  the  general  elimina- 
tion. Tlie  quantities  x,  y,  z,  w  being  functions  of  the  directly 
observed  quantities  /(',  n",  n'",  . . .  the  mean  error  of  ^  can  be 
readily  obtained  by  the  principles  of  Art.  22,  if  we  first  reduce 
Xto  a  function  of  these  observed  quantities.  For  this  purpose, 
if  the  values  of  z,  y,  z,  ic  deduced  from  (70)  bo  substituted  in  J', 
we  shall  have  an  expression  of  the  form 

J'=  A,  [an]  +  *,  [toi .  1]  +  *,  [en .  2}  +  i,  [d>i .  3]  +•  I       (81) 

in  which  the  coefficients  A„,  k„  ^,,  X,  are  functions  of  [aa],  [oft], 
&c.  In  order  to  determine  these  coefficients,  let  us  substitute  in 
this  expression  the  values  of  [an],  [bn .  1],  &c.  given  by  (70).  We 
find 


w*a- 

-    MV- 

-    M*, 

,••  +  < 

[»-l]»J- 

-[4c.l]V- 

-[M.l]t, 

i'" 

-:«.2]iv..- 

-led. 21 1,, 

,i» 

- 

'Idd.^k, 

," 

-  [aa}  kjc  - 


which  becomes  identical  with  (80)  by  assuming 

iab-\k,-\-{hb.r]k,  =  -g 

Eflc]ft,+  [6c.l]i, -}-[ce.2]i.^-A 

tarf]  ft,  +  [bd .  1],  A,  +  [erf .  2]  k,  +  [dd.  3]  k,  ^ 


I 


(82) 


These  equations  fully  determine  the  coefficients.     We  find 
directly  from  the  first,  and  thea  ^„  A,,  kg,  by  succeesive  substitu- 
tions in  the  others. 

Now,  to  find  the  mean  error  of  X  under  the  form  (81),  let  the 
mean  error  of  each  of  the  observed  quantities  n\  n",  n'"  ....  be 
denoted  by  e  (these  observed  quantities  being  supposed  of  cqnal 
weight,  or,  rather,  the  equations  of  condition  being  supposed  to 
have  been  reduced  to  the  same  weight),  and  let  the  correspond- 
ing' mean  errors  of 


1 


[«n], 


[An.l],        [CTi.2],        [tM.3], 
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be  denoted  bj 

'  -Sff  ^V  ^tf  ^  («-^ 

Smoe  we  have 

[an]  =  afn'+  a^'n"  +  a'"!*"' +  . . . . 

we  have,  by  Art.  22, 

JE;«  =  [aa]€« 

^gain,  we  have 

[6».l]  =  m  -  E^  [-]  =M'-  P-n  M 
and  hence 

=  [66 . 1]  c« 

b  a  similar  manner,  we  have,  also, 

E,*  =  [cc .  2]  €«,  -B,*  =  [(i^ .  3]  c« 

The  quantities  x,  y,  ^,  u;,  being  determined  from  the  equations 
(70),  their  mean  errors  involve  those  of  the  quantities  [^w],  [6n.  1], 
[cR.2],  [rfn.8],  precisely  as  if  the  latter  had  been  independently 
observed  quantities  affected  by  the  mean  errors  just  determined. 
Hence  also  in  (81)  we  regard  [aii],  [6n.l],  &c.  as  independent; 
and  it  then  follows  directly  from  the  principles  of  Art.  22  that 

or 

(f  jr)«  =  (V  [««]  +  ^1*  Ibb .  1]  +  V  Icc .  2]  +  V  [^  •  3])  e'  (83) 

61.  From  the  preceding  article  we  may  easily  find  the  for- 
mulae (74)  and  (79).  The  function  X  becomes  z  when  we  assume 
/=1,  ^  =  A  =  t  =  i  =  0;  and  then  (81)  gives  x  while  (83)  gives 

f/,  and  hence  the  weight  =  — .     This  hypothesis  gives  in  (82) 

[aa]  k^  =  —  1 ;  and  the  remaining  equations  of  (82)  are  identical 
with  the  first  three  of  (73)  if  we  put  [66 .1]  A,  =  —A\  [cc.2]  *, 
=  —  -4",  [dd .  8]  A,  =  —  -A'";  and  then  (81)  becomes  identical  with 
the  first  of  (74),  and  (83)  with  the  first  of  (79).  In  a  similar 
mannerwe  may  deduce  the  remaining  equations  of  (74)  and  (79). 


.n. 


SM  APPENDIX. 

Example. — In  order  to  exhibit  the  nuraerical  operations  wWch 
the  preceding  method  requifi-s,  in  their  proper  order  and  witlun 
the  limita  of  the  page,  I  select  an  example  involving  but  three 
unkDOwn  quantities.  The  following  equations  of  condition  were 
proposed  by  Gaoss  {Thcoria  Motus  Corp.  Cocl.,  Art,  IM)  to  illus- 
trate his  method:  i^_ 

(1)  X-    !/  +  2z=   i  ^M 

(2)  3^  +  2,, -5.'=    5  ^m 

(3)  4x+    y-|-42  =  21  ^M 

(4)  •—2x  +  Cy  -}-  6j  ^  28 

of  which  tlio  first  three  are  aupposed  to  have  the  weight  unity, 
while  the  last  has  the  weight  i.  Multiplying  the  last  by  I'i  =  | 
(Art.  41),  the  equations  of  condition,  reduced  to  the  same  weight, . 
are — 

CI)  X-    y  +  2z-    S  =  0  ^ 

(2)  3x+2y-5.'-    5  =  0  ^M 

(3)  4x+    y  + 42 -21=0  ^M 

(4)  —  a; +3y-f- 35  — 14  =  0  ■^" 

The  next  step  is  to  form  the  coefficients  [aa],  [«A],  &c.,  of  the 
normal  equations.  In  the  present  example  this  can  be  done  very 
easily  without  the  aid  of  logarithms ;  hut,  in  order  to  exhibit  the 
work  usually  required  in  practice,  I  shall  give  the  forms  for 
logarithmic  computation.  The  sums  of  the  coefficients  of  the 
unknown  quantities  will  be  employed  as  cheeks,  according  to 
Art.  30.  Their  logarithms,  together.witb  those  of  a,  i,  c,  n,  are 
given  in  tlie  following  table : 


1,8  . 

log  I 

l.g. 

kg. 

'-   « 

0.00000 

nO.OOOOO 

0.30103 

0,30103 

n0.47712  1 

0.47712 

0.30103 

nO.69897 

—  oa 

nO.69897  f 

0.60206 

0.00000 

0.60206 

0.95424 

nl.82222  i" 

nO.OOOOO 

0.47712 

0.47712 

0.09897 

nl.l4613  1 

I 


CI) 

(2) 

(3) 
W 

It  is  important,  where  many  operations  are  to  he  perfonned,  to 
write  down  no  more  figures  than  are  ncccssarj'  for  the  clear  prose- 
cution of  the  work.  Henoe,  in  combining  the  preceding 
logarithms  it  will  be  found  expedient  to  proceed  as  follows. 
Write  each  log  a  upon  the  lower  edge  of  a  slip  of  paper;  then, 
placing  this  slip  so  that  log  a  shall  stand  over  log  a,  log  b,  log  c, 
kc,  of  tlie  same  horizontal  line,  iu  succession,  add  together  t" 
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two  logarithms  menfoHj/,  and,  with  the  sura  in  the  head,  take  from 
the  logarithmic  table  the  corresponding  naturul  number  (aa,  ab, 
ac,  as,  or  «»),  which  place  in  a  column  appropriated  for  the  pur- 
pose. Then  write  log  li  in  tlie  aame  manner,  and  form  bb,  be,  bs, 
bn,  and  so  proceed  to  form  all  the  coefficients  of  the  normal 
equations,  as  in  the  following  table: 


laa) 

m 

f" 

-^I 

t 

'1 

[" 

"1 

[It] 

M              1 

+ 

+ 

— 

+ 

- 

+ 

— 

+_ 

— 

+ 

+ 

— 

1.0 

1.0 

2,0 

2.0 

3,0 

1.0 

2.0 

9.0 

e.o 

15.0 

0.0 

16.0 

4.0 

10.0 

16.0 

4.0 

16.0 

86.0 

84.0 

1.0 

4.0 

1.0 

3.0 

3.0 

6.0 

14.0 

9.0 

g.o 

loo 

4.0 

lll^ 

18.0 

"88T) 

C'O 

U.O 

no 

18.0 

12.0 

+  27.0 

+  « 

.0 

0 

0 

+  33.0 

-68.0 

+  16.0 

+ 

1.0 

l^i 

[ta] 

[«l 

[< 

1 

i™] 

f-I 

[-"] 

+ 

- 

+ 

- 

+ 

+ 

— 

+ 

— 

+ 

— 

+ 

0) 

2.0 

8.0 

4,0 

4.0 

a.o 

B.0 

0.0 

W 

0,0 

10.0 

25.0 

0.0 

25.0 

ao 

26.0 

w 

9.0 

21,0 

16,0 

86,0 

84.0 

1B9.0 

441  0 

(*) 

15.0 

JIO 

9.0 

15.0 

42.0 

70.0 

1B6.0 

24.0 

~2:o 

7a.o 

55,0 

"aTo 

Tiao 

0.0 

1:65.0 

+  2 

l.Q 

- 

0,0 

+  04,0 

+ 

6,o' 

-' 

OT.O 

-  265,0 

+  671.0 

Having  ascertained  that  the  results  Battsty  the  test  equations 
(48),  we  can  write  out  the  normal  equations  as  follows: 

27  .r+    6y  —88  =  0 

6jr  +  ISy  -t-       7—    70  =  0 
y  +  54z  — 107  =  0 

'  "We  proceed  to  determine  the  values  of  x,  y,  z,  according  to 
our  general  formulce,  still  carrying  out  the  workwith  logarithms 
for  the  sake  of  illustration.  Here,  again,  system  and  concise- 
ness are  indiapensable.  The  whole  computation  is  given  helow 
nearly  in  the  form  proposed  by  Encke,  This  form  corresponds 
to  the  group  of  equations  (70).  It  is  divided  itito  three  principal 
compartmeata,  corresponding,  reppectively,  to  the  first  three  equa- 
tions of  (70),  each  beginning  one  column  farther  to  the  right.  In 
the  first  compartment  the  first  line  of  numbers  contains  the  values 
of  [oa],  \jih\  &c.,  the  second  line  their  logarithms,  and  the  third 
line  the  logarithms  of  the  coefficients  of  the  first  equation.  The 
logarithms  in  this  third  line  are  formed  by  subtracting  the  first 
log.  in  the  second  line  from  each  of  the  subsequent  ones,  for  this 
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pat^ae  writing  the  first  logarithm  upon  the  lower  «ilge  of  a  Bttp 
of  paper. 

In  the  Beeoud  compartment,  the  first  Hue  contains  the  values 
of  [bb"],  [6c],  &c. ;  the  second  line,  tlw;  qimutities  stibtraotive  from 
these,  according  to  the  formulte  in  Art.  42.  To  form  these  stih- 
tractive  quantities,  write  the  logarithm  of  j: — ^  (which  is  hert; 
9.84679)  upon  the  lower  edge  of  a  slip  of  paper,  and  hold  it  suc- 
(ressivcly  over  log  [a6]  and  each  of  the  aubseiiuent  logarithms  in 
the  same  line;  add  the  twologarithma  mentally' in  each  case,  take 
the  corresponding  natural  number  from  the  logarithmic  tnble, 
and  write  it  in  its  place  below.  Subtracting  these  number*,  we 
have  the  values  of  [46.1],  [feci],  &e.  The  fourth  line  containR 
the  logarithms  of  these  quantities ;  rtie  fifth,  the  logarithms  of  the 
coefficients  of  our  second  equation,  formed  by  flubtracting  the 
firat  logarithm  of  the  preceding  line  from  each  of  the  ssbsequcnt 
onea  in  that  line. 

In  the  third  compartment  we  hare — -first,  the  values  of  [cc],  ke. ; 
aecoudly,  the  values  of  the  subtractive  quantities  formed  from 
the  last  line  of  the  first  compartment  as  before ;  thirdly,  the 
remainders  which  are  the  values  of  [ir.l],  &c.  The  fourth  line 
contains  the  values  of  the  quantities  which  are  subtractive  from 
the  preceding  and  are  formed  from  the  last  line  of  the  second 
compartment  hy  adding  the  first  logaritJim  of  that  line  to  tfce 
logarithm  immediately  above  it  and  to  each  of  the  subsequent 
logarithma  in  the  same  line;  tlie  fifth  lijuc  contjiins  the  remain- 
ders wliich  are  the  values  of  [f^.  2],  &t>. ;  the  sixth  line,  the  loga- 
rithms of  these;  and  the  last  lin'e,  the  logarithms  of  the  ooeffi- 
cieuts  of  our  third  equation. 

For  control,  we  cany  through  the  operations  upon  [us],  [ts], 
&c.,  precisely  as  upon  the  other  quuntities;  and  tlien.  according 
to  the  arrangement  of  the  scheme,  we  should  have,  if  we  have 
computed  correctly,  eai;h  sum  containing  s  equal  to  the  sum  of 
the  quantities  on  its  left  in  the  same  line,  together  with  those  of 
the  same  order  in  a  vertical  column  over  the  first  number  in  this 
line.    Thus,  we  must  have,  in  the  present  case, 


[ft8.1]  =  [H.l]  +  [6e.l] 
[cs.l]-[<-c.l]  +  [i«.l] 

[«.23=[«:.2] 


[an.l]  =  [6n.l]  -f-  [cti.] 
[sn.2]  =  [f».2] 


relations  easily  proved  by  means  of  the  formulie  of  Art.  42  c 
bined  with  (48). 
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The  colmnnB  [m]  and  [vn]  are  added  to  the  4hifd  eompart- 
lUfsnt  in  order  to  form  the  quantity  [7m.  8],  from  which  the  mean 
error  of  observation  is  to  he  deduced,  as  will  he  shown  hereafter. 


1.48186 


[oft] 

4-6.000 
0.77816 
9.84679 


[ocj 

0.000 

—  oc 

CD 


—  88.000 

0.000 

+  21.805 


—  66.696 
111.82409 
tqg«oz  0.89278 


m 

4.  15.000 
+  1.838 


-f-  18.667 
1.18666 


—  50.444 

4- 2-9i^ 

—  48.628 
fil.68699 

aogysx=.0.6608S 


-f-  1.000 
0.000 


-I-  l.OOU 
0.00000 
8.86484 


[«] 

+  88.000 
1.6186] 
0.08716 


[bi] 

-f  22.000 
+    7.888 


+  14.667 
1.16688 
0.08067 


[cc] 

4-64.000 
0.000 


f  64.000 
-h    0.078 

+  68.927 
1.73181 


-f  66.000 
0.000 


4-  66.000 
-h    1.073 


4-  58.027 


[an] 

—  88.000 
rI.94448 
n0.61812 


[hn] 

70.000 
19.666 


-  60.444 
nl.  70281 
n0.667l6 


[en] 

—  107.000 
0.000 


—  107.000 
-      8. 091 


—  108.809 
n2.01414 


[m] 

—  266.000 

—  107.656 


—  167.446 

—  64.136 


—  108.810 


[nm] 

+  671.000 
-f_286.813 

-f  384.187 
4-  186.191 

4-1977996 
4-  197.900 


log  (—  z)  =r  nO.28238  [nn .  3]  =  4-      0.087 


After  2  has  been  found,  its  value  is  substituted  in  the  secona 
equation  of  (70),  and  y  is  deduced.  Then,  the  values  of  y  and  z 
being  substituted  in  the  first  equation,  wo  find  x.  The  numerical 
computations  are  given  above  in  the  mar<?in. 

Then,  for  the  weights,  by  Art.  47,  we  have  first  to  find  the 
additional  auxiliary 


[66] 


[6c] 


and  by  the  formulfie  of  that  article  we  have — 


+  16.000 
1.17609 

[be] 
+  1.000 
0.00000 

log  [W> .  1]    1.18566 
log  [66]         1.17609 

log  ice .  2] 
log  ice .  1] 
log  [oc .  1]  a 

1.73181 

1.73289 

!    1.73185 

8.82391 

•  ■         "   '   1 

[cc] 

1.43136 

1.13566 

1.73181 

+  54.000 
+    0.067 

9.95957 
9.99996 

1.39089 

logjp. 

9.99942 

log;*. 

1.13508 

,[<B.l<0  = 

:  +  68.938 

The  final  result  ia  then 

a:  =  -i-  2.4702  with  the  weight  24.597 
y  =  +  3.5508    "  "       13.648 

z  =  +  1.9157     "  "       53.927 

It  only  remaioB  to  enhBtitute  the  values  of  x,  y,  and  r  m  1 
original  equations  of  condition,  to  form  the  reaiduaU  r,  and  from 
these  to  determine  the  mean  error  of  observation.  Since  here 
there  are  but  three  unknown  quantities,  we  have,  by  (71),         ^M 

[w]  =  [nB.3]  H 

and  hence  the  mean  error  of  an  observation  of  the  weight  unit^ 
is,  by  (61),  VI  being  the  number  of  equations  of  condition. 


f/[«n-3]\ 


=  0.295 


The  direct  computation  of  the  residuals  ia,  therefore,  not 
for  determiuiug  e:  nevertheless,  it  is  desirable  in  most  oases  ti 
resort  to  the  direct  substitution  also,  not  only  for  a  final  verifica- 
tioa,  but  in  order  to  examine  the  several  observations,  and  to 
obtain  the  data  for  rejecting  any  doubtful  one  by  the  use  of 
Fbihce's  Criterion,  to  be  given  hereafter.  This  direct  substitu- 
tion has  already  been  carried  out  for  this  example  on  p.  525, 
where  we  have  found  [it]  —  0.0804,  which  agret-s  with  the  above 
value  of  [»« .  3]  as  nearly  as  can  be  expected  with  the  use  of  five- 
decimal  logarithms. 

52.  It  not  unfrequently  happens  that  one  of  the  unknown 
quantities  is  such  that  the  given  observations  cannot  determine 
it  with  accuracy.  For  example,  in  the  reduction  of  a  number 
of  observations  of  an  ecHpse,  one  of  the  unknown  quantities  is  a 
correction  of  the  moon's  parallax;  but,  unless  the  places  of  ob- 
servation  be  remote  from  each  other,  the  correction  will  be  very 
uncertain,  and  this  uncertainty  will  affect  all  tlie  other  quantities 
which  enter  into  the  equations  of  condition.  In  such  a  case,thia 
unknown  quantity  will  come  out  with  a  small  coefficient,  which 
of  itself  will  reveal  the  existence  of  the  uncertainty  when  it  is 
not  otherwise  anticipated.  In  order  that  this  uncertainly  may 
not  affect  those  quantities  which  are  well  defined  by  the  obser- 
vations, it  is  expedient  to  determine  all  the  latter  as  functions  of 
the  uncertain  quantity,  which  for  that  purpose  must  be  ntadefl 
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J^^&t  in  the  elimination..  Thus,  with  four  unknown  quantities 
^»  y,  Zy  Wy  we  proceed  only  as  far  as  the  auxiliaries  dehoted  by 
t\xe  numeral  2;  then,  having  found  the  foctors  A'j  A'\  A'"y  B"y 
^^^",  C",  by  (78)  or  (75),  if  we  put 

-^_  [«^]        I   IpnA-]  [en. 2] 

"■  ^  -  pH]      "^  [5671]  ^  "^  [^^  ^ 

.  _  [hn .  1]       [en. 2]      ,  I      . 

"^^-[irTj  +  E^ry]^  f    ^^^^ 

_  [cnj] 

""  [cc  .  2] 

these  will  give  the  values  of  the  unknown  quantities  which  we 
Bhould  obtain  from  the  first  three  normal  equations  if  the  last 
unknown  quantity  were  disregarded  or  put  =  0.  Then,  by  (74), 
the  final  values  of  x,  y^  z,  as  functions  of  the  uncertain  quantity 
IT,  will  be 

y  =  t/+  B"w  \     (85) 

The  values  of  x',  y',  z\  will  thus  be  well  determined,  and  a  sub- 
sequent independent  determination  of  w  will  enable  us  to  find 
the  final  values  of  z,  y,  z.* 

Having  found  the  weights  of  a:',  y\  ^'  (which  is  done  as  if  they 
were  the  only  quantities  under  consideration),  and  their  mean 
errors  c/,  c^',  c,',  then,  when  the  quantit)'^  w  is  afterwards  found, 
the  mean  errors  of  the  final  values  will  be 

c*,==f'«+  (il'"f  )»  1 

/=/'»+ (^".>  V      (86) 

as  we  find  from  the  equations  (79),  or  by  Art.  20. 

CONDITIONEI)    OBSERVATIONS. 

58.  In  all  that  precedes,  we  have  supposed  that  the  several 
quantities  to  be  found  by  observation,  either  directly  or  indirectly, 
were  independent  of  each  other.  Although  they  were  required 
.  to  satisfy  certain  equations  of  condition  as  nearly  as  possible,  yet 
they  were  so  far  independent  that  no  contradiction  was  involved 
in  supposing  the  values  of  one  or  more  of  them  to  be  varied  without 


*  For  an  example' in  which  three  unknown  quantities  are  thus  determined  as 
AuoiiooB  of  t¥fQ  uncertain  quantities,  see  VoL  I.  p.  640. 


T'aiying  thfi  othere.  By  aoeh  vartationn  we  shoiitd  o&totn  t^y^ 
|['in«  of  vAliies  niorf  dr  kxH  jrrabaUi;  hnl  iil!  posnihlf. 

Tlicra  is  a  soeond  I'Liss  of  probteitis,  in  which,  bes^es  the 
equatious  of  couditiou  which  tlie  iiiikiiown  qitanth>ea  are  lo 
satisfy  approximately,  there  arc  also  etiuatioiiB  of  condition  which 
tliey  must  eatVsly  exact)y:  so  that  of  aFl  the  systems  of  valncs 
which  may  be  selected  as  approximately  satisfying  the  first  kind 
of  equations,  only  those  can  he  admitted  as  possible  which  satisfy 
exactly  the  equations  of  the  second  kind.  The  number  of  these 
rigorous  equations  of  condition  must  be  l^sa  than  tlie  number  of 
unknown  quantities ;  otherwise  they  would  determine  these 
quantities  independently  of  all  observationB.  Thene  rigoroun 
Aquations,  then,  may  be  satisfied  by  yarioos  possible  systems  of 
values,  and  we  can  therefore  express  the  problem  here  to  be  con- 
sidered as  follows :  Qf  aU  the  possible  aystema  of  natuea  wAiV-A  fxuflli/ 
satis///  the  rigorous  equalions  of  condition,  to  fiul  the  most  probable,  or 
that  si/stem  which  best  saiisjirs  (he.  approximate  equations  ofi-oiulilioti. 

The  following  are  simple  examples  of  conditioned  observations. 
The  sum  of  the  tliroo  angles  of  a  plane  triangle  must  ho  180":  so 
that  if  we  observe  each  angle  directly,  and  the  sum  of  the  otiserved 
vftlnee  differs  from  180",  these  values  must  be  corrected  so  as  to 
satisfy  this  condition.  The  sum  of  the  angles  of  a  spherical 
triangle  must  be  180° -f-  spherical  excess,  The  sum  of  all  the 
Angles  around  a  point,  or  the  sumof  ull  the  differeneea  of  azimuth 
observed  at  a  station  upon  a  round  of  objects  in  the  horizon,  must 
be  360°. 

The  approximate  conditions  in  these  eases  are  expressed  by 
tlie  observations  thomselvea;  for  the  final  values  adopted  must 
correspond  as  nearly  as  possible  to  the  observed  values.  The 
corrections  to  be  applied  to  the  observed  values  are  to  be  re- 
garded aa  residual  errors  with  their  signs  changed  ;  and  the  solu- 
tion of  our  problem  is  involved  in  the  tVillowing  statement:  Of 
all  the  Bnalems  of  corrections  which  aatisfn  Ihe  rigorous  equations,  that 
system  is  to  be  received  aa  the  most  probable  in  which  the  sum  of  l/ic 
aquarea  of  the  resUluaU  in  the  approxiffiate  equatmna  is  a  minimum. 

54.  The  general  problem  as  above  stated  may  be  reduced  to 
that  of  unconditioned  observations,  already  cimsidored.  For  let 
us  suppose  there  are  m'  rigorous  equations  of  condition,  and  m 
unknown  quantities.  From  these  m'  equations  let  the  values  of 
vi'  unknown  quantities  he  obtu^ined  in  terms  of  the  runiaiiiing 
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^1 


m  —  m'  quantities)  fmd  let  these  values  be  substituted  in  all  thei 
approximate  equations  of  condition;  then  there  will  be  left  in  the 
latter  onlj  «  — « m'  quantities,  which  may  be  treated  as  independ- 
enty  so  thaty  the  approximate  equations  being  now  solved  by  the 
method  of  least  squares,  we  have  the  values  of  the  m  —  m'  quan- 
tities, with  which  we  then  find  the  values  of  the  first  m'  quan- 
tities. This  is  a  general  solution  of  the  problem ;  but  it  is  not 
always  the  simplest  in  practice.  I  shall  illustrate  it  by  a  simple 
example,  before  giving  a  method  applicable  to  more  complicated 
cases. 

Example. — At  Pine  Mount,  a  station  of  the  TT.  S.  Coast  Survey, 
the  angles  between  the  suiTOunding  stations  1,  2,  3,  4  were 
observed  as  follows: 


1.2 
2.3 
3.4 
4.1 


Joscelyne— Deepwater 65°  11'  62".500 

Deepwater — Poakyne 66 

Deaky no— Burden 87 

Burden — Joscely  ne 141 


24  15  .553 

2  24  .703 

21  21  .757 


weight 
3 
3 
3 
1 


There  are  here  four  unknown  quantities  subjected  to  the  single 
rigorous  condition  that  their  sum  must  be  3G0°.  But,  instead  of 
taking  the  angles  themselves  as  the  unknown  quantities,  we  shall 
assume  approximate  values  of  them,  and  regard  the  corrections 
which  they  require  as  the  unknown  quantities. 
We  assume 


1.2 
2.3 
3.4 
4,1 


Joscelyno — Deepwater,  65®  11'  52".5  +  w 
Deepwator — Deakyne,  66  24  15  .5  +  a; 
Deakyne— Burden,  87      2  24  .7  +  y 

Burden— Joscelyno,        141    21  21  .8  +  2 


the  sum  of  whioh  must  satisfy  the  condition 


or 


359*'  59'  54".5  +  w  +  x  +  y  +  a  =  360** 

tr  +  x  +  y  +  j  —  5".5  =  0 

The  difference  between  the  assumed  value  and  the  observed 
value  in  each  case  gives  us  a  residual;  and  the  approximate 
equations  of  condition  are,  therefore, 

10—0  =0 
X  —  0.053  =  0 
y  -^  0.008  =  0 
s  +  0.043  ==  0 


We  have  here  but  one  rigorous  condition  (^r  m'—l),  and  to 
eliiniiiate  this  we  have  only  to  find  from  it  the  value  of  one  mi- 
known  quantity  in  terms  of  the  others,  and  substitute  it  in  the 
approximate  equations  of  condition :  thus,  substituting  the  value 


i»  =  -x-J— J  +  6 

.6 

our  equations  of  condition,  containing  now  three  Independent 

nnlinowu  quantities,  are 

..Igbt.                       J 

—  X  —  y  —  z  -1-  5".5     =  0 

3 

■ 

x                  —  0  .053  =  0 

3 

■ 

y         —  0  .003  =  0 

3 

1 

2  —  0  .043  =  0 

1 

■ 

The  normal  equations,  applying  the  weights,  are  then 

6j:  +  3y  -f  32  —  16.659  ^  0 
3x  -(-  6^  -f  3j  —  16.509  =  0 
Sx  +  3y  +  is  —  16.457  =  0 


which,  being  solved,  give 


whence  also 


a:  =  +  0".9675 
y  =  +  0  .9175 

z^  +  2  .7005 

w  =  +  0.9145 


ftnd  the  corretled  values  of  the  angles  are 


8.4 
4.1 


JoBcelyne — Deepwater 66°  11'  63".4146 

Deepwuter—Deakyne 66    24  16  ,4675 

Doakyne— Burden 87      2  25.6175 

Burden-nJoBcelyne 141    21  24  .5005 

360      0    0  .0000 


55.  "WTien  the  number  of  unknown  quantities  is  great,  or  wlrt 
there  are  several  rigorous  conditions  to  be  satisfied,  the  preceding 
method  would  lead  to  very  tedious  computations,  since  we  are 
required  to  perform  two  eliminations,  tlie  first  from  our  m' 
rigorous  equations  to  find  the  first  m'  quantities  in  terms  of  the 
othera,  and  the  second  from  our  normal  equations  involving  ail 
the  remaining  quantities.     lu  order  to  obtain  the  general  f 
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/or  8  more  condensed  process,  let  the  most  probable  values  of  a 
nainber  (m)  of  directly  observed  quantities  be 

F',  F",  7'",  &c. . . .  F-^ 
Let  the  observed  values  be 

Wy  M",  M"\  &c. . . .  if w 
Lot  these  observations  have  the  weights 

!>',   y*    JP%    Ac.  ...;)<«> 

HiCt  the  equations  which  the  most  probable  values  are  required 
U>  satisfy  rigorously  be  expressed  by 

^  =/'   (F',F",F'",  ...)  =  0 
^'  =  /"  (  Y\  F",  F'",  . . .)  =  0 

^n  ^  jm  (  ^/^  yff^  ym^  . .  .)  =  0  (     C®"^) 

&C. 

and  let 

m'  =  the  number  of  these  conditions. 

Let  the  most  probable  corrections  of  the  observed  values  be 

t/,  v",  i/",  &c.  . . .  t;<«> 
80  that 

r'=M'+  t/,        F"  =  -If"  +  t/',        F'"  =  -If"'  +  v'",  &o. 

Let  the  values  of  ^p',  ^p",  ^p"' . . .  when  the  observed  values  are 
actually  substituted  be  n\  n'',  n'"  ...  or 

/'  (if',  M",  M"\  . . .)  =  n' 
/"  (Jlf ',  -M ",  Jkf"', . . .)  =  n" 
f"  (Jlf ',  Jlf ",  Jf "', . . .)  =  n'"  /      (®®^ 

&c. 

Let  the  differential  coefficients  -p^*  j^^  &c.,  -7=^*  TtFT^'  ^^-  '^^ 

fofmed ;  substitute  in  them  the  values  J!f' ,  Jf ",  J!f "' ...  for  F', 
F",  F''',  and  denote  the  resulting  values  by  a',  a",  &c.,  6',  6'', 
&c. ;  that  is,  put 

^  =  a',      -^=a",       -^  =  a"',&c. 
dP"         '       dV"  dV"  ' 

^-V        .^f—h"  ^"f"   - h'"  Ac 

d^-*^'        dT'  '        dF"'~     '^" 

^'  =  C,        ^5^=0",        -^  =  c'",&c. 
iT  dV"  '        dV"  ' 


£54  AP^Diz. 

These  vainea  of  l^e  differential  ooeffi^eatB  will  generalljF  be  aaf— = 
ficiently  exact ;  but  if  M\  J£",  M'"  ...  are  found  very  greatly  ivkzl 
error,  a  repetition  of  the  computation  might  be  necesBary,  icr= 
which  the  more  exact  values  found  by  the  firet  computatioi^iz 
would  be  used. 

The  values  of  M',  M",  M'"  . . .  being  amnmed  to  be  80  nearl*^ 
correct  that  the  second  and  higher  powers  of  the  correctioQB  u'^~" 
v"y  v'" . . .  may  be  neglected,  we  have  at  once,  by  TAixoR't. 
Theorem,  as  in  the  similar  case  of  Art  40, 

/=n'  +«'t/4-a»»"+«"V"-t.... 

^'=n"  +  6'i/+6"u"+yV"+... 

/"=  n"'  +  <ft/+  cf'if'  +  <f"^"  +  ... 

Ac.  tus. 


wbich  m'  equations  mnst  be  rigorously  satisfied  by  the  values  o^t= 
»',  v",  v"' .... 
The  equations 

F'  —  iff '  =  0,        r"  —  M"=  0,        T'"  —  M'"  =  0.  4c. 

are  the  approximate  equations  of  condition ;  or,  more  strictly, 

V'  —  ir^t/,        F"  — Jr'  =  w",        V"~M"'  =  v"',&a. 

are  the  equatione  of  conation  which  are  to  be  satisfied  by  tb9 
most  probable  system  of  residuals  v',  v",  v"' ....  These,  redace<l 
to  the  unit  of  weight  by  Art,  41,  become 


C  r  —  JT)  t/p'  =  i^|//,       (  7"  —  M")  i/j/'  =  o- yy,  &c.       (90> 
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B  here  conditioned  hy  the  equations  (89).    If,  then,  we  diffieren 
ti«te  (89),  the  equations 

a'dr/  +  a"di/'  +  a'"rft/"  +....  =  0 
Vdi/  +  y'dv"  +  6'"di/"  +  ....=  0 
i/dv'  +  (/'dt/'  +  (J^'di/"  +  ....=  0  ^   C^2) 

^'^ust  coexist  with  (91). 

The  number  of  the  equations  (92)  is  m',  while  the  number  of 
tSifferentials  is  m;  and  since,  by  the  nature  of  the  case,  we  must 
liave  m  >  tw',  we  can,  by  elimination,  find  from  (92)  the  values 
of  m'  differentials  in  terms  of  the  remaining  m  —  m'  differentials. 
Xet  us  suppose  this  elimination  to  be  performed,  and  that  the 
values  of  the  first  m'  differentials,  found  in  terms  of  the  others, 
are  then  substituted  in  (91) ;  we  shall  thus  have  an  equation  in 
which  the  remaining  m  —  m'  unknown  quantities  can  be  regarded 
as  independent,  and  the  coefficients  of  these  m  —  m'  quantities 
in  this  final  equation  will  then  severally  be  equal  to  zero.  We 
can  arrive  directly  at  the  result  of  such  an  elimination  and  sub- 
stitution as  follows.  Multiply  the  first  equation  of  (92)  by  -4,  the 
second  by  -B,  the  third  by  C,  &c.,  and  also  the  equation  (91)  by 
—  1,  and  form  the  sum  of  all  these  products.  Then,  if  Aj  By 
C. . . .  are  determined  eo  that  m'  difterentials  shall  disappear 
from  the  sum  (and  they  can  be  so  determined,  since  it  only 
Requires  m'  conditions  to  determine  m'  quantities),  the  final 
equation  obtained  will  contain  only  the  m  —  m'  remaining  differ- 
entials. But,  the  latter  being  independent,  their  coefficients  must 
also  be  severally  equal  to  zero :  and  hence  we  have,  in  all,  the 
following  m  conditional  equations : 

a'A  +VB  +(/C  +  ....—p'l/  =0 
a"A  +  b"B  +  c"(7  +  . . . .  — yv  ==  0 
a"' A  +  b'"B  -f  ^"'(7  -f-  . . . .  —  / V"  =  0  I    (^^) 

&c.  &c. 

a'  a" 

If  we  multiply  the  first  of  these  by  — » the  second  by  --jy  &c.,  and 

add  the  products,  we  have,  by  comparison  with  the  first  equation 
of  (89), 

[f]^+[T]»  +  [f]<'+-  +  ^=» 


hich  the  nBBal  Qotation  for  sams  is  followed,  hi  this  way 
can  form  m'  normal  equatioDS  contaming  m'  qnantitieB, 
nely, 


[f]^.[fMf]o.. 


.  +  n'  =  0 
.  +  n"  =  0 
.  +  n"'=  0 


(94) 


io. 

If  the  observations  are  of  equal  weight,  we  have  only  to  put 
p  =  1,  or,  in  other  words,  omit  p. 

The  factors  A,  B,  C. ..  are  called  by  Gadsb  the  correlatives  of 
the  equations  of  condition. 

The  equations  (94)  being  resolved  by  the  usual  method  of 
elimination  (Art.  42),  the  values  of  the  correlatives  found  are 
then  to  be  substituted  in  (93),  whence  we  obtain  directly  the 
required  corrections. 
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\Ve  have,  first 

<7'  ^  (T"  =  <l"'  =  rt"  =  1 

Bxifi  when  Jtf"',  M",  &c.  are  put  for  V,  V",  &c.,  we  have  (88) 

n'  =  —  6".487 

-A^^  we  have  hut  one  condition,  we  have  alao  hut  one  correlative 
-A  J  the  equation  of  condition  is,  by  (89), 

—  6".487  +  «'  4-  V"  +  t"'  +  »"  =  0 

^K^d  the  nngle  normal  equadon  may  he  conatructed  according  to 
*^i».8  following  form : 


'[•   7 

8    1     J 
3     1     i 
3     1     i 

y]- 

and  hence,  by  (95), 

1/  =  +  0.9145 
vr=  +  0.9145 
r"'=  +  0.9145 
v^=  +  2.7435 


2j1  — 6".487  =  0 
A  =  +  2".7435 


Correoted  Tdlnw. 
T"  =  65"  11'  63".4145 
F"=  66  24  16  .4675 
F"'=  87  2  25  .6175 
P"''=141  21  24  .5005 
360      0     0 


agreeing  with  the  result  found  by  the  much  longer  process  of 
the  preceding  article. 

56.  The  further  prosecution  of  this  branch  of  the  sulrject 
belongs  more  especially  to  works  on  -Geodesy.  Por  more  ex- 
tended examples,  sec  the  special  report  of  Mr.  C.  A,  Schott  in 
the  Report  of  the  Siiperiiitendent  of  the  U.S.  Coast  Survey  for 
1854,  from  which  tbc  above  example  has  been  drawn.  Consult 
also  Be&sel*s  Gradinessiing  in  Ostpreussen  in  1838 ;  IlosENBERaEB, 
In  the  Aatronomisehe  Nackrickten,  Nos.  121  and  122 ;  Bessel,  ibid 
Ko.  488 ;  T.  Oalloway,  Application  of  the  Method  to  u  Portion 


of  the  Survey  of  England,  in  the  Memoirs  of  the  Roj^  Astrmo) 
cal  Sociely,  Vol.  XV.;  ■S.S.'QsnzR's  Kuskncermessang;  Fischer 
Qeodmsie;  Gkrlinq's  Ausgldckungs  Rirhnungcn;  DiSSQZV.'s. 
glekkung  der  Bedbachtung.^fcklcT ;  Liagre,   Caktd  des  Probabi 
aod  Gauss,  Supplemetitum  tkeorice  combmalionis,  ka. 


HKR         ' 


CRITBRIOH   FOR   THR   RKJECTION   OF   DOUBTFUL   OBSERVATIONS. 

57,  It  has  been  already  remarked  (p.  4P0)  that  the  number  of 
laro;e  errors  occurring  in  practice  usually  exceeds  that  given  by 
theory,  and  that  this  discrepancy,  inatead  ^  imviUidatiug  tbe 
theory  of  purely  "accidental"  errors,  rather  iudicatos  a  eousee 
or  BourcBB  of  error  of  an  abnormal  character,  aud  calls  for  a 
criterion  by  which  such  abuonual  observations  maybe  excluded. 
The  criterion  proposed  by  Prrf".  Peirce*  will  bo  given  here  with 
the  investigation  nearly  in  the  words  of  its  author,  and  with  only 
some  slight  changes  of  notation- 

58.  "In  almost  every  true  series  of  observatious,  some  are 
found  which  differ  so  much  from  the  others  as  to  indicate  some 
abnormal  source  of  error  not  aontoniplated  in  the  theoretical 
discussions,  and  the  introduction  of  which  into  the  investigations 
can  only  serve,  in  the  present  state -of  science,  to  peiplex  and 
mislead  the  inquirer-  Geometers  have,  therefore,  been  in  the 
habit  of  rejecting  those  observations  which  appeared  to  them 
liable  to  unuBual  defects,  alUioiigh  no  exact  criterion  lias  been 
proposed  to  teat  aud  authorise  such  a  procedure,  and  this  delicate 
eubjeet  has  been  left  to  the  arbitrary  disoretion  of  individual 
coraputera.  The  object  of  the  present  investigation  is  to  produce 
an  exact  rule  for  the  rejection  of  obaei*vatione,  which  shall  be 
legitimately  derived  from  the  principles  of  the  Calculus  of  Pro- 
babilities. 

"  It  is  proposiid  to  determine  in  a  seriea  of  m  obaermiiotis  the  limit  if 
error,  beyond  which  all  observations  involving  so  greal  an  error  maif  be 
rejected,  provided  there  are  as  many  as  n  sitch  observations. 

"  The  principle  upon  which  it  is  proposed  to  solve  this  problem 
is,  that  the  proposed  obscrrafions  should  be  rejected  when  (he  probability 
of  the  si/stcm  of  errors  obtained  by  retaining  them  is  less  than  that  of 
the  si/stem  of  errors  obtained  by  their  rejeetion  multiplied  by  the  proba- 
bitit)/  of  making  so  many,  and  no  more,  abnormal  obaercations. 
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cc 


In  determining  the  probability  of  these  two  systems  o£  erroca, 
it  must  be  carefully  observed  that,  because  observations  are 
rejected  in  the  second  system,  the  corresponding  observations  of 
the  first  system  must  be  regarded,  not  as  being  limited  to  their 
actual  values,  but  only  as  surpassing  the  limit  of  rejection." 

liCt 

fi  =  tbo  number  of  unknown  quantities, 

m  =  the  whole  nnmbor  of  observations, 

II  =  the  namber  of  obscrvationB  proposed 
to  be  rejected, 

n'=  m  —  n,  the  number  to  be  retained, 
J,  J',  J",  . . .  J^*  =  the  system  of  errors  when  no  observa- 
tion is  rejected, 
Jj,  Jj',  Jj", . . .  J/*'^  =  the  system  of  errors  when  n  observa- 
tions are  rejected, 
c,  Cj  =  the  moan  errors  of  the  first  and  second 
system,  respectively, 

y  =  the  probability,  supposed  unknown, 
of  such  an  abnormal  observation  that 
it  is  rejected  on  account  of  its  magni- 
tude, 

y'=  1  —  y  =  the  probability  that  an  ob- 
servation is  not  of  the  abnormal  cha- 
racter which  involves  its  rejection, 

X  =  the  ratio  of  the  required  limit  di  error 
for  the  rejection  of  n  observations  to 
the  mean  error  e,  so  that  xs  is  the 
limiting  error. 

3lie  prabability  of  an  erroo*  J  in  the  first  system  will  be,  by '(14) 
ajid  (21), 

tind  the  same  form  will  be  used  for  the  second  system. 

The  probability  of  an  error  which  exceeds  the  limit  xe  will  bo 
expressed  by  the  integral  (Arts.  8  and  12) 


or,  denoting  this  by  yf^Xy 

2  ^A  — on ^ 


2  |^A»on       ^ 

4X  =  =:  I         e    2^  dJ 


which,  by  patting  (  =  — -zj  becomeH 


~V' 


J" 


and  this  may  be  found  directly  from  Table  IX.  by  enbtractii::^-' 


thft  tabular  number  correaponding  to  t  = 


v/2 


from  unity. 


The  probablli^  of  the  first  system  of  errors,  embodying  th^ 
condition  that  n  observations  exceed  the  limit  xe,  is 


_         1         _» 


in  which  SJ*—J*+  J'*+ (Jt'>)»;  and  by  (61)  we  hav*- 

J'J*  =  (m  ~  /i)  «*,  whence 


r-'(2jr)i-'  '^  ' 

The  probabili^  of  the  second  system  of  errors  ii 


Pj  =  yY"" .  y  J, .  ^4^'.  f>J,"  . . .  =  — : 
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w^lkence 


Puttiiig  then 


n  J      n 

m  m 


B   =  e*<«*-^)  (4x) 


(96) 


^e  limiting  valae  of  x,  according  to  the  above  inequality,  must 
^e  that  which  satisfies  the  equation 


(i.)'».= 


'Which  givBs  the  required  criterion. 

The  relation  of  Cj  to  e  must  depend  on  the  nature  of  the  equa- 
tions which  correspond  to  the  rejected  observations;  but  it  will 
give  a  sufiicient  approximation  to  assume  that  the  excess  of  U* 
over  2*Jj*  is  only  equal  to  the  sum  of  the  squares  of  the  errors  of 
the  rejected  observations,  which  gives  the  equation 

(m  —  fi)e*  —  nxV  =  (m  —  fi  —  n)  Cj* 
whence 

(c,  y wi  —  fi  —  nx* 
e  /       m  —  fi  —  n 

which  combined  with  the  above  equation  gives 

—  fi  —  n  ""y^/"*""" 

Putting,  for  brevity, 

-).---.  (97) 

We  find 

X.  _  1  =  !!Lz^zi!?  (1  _  ^.)  (98) 

Table  X.A  gives  the  logarithms  of  Tand  iZ,  computed  by  (96) 
with  the  aid  of  Table  IX.  We  can,  therefore,  by  successive 
approximations,  find  the  value  of  x  which  satisfies  the  equations 
(97)  and  (98).  Since  R  involves  x,  we  must  first  assume  an  ap- 
proximate value  of  X  (which  the  observed  residuals  will  suggest), 
with  which  A*  will  be  computed  by  (97),  and  hence  x  by  (98). 

Vol.  n.— 36 


m  —  ju  — 
m 


With  tliia  first  approximate  value  of  x,  a  new  value  of  log  S  » 
be  taken  from  the  table,  with  which  a  second  approximation  tc^ 
»  will  be  found.  Two  or  three  approximations  will  usually  i^^ 
found  sufficient. 

In  the  application  of  this  criterion,  it  is  to  be  remembered 
that  it  must  not  be  used  to  reject  n  ohserrations  unlesn  it  haa 
previously  rejected  n  —  1  observations.  Hence  we  must  first  de- 
termine the  limiting  value  of  x  for  the  hypothesis  of  one  doubtful 
obaervatioD,  or  n  =  1,  and  if  this  rejects  one  or  more  obserra- 
tions,  we  can  pass  to  the  next  hyiiotheais,  n  =  2,  or  n  =  8,  &c. ; 
and  so  on  until  we  arrive  at  the  limit  which  excludes  no  more 
observations. 

The  above  arrangement  of  the  tables  is  nearly  the  same  oa 
that  given  by  Dr.  B.  A,  Gould,*  who  was  the  first  to  prepare 
aucb  tables  and  thus  render  tlie  criterion  available  to  practical 
«omputers.  The  only  difference  is  in  my  table  of  Log.  jT,  which 
I  have  found  in  practice  to  be  more  convenient  than  the  corre- 
■ponding  one  of  Br.  Gould. 


Example. — "To  determine  the  limit  of  rejection  of  one  d^ 
two  observations  in  the  ease  of  fifteen  observations  of  the  vertical 
eemidiameters  of  Venus,  made  by  Lieut.  Hbrndon,  with  the 
meridian  circle  at  Washington,  in  the  year  1846."  In  the  reduc- 
tion of  these  observations,  Prof.  Peirce  assumed  two  unknown 
quantities,  and  found  the  following  residuals  (f) : 


—  0' 

.30 

-  r.24 

— 

1".40 

+  0- 

18 

—  0 

.44 

+  0 

.06 

— 

0  .28 

+  0 

39 

+ 1 

.01 

+  0 

.03 

— 

0  .05 

+  0 

10 

+  0 

.48 

-0 

.13 

+ 

0  .20 

We  have  here  m 

=  15,  ^  = 

=  2, 

[•»] 

= 

4.2545 

whence 

i'  = 

4.2545 

ID 

=  0.3273 

,_ 

0".572 

A 

We  first  try  the  hypothesis  of 
n  =  1.    Assuming  x  =  2,  the 
be  made  as  follows : 


J 


doubtful  obserra^A,  or 
approximations   majr 


^  Report  of  tlie  Superintend  en  I  or  thB  D.S.  Caul  Survej  for  IBM,  App«n<lU.  p 
M!»:  nUo  Awtran.  Jovmal,  Vol  IT,  p.  81. 


METHOD  OF  LEAST  SQUARES. 


568 


Sn 


— n       7 


tf»  —  ft.  —  n 


=  12 


Ist  Approx. 

Table  X.A.  log  T    8.404 

2d  Approx 
8.4044 

"       «      logJi    9.309 
log  ^    9.095 

9.3062 
9.0982 

log  i»      9.871 

9.8712 

\og  (1  —  iT)  9.410 

9.4093 

5                     log  12    1.079 

1.0792 

log(x«       1)  0.489 
logx»  0.610 

0.4885 
0.6106 

K  2.02 

2.020 

XEence  xe  =  l'M6,  which  excludes  the  residual  1".40. 

We  may  now  try  the  hypothesis  n  =  2.     Commencing  again 
with  the  aasumption  x  =  2,  we  have — • 


2% 

m — It 

4 
18 

m  —  tt  — 

•  n 

log  T 
logR 

log;' 

log  (1  -  X^) 

11  ,       11 

-2 ,  ^^^  -^ 

'   log(x'-.l) 

logx« 


Ist 
Approx. 

8.7210 
9.309 

9.412 

9.819 
9.531 

0.740 

0.271 
0.457 
1.69 


2d 
Approx. 

8d 

Approx. 

8.7210 

8.7210 

9.3622 

9.3544 

9.3588 

9.3666 

9.8027 

9.8051 

9.5624 

9.5582 

0.7404 

0.7404 

0.3028  0.2986 
0.4783  0.4755 
1.734     i  1.729 


4th 

Approx. 

8.7210 
9.3553 

9.3667 

9.8048 
9  5587 

0.7404 

0.2991 
0.4758 
1.7295 


Hence  xe  =  0".989,  which  excludes  the  residuals  1".40  and  1".01. 
K  we  now  try  the  hj-pothesis  n  =  3,  we  shall  find,  in  the  same 
manner,  X£  =  0".887,  which  does  not  exclude  the  residual  0".63 : 
80  that  the  residuals  1".40  and  1''.01  are  in  this  case  the  only 
abnormal  ones.  Rejecting  these  residuals,  we  shall  now  find 
c,=  0'\839.* 

59.  In  order  to  facilitate  the  application  of  Peirce's  Criterion 


*  For  another  example,  in  which  there  were  four  unknown  quantities,  and  in 
which  the  criterion  was  yery  useful,  see  p.  207  of  this  Tolame. 


'  in  the  cnses  most  commonly  occurring  in  practice,  Table  X.  (fiw_ 

given  by  Dr.  Gould)  has  been  computed  by  the  aid  of  the  logT'~^^-^ 
[  and  log-ffi,  according  to  the  preceding  method. 

The  fii-at  p&ge  ot"  this  table  is  to  be  used  when  there  is  but  ^*  * 

I  one  unknowii  quantity  (//  =  1),  or  for  direct  observations.     It  A  J 

I  gives,  by  simple  inspection,  the  value  of  x'  for  any  number  of  ~^* 

I  observations  from  S  to  60,  and  for  any  number  of  doubtful  obscr-  — ^ 
I  vatioufl  from  1  to  9. 

The  Bcconil  page  is  used  in  the  same  manner  when  there  are  ^gM 

i  two  unknown  quantities  (ji  =  2).  ^^| 

Example. — Same  as  in  the  preceding  article, — Having  found,  ^5 

B3  above,  e*^  0.3273,  we  first  take  from  Table  X.  for  /j  ^  2  the  ^ 
value  of  X*  corresponding  to  m  =  15  and  n  =  1,  and  find 


=  4.080,  whence  x"*'  =  1.3354, 


t  =  1".16 


I  which  rejects  the  residual  1".40. 

Then,  with  wi  —  15,  n  =  2,  we  find,  from  the  same  page, 


which  rejects  the  two  residuals  1".40  and  1".01. 
Passing,  then,  to  the  hypothesis  n  =  3,  we  find 


I  which  does  not  exclude  any  more  residuals. 

60.  The  above  investigation  of  the  criterion  involves  soma  I 
principles,  derived  from  the  theory  of  probabilities,  which  may^J 
seom  obscure  to  those  not  familiar  with  that  braneh  of  science,  f 
Indeed,  the  possibility  of  establishing  any  criterion  whatever  forJ 
the  rejection  of  doubtful  observations,  by  the  aid  of  the  calculu» 
of  probabilities,  has  been  questioned  even  by  so  distinguished  an  \ 
astronomer  as  Airy.*  It  is  easy,  however,  to  derive  an  approxi-J 
mate  criterion  for  the  rejcdion  of  one  douhlful  observut'On,  directlyT 
from  the  fundamental  formula  upon  which  the  whole  theory  of '1 
the  method  of  least  squares  is  based. 

We  have  seen  that  the  function 


*  ReiDUks  upon  PRiBri's  Critirio 
p.  137.  ProfBSwr  Wis  lock' »  reply  I 
bo  found  in  (be  same  journal,  Vol,  IV 


I,  Anrimnmiail  Jotinal  (Cmnhlidge),  Vol.  IV. 
I  the  otfjectioas  of  lli«  AltroDomer  Rojriil  will 
p.  1 1.-,. 
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[ibe  value  of  which  is  given  in  Table  IX.  A)  represents,  in  general, 
the  number  of  errors  less  than  a  =  rV  which  may  be  expected  to 
occur  in  any  extended  series  of  observations  when  the  whole 
number  of  observations  is  taken  as  unity,  r  being  the  probable 
error  of  an  observation.  If  this  be  multiplied  by  the  number  of 
observations  =  w,  we  shall  have  the  actual  number  of  errors  less 
than  rV ;  and  hence  the  quantity 

m  —  m .  e{pV)  =  m  [1  —  e(/>t')] 

expresses  the  number  of  errors  to  be  expected  greater  than  the 
limit  ri\  But  if  this  quantity  is  less  than  J,  it  will  follow  that 
an  error  of  the  magnitude  W  will  have  a  greater  probability 
against  it  than  for  it,  and  may  therefore  be  rejected.  The  limit 
of  rejection  o/"  a  single  doubtful  observation^  according  to  this  simple 
role,  is,  therefore,  obtained  from  the  equation 

i  =  m  [1  ~  QipV)-] 
or 

If  we  express  the  limiting  error  under  the  form  xc,  c  being  the 
mean  error  of  an  observation,  we  shall  have 

X  =  —  =  0.6745  r  (100) 

With  the  value  of  Q{pt^)  given  by  (99),  we  can  find  /'  from  Table 
IX.A^  and  hence  x  by  (100). 

Example. — ^To  find  the  limit  of  rejection  of  one  of  the  obser- 
vations given  on  p.  562.  We  there  have  m  =  15,  e  =  0".572; 
and  hence,  by  (99),  e{pt')  =  0.96667,  which  in  Table  IX.  A  cor- 
responds to  t'=  3.155,  whence,  by  (100),  x  =  2.128,  X€  =  1".22, 
which  agrees  verj^  nearly  with  the  limit  found  by  Peirce's 
Criterion. 

By  the  successive  application  of  this  rule  (with  the  necessary 
modifications),  it  may  be  used  for  the  rejection  of  two  or  more 
doubtful  observations,  and  I  have,  by  means  of  it,  prepared  a 
table  which  agrees  so  nearly  with  Table  X.  that,  for  practical 
purposes,  it  may  be  regarded  as  identical  with  that  table.  For 
the  general  case,  however,  when  there  are  several   unknown 
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quantities  and  several  doubtful  observations,  the  modificat' 
which  the  rule  requires  render  it  more  troublesome  than  Peir 
formula,  and  I  shall,  therefore,  not  develop  it  further  in 
place.  What  I  have  given  may  serve  the  purpose  of  ^ving 
reader  greater  confidence  in  the  correctneaa  and  value  of  Peib 
Criterion. 


TABLES, 


jgftja/v'^ 


[Note.— ^The  very  complete  collection  of  tables  and  formulae  prepared 

*^y  Dr.  Albrecht,  of  the  Prussian  Geodetic  Institute,  may  be  consulted 

^ith  advantage.     The  title  of  the  work  is  Fm^meln  und  HiJfdafeln  fur 

Oeo^aphiiche  Ortabestimmungen,  nebst  Kurzer  Anleitimg  zur  Auafuhrung 

dertelben.    (Leipzig,  1879,  8vo.  pp.  240.)] 

Fob  the  explanation  of  the  construction  and  use  of  these  tables^  con- 
«alt  the  articles  referred  to  below. 

Table    I.  Mean  Refraction.    (Explanation,  Yol.  I.  Art.  107.) 

"       II.  A,  B,  C,  D,  E,  and  F,  Bessel's  Refraction  Table.   (Vol.  I. 
Arts.  107,  117,  119;  and  Vol.  II.  Arts  294,  295.) 

*^     III.  Beduction  of  Latitude  and  Logarithm  of  the  Earth's 
Radius.     (Vol.  I.  Arts.  81,  82.) 

"      lY.  Log  A  and  Log  B,  for  computing  the  Equation  of  Equal 
Altitudes.     (Vol.  I.  Arts.  140,  141.) 

«       Y.  Reduction  to  the  Meridian.    Values  of 


2  Sinn «  .  2g:n*J« 

m  =  =-      and      n  =  — ~ — -i- 

Bin  1"  Bin  1" 


(Vol.  L  Arts.  170,  171.) 

«'      YI.  Logarithms  of  m  and  n.     (Vol.  I.  Arts.  170, 171.) 

"    YII.  A  and  VII.  B.  Limits  of  Circummeridian  Altitudes.    (Vol. 
I.  Art.  175.) 

"  Ym.  and  VIII.  A.  For  reducing  transits  over  several  threads 
to  a  common  instant.     (Vol.  II.  Arts.  173,  187.) 

**      DC.  and  IX.  A.  Probability  of  Errors.   (Appendix,  Arts.  12, 14.) 

"       X.  and  X.  A.  Peirce's  Criterion  for  the  Rejection  of  doubtful 
Observations.     (Appendix,  Arts.  58,  59.) 

tables  for  correotinq  lunar  distances. 

«      XL  Dip  of  the  Sea  Horizon.     (Vol.  I.  Art.  124.) 

^    XII.  Augmentation  of  the  Moon's  Semidiameter.     (Vol.  I.  Art. 
130.) 

«  XIII.  Correction  of  the  Moon's  Equatorial  Parallax.     (Vol.  L 
Art.  97.) 
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Table  XIV.  Koan  Reduced  BeMction  for  Lunors.    (Vol.  I.  Art.  249.) 
"     XIV.  A.  Correction  of  the  Mean  Refraction  for  tlie  Height  of 

the  Barometer.     (Vol,  I.  Art.  249.) 
"     XIV.  B.  Correction  of  the  Mean  Reftnction  for  the  Height  of 

the  Thermometer.     (Vol.  L  Art.  249.) 
"       XV.  Logarithms  of  A,  B,  C,  D,  for  correcting  Lunar  Da- 

tancoB.    .(Vol.  I.  Art.  249.) 
"      XVI.  Second  Correction  of  the  Lunar  Distance.    (Vol.  I.  Art 

249.) 
"    XVII.  A  and  B.  For  finding  the  Correction  of  the  Lunar  Dit- 

tance  for  the  Contraction  of  the  Moon's  Semidia meter. 

(Vol.  I.  Art.  249.) 
"  IVIII.  A  and  B.    For  finding  the  Correction  of  the  Lnnar  Dis- 
tance for  the  Contraction  of  the  Sun's  Semidiameter. 

(Vol.  I.  Art.  249.) 
"      XIX.  For  finding  the  value  of  JV  for  correcting  Lunar  Dis- 

taoceB  for  the  Compression  of  the  Earth.     (Vol.  L 

Art.  249.) 
*'       XX.  Correction  required  on  account  of  Second  Differences  of 

the  Moon's  Motion,  in  finding  the  Greenwich  Tim« 

corresponding  to  a  Corrected  Lunar  Distance.    (VoL 

L  Art.  66.) 


TABLE  I.    Mean  Befraction. 


Barometer,  80  inches.     Fahrenheit's  Thermometer,  50^. 


fciT 

MMn 

Appnrent 

McHn 

Appariiiit 

Meitn 

Apparent 

Mr-in 

Ap[Nirent 

Mpftn 

' 

Z«D.DM. 

Refracliun 

Z«u.  I>i8t. 

Rrfriictioii 
/        ft 

Zun.  Didt. 

K«fnictlon 

f       It 

Ken.DiHt. 

0       t 

lU'fmctioii 

Zen.Dirit. 

Refhiction. 

0 

* 

r          t* 

0       / 

0       / 

t               H 

0       1 

t      It 

1      0 

0 

O      0.0 

48     0 

I     4.7 

63     0 

X    4.4 

75     0 

3  34-1 
3  36.5 

80  30 

5  35> 

1 

0 

O      I.O 

20 

!  iX 

10 

2     0.2 

10 

35 

S  37-9 

2 

0 

O      2.0 

40 

20 

20 

3  39  0 

40 

5  407 

3 

0 

i    o     3.1 

40    0 

I     7.0 

30 

2     7.2 
2     8.2 
2     9.2 

30 

3  4>-6 

45 

5  46-6 
5  49-6 

.     4 

!      ft 

0 
0 

0      4.1 
0       5.1 

20 
40 

I    sie 

40 
60 

40 
50 

3  ^i 

3  46.8 

50 
55 

6 

0 

;  0   6.1 

50    0 

I   9.4 

66    0 

2  10.2 

76     0 

3  49-5 

81     0 

5  Sa-^ 

7 

0 

0      7.2 
0      8.2 

20 

I  10.2 

10 

2    II. 2 

5 

3  509 

5 

5  55Z 

5  58-8 

6  2.0 

8 

0 

40 

I  II. 0 

20 

2    12.2 

10 

3  5a-3 

10 

9 

0 

0      9.2 

51     0 

I  II. 9 

30 

2    13.3 

15 

3  53-7 

15 

iO 

0 

0    10.3 

20 

I  12.7 

40 

»  "4-3 

20 

3  56.6 

20 

6     5.2 
6     8.5 

11 

0 

0    II. 3 

40 

I  13.6 

60 

2    15.4 

25 

25 

13 

0 

0    12.4 

52    0 

I  14.5 

67    0 

2    16.4 

76  30 

3  58« 

81  30 

6  II. 9 

13 

0 

0    13.5 

20 

I  1 5.4 

I  16.3 

10 

2    17.5 
2    18.7 

35 

3  59-6 

35 

6  1C.3 

6  x\k 

14 

0 

0    14.5 

0  ic.o 
0  16.7 

40 

20 

40 

4     1.0 

40 

15 

0 

53    0 

I  17.2 

30 

2    19.8 

45 

4    2.6 

45 

6  22.3 

16 

0 

20 

I   i8.a 

40 

2   20.9 

50 

4    41 

60 

\  *5  2 

6  29.6 

17 

0 

0  17.8 

40 

I   19.1 

60 

2   22.1 

65 

4     5-6 

55 

18 

0 

0  18.9 

54    0 

I  20.1 

68     0 

2   23.3 

77     0 

4    8.8 

82     0 

6  33-3 

19 

0 

0  2ai 

20 

I  21.0 

]0 

2   24.5 

■     5 

6 

6  37.1 

90 

0 

0  21.2 

40 

1  22.0 

20 

2    2C.7 
2    26.9 

10 

4  10.4 

10 

6  41.0 

21 

0 

0  22.^ 
0  23.0 

55    0 

I  23.1 

30 

15 

4  12.0 

15 

6  4A.9 
6  48.9 

» 

0 

20 

I  24.1 

40 

2    28.1 

20 

4  >3-6 

20 

23 

0 

0  24.7 

40 

I  25.1 

60 

2    29.4 

25 

4  153 

25 

6  53.0 

24 

0 

0  25.9 

56    0 

I  26.2 

60    0 

2    30.7 

77  30 

4  >7o 

82  80 

6  57.1 

25 

0 

0    27.2 

5  *8-4 

6  a9-7 

20 

I  27.3 

10 

2    32.0 

35 

4  x8-7 

35 

7     1-4 

20 

0 

40 

I  28.4 

20 

»  33-3 
2  3A.6 

2  36.0 

40 

4  20.4 

40 

7     5-7 

27 

• 

57    0 

1  29.5 

30 

45 

4  22.2 

45 

7  10.1 

28 

6 

0  31.0 

20 

I  30.7 

40 

50 

4  ^3  9 

50 

7  H-6 

20 

0 

0  32.3 

40 

I  31.8 

50 

2  37.4 

55 

4  aS-7 

65 

7  19* 

30 

0 

0  33.6 

58    0 

I  33.0 

70     0 

2  38.8 

78     0 

4  »7-5 

83     0 

7  23.8 
7  28.6 

31 

8 

0   JJ.O 

0  3S.A 
0  J7.8 

20 

I  34.2 

10 

2  40.2 

5 

4  a9-4 

5 

33 
33 

8 
0 

40 
50    0 

I  35  5 
1  36.7 

20 
30 

2  41.6 
2  43> 

10 

4  3>  » 
4  33> 

10 
15 

7  335 
7  3»-4 

34 

0 

0  39.1 
0  40.8 

20 

I  38.0 

40 

2  4^.6 
2  46.1 

20 

4  350 
4  369 

20 

7  43  5 
7  48-7 

^ 

0 

40 

«  39-3 

50 

25 

25 

n 

0 

0  42.3 

60    0 

I  40.6 

71     0 

a  47-7 

78  30 

4  38-9 

83  30 

7  53  9 

37 

0 

0  43-9 

20 

I  42.0 

10 

2  49.1 

35 

4  409 

35 

I  59  J 
8     4.8 

38 

0 

0  45-5 

40 

«  43-4 
I  4A.8 

I  46.2 

20 

2  50.8 

40 

4  4a-9 

40 

«• 

0 

0  47.2 
0  48.0 
0  50.6 

61     0 

30 

2  52.4 

45 

4  44-9 

45 

8  104 

40 

0 

20 

40 

2  54.1 

50 

4  470 

50 

8  16.2 

41 

0 

40 

I  47-7 

50 

2  55.8 

55 

4  49' 

55 

8  22.1 

43 

8 

0  52.5 

63    0 

I  49.1 

72     0 

a  57-5 

79     0 

4  51a 

84     0 

8  28.1 

18 

0  53.1 

10 

I   50.0 

10 

2  59.2 

5 

4  53-4 
4  55-6 

5 

8  34.2 

48 

9  $3-7 

20 

I   50.7 

20 

3     1.0 

10 

10 

8  40  4 

48 

8 

0  54.3 

80 

0 

I   51  5 

30 

3     2.8 

16 

4  57.8 

15 

8  46.8 

88 

0  55.0 

•       40 

I   52.3 

40 
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20 

5     0.0 
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»  53-4 

48 

0  55.6 

60 

I   53.1 

6U 

25 

5     »-3 

25 

9     0.1 

44 

8 

0  56.2 

63    0 

>   53-9 

73     0 

3     8-3 

79  ;50 

5    4.6 

84  30 

9     7-0 

20 

0  56.Q 
0  57.6 
0  58.2 

10 

>   54-7 

10 

3  IO-3 

35 

5     6-9 

35 

9  14.0 

40 

20 

1   5S-5 
I  56.4 

20 

3  12.2 

40 

5     9-3 

40 

9  21.2 

4ft 

0 

3(» 

30 

3  4a 
3  16.3 

4^ 

S   "7 

4.') 

9  28.6 

20 

0  58.9 
0  $9.6 

40 

I   57.1 

40 

50 

5   IA.2 
5  '6.7 

50 

9  36* 

40 

50 

I  58.1 

50 

3  >8-4 

55 

55 

9  440 

46 

0 

I     0.3 

64     0 

I   58.9 

74     0 

3  ao-S 

80    0 

5  19*2 

85     0 

9  5a 

20 

1     1.0 

10 

I  59.8 

10 

3  22.6 

5 

5  »>-7 

80     0 

II  44 

40 

1     1.7 

20 

2     0.7 

20 

3  H-8 

10 

5  a4-3 

87     0 

WW 

47 

0 

I     ».4 

30 

2     1.6 

30 

3  17.1 

15 

5  27.0 

88     0 

20 

1     3.2 

40 

2     2.5 

40 

3  ^9  4 

20 

5  29.6 

80     0 

36  29 

48 

I     3-9 

50 

2     3.4 

50 

3  3>-7 

25 

5  3M 

90     0 

• 

48 

8 

1     4-7 

65     0 

»     4-4 

75     0 

3  34- » 

80  30 

5  35> 

671 


n 

H                  TABLE  n.    Beseel's  Refraction  Table. 

1 

A. 

B. 

c. 

£L1: 

irg.  App.  Z.  D. 

Arg.  Tmo  Z,  O. 

Ai^, 

Tin.  Z.  D, 

Log-                A 

A 

Log.' 

J' 

*' 

Loj[«" 

A" 

0"  (V 

1.76156         1 

'-76I4I       , 

6-445<    „ 
64458    , 

10    0 

'■76154       J 

1.76141        , 

20     0 

'■76149  3 

■76135        ° 

64456    * 

30     0 

'.76>39    'I 

I   76.11        ' 

6-445»   * 

35    0 

,-,6,io     9 

■■76.11       ° 

6.4449    ' 

^^ 

40    0 

1.76119 

1-76099     'J 

6.4446    ' 

^^L 

13     0 

1.76..4 '! 
1.76100  * 
1.76^96  * 
1.76091  * 

i.ooiS 

..760S0     '' 

1. 001 J 

6.4441    I 

W    0 

1.0019 

1-76075        I 

1.0013 

6.44J9    J 

47     0 

1,0019 

..76070      5 

1. 00 14 

6-4417    , 

48    U 

..76065      I 

I.ODIS 

64436 : 

^H 

49    0 

1.76087      s 

l.ODll 

1.76059      ^ 

I.OOI5 

6.4*  J4 

^H 

M    0 

1.76081   I 

1.0013 

'.76o;j      J 

1.0016 

6.4431    I 

51     0 

1.76077    i 

1,0015 

..76047   : 

6441»    . 

Hi     0 

'.7607.   I 

■   0016 

1.76040     I 

I.OO.g 

644*9    , 

53    0 

1.76065    ^ 

I.DD17 

■.76031   ! 

1. 0019 

6-44*!    ' 

^H 

51    0 

■.76058    ^ 

I.O01.J 

1-76014  * 

6,441s    3 

^H 

55    0 

t. 76050    g 

I.OO]l 

1.76014 

1.0014 

6,44=1    I 

sa  0 

.-76.4.  I 

1.0034 

1-76004 

1.0016 

6.4419    3 

5T    0 

'-760JJ  ' 

I.0OJ7 

'-75993  ,, 

i.ooiS 

64416  ; 

58     0 

I.7601J 

1.0040 

'•75981  ,1 

1.0030 

6,4411  ; 

^V 

50     U 

■.760.1 

1.004J 

1-75967  ■* 

14 

'■75951    ,ft 

1,0031 

6,4408  ♦ 

^^ 

00    0 

1.7600.  " 

..0046 

1003s 

64404 

01     0 

1.7S9S8    ; 

■.0049 

'■75937     ,g 

1.0038 

6.4400  * 

02    0 

'-7597J     ,1 

1,0054 

'■7S9'9    ,„ 

1.O04' 

6.4395    ! 

03    0 

'■7S957    ,g 

..0058 

'-75B99    " 

1.0044 

64190    > 

^H 

04    0 

.-7S939    ;* 

i.0063 

■■75877 

..004B 

6,4384   J 

^H 

05    0 

'■7S9'9    ,, 

I.006S 

'■7585*    11 
'-758=4   " 

1.0051 

6.437I    g 

00    0 

'.7S897    j6 

1.0075 

■  .0058 

6,4370   I 

OT    0 

'■7Slt7'     " 

1,0083 

'-7S793    h 
'■75757    ^ 
i-7S7'7    ^ 

1.0064 

64J61    ' 

08     D 

'-7SM    '' 
..7SM    11 

1-75771    ,, 
1.757=6    ^5 

1.0091 

6*351  ,, 

^H 

00    0 

l.OIOI 

1.0079 

6 4339  1" 

^H 

TO     0 

1.0111 

..75670    '' 

'-7S551    ,i 
'  7  5478    ^* 
..75390 

l.oogS 

6.4316*' 

71     0 

1.0114 

1.0099 

6-43"^ 

7t   a 

'■7S67S    11 

1.0IJ9 

6.4=91,, 

73     0 

i-7S6>i    „ 

1.0.56 

1.0.13 

6-4171  *' 

^H 

M     0 

'.="75 

1.0.40 

6.4146  *] 

^H 

13    1) 

'■75457     ,s 

1.0197 

1.75114'° 

1.0.55 

6,4»l8\ 

10 

'■7S44.       t 

'-75*65    11 

1.015a 

64114   ] 

'20 

'75435    ,, 

..0154 

'-75145    ij, 

64110  ; 

8IJ 

'■75408     '.I 

l.oioS 

'■75»»S     ,, 

1.0164 

6,4105  i 

■10 

'7539'     ,g 

'■75*04    ,. 

1,0.67 

^H 

GO 

'75373    _j 

1.0116 

1.75181 

1.0170 

t-'l^Z  j 

^H 

70    0 

'■753SS    ,„ 

1,0110 

'■7S'59    „ 

1,0.73 

6,4lM 

10 

'■75316  :t 

1.0115 

::"-: : 

6.41II1    ' 

■20 

'.7S3'fi    " 

I.QIJO 

I.O.go 

64174   ' 

B3 

'■75195    ,, 

101J5 

'.75087  ^5 

1,0.84 

64167 ; 

40 

'■7S>74    ,, 

1.0141 

1.75060  11 
1.750,3  J 

I.0IS8 

6.4.60  ; 

^H 

60 

1.7515* 

.0146 

1,0.91 

'..!j ; 

■ 

77    0 

l.75"9        1    '.ooi6J  1.0151 

1,75005 

0.9975 

..0.97 

6,414s 

0.9,7   ' 

ST2 

L 

_ 

i 

TABLE  n.    Bessel's  Befiraction  Table. 


A. 

Arfc.  App.  Z.  D. 


Utsa 


•75"9  J. 

75*05  rzt 

75i5s  J; 

751*9  ^g 
.75101        I 


.7507a 
5043 

750'3 
.7498" 
'74947 

7491a 

74»7^ 

-74135 

7479! 

74757 

74714 
.74670 

74613 
•74573 

745*« 
.74468 

744«» 
7435» 

74*88 

74**3 

•74155 

.74083 
.74007 

'739*8 


291 

*9! 

3o| 

3* 
34 
35 
36 

37 
40 
4* 
43 
44 

47 

50 
5* 
53 
56 
60 

64 

65 
68 

7* 
76 
79 

83 
88 
94- 
99 


•73845 
.73757 
.73663 

73564,^^ 

73459  „J 

73347      ^ 

118 

73*=9, 
73105,,; 
7*974    ' 
72S31   tj 
.72681  '5I 

7*519''^ 
i:'73 

.7.96. 1'ii 


.71279 
.71020 


*43 


.0026 
.0026 
.0027 
.0027 
.0028 
.0029 

.0030 
.0030 
.0031 
.0032 
■0033 
.0034 

.0035 
.0036 
.0037 
.0038 
.0039 
.0040 

.0041 
.0042 
.0043 
.0045 
.0046 
.0047 

.0049 
.0050 
.0052 
•0054 
.0056 
.005S 

.0060 
.0062 
.0065 
.0067 

.0070 
.0073 

.0075 
.007S 
.ooSi 
.0084 
.0088 
.0092 

.0096 


*S9: 


.0252 
.0258 
.0264 
.0272 
.0281 
.0290 

.0299 
.0308 
.0318 
.0328 
.0338 

•0347 

•0357 
.0367 

.0377 

.0387 

.0398 

.0409 

.0420 
.0431 
.0442 
.0454 
.0466 

•0479 

•0493 
.0508 

.0523 

.054-j 

•055V 

.0600 
.0622 
.0646 
.0671 

.0697 
.0725 

.0754 
.0784 

.0815 

.0846 

.0S79 

.0914 

.0951 
.0992 
.1 J36 
.10S2 
.1 1  30 
.1178 


1.0127"   1. 1229 


.0100: 


.C105, 

•OIIOj 

.0115; 
.0121 


Arg.  True  Z.  D. 


I*nff  o' 


75005 
74976 

74945 
74914 
74882 

74848 

74813 

74777 
74740 
74701 
74660 
74617 

74573 
745*7 
74478 
74428 

74376 

743*1 

74263 

74203 

74«4i 

74^75 
74005 

73933 

73857 

73777 
73692 

73605 

73S>4 
734»7 

733«4 

73207 

73^95 
7*974 
72S46 

7*711 

72569 
72418 

72256 
72083 
71902 
717C8 


29 


A* 


31 
31 

3* 
34 

36 

37, 

39: 
41 

43 

44 

46: 
49; 

5°! 

5*1 
55i 

5«; 

6d! 
6-1 
66| 

8oj 
8- 

*5: 

»/l 

9'i 

03; 

ot] 

''- 

35 
41 

5'i 
6ii 

W 

209 


7»499,_' 
71276  '"^ 

71037      ^^ 
70782*55. 
271 

70216      ''•': 
69902 


0-9975 

0.9974 
0.9973 

0.9972 
0.9971 
0.9970 

0.9970 

0.9969I 

0.9968 

0.9967 

0.9967 

0.9966 

0.9965 

0-9964! 
0.9963: 

0.9962' 

0.9961 

0.9960 

0.9958 

0.9957' 

0.9955, 

0.9954' 

0.9952 

0.9951 

0.9949 

0.9948; 

0.9946 

0.99441 
0.9942I 

0.9940 

0.9938 

0.9936 

0.9934' 

0.9931 

0.9929 

0.9926 

0.9924 
0.9920! 
0.99171 

0.9913' 
0.9909 

0.9905 

0.9901 

0.989"] 

0.9893, 

0.9^88; 

0.9SS2I 

0.9876 

0.9870 


.0197 
.0202 
.0208 
.0213 
.0219 
.0226 

.0234 
.0241 
.0249 
.0257 
.0265 
.0273 

.0281 
.0289 
.0296 
.0304 
.0312 
.0320 

.0329 

•0337 
.0346 

.0354 

.0363 

.0372 

.0382 

•039" 
.0404 

.0416 

.0429 

.0444 

.0459 
.0476 
.0493 
.0512 
.0531 
.0552 

.0573 
.0594 
.0617 
.064J 
.0664 
.0688 

.0715 
.0742 

Ctrnm  I 

.08172 
.0834 
.0868 


1.0903 


€• 

Ar*.  True  Z.  D. 


I 


Lor  a" 

6.4145  - 

6.4138  g 

6.4130  gl 

6.4122  g 

64114  o! 

6.4106    '1 

6.4097     .1 
64088     9 

6.4078  J^ 
6.4067 
64056" 
6.4044 

12 
6.4032 
6.4019     I 

6.4005     * 
6.3991   '"* 
6.3976 
6.3962 


A" 


6. 

6.393 

6.391 


17 
6.3895*9 

6.3876*9 

»        20 


6. 
6. 
6. 
6. 
6. 
6. 

6. 
6. 
6. 
6. 
6. 


6. 
6. 


19 

14 


0.997 

0.997! 
0.9971 

0.996, 

0.9961 

0.996, 

0.996 

0.996' 

0.996; 

0.996; 
0.996 

0.995; 


15 
?t!i6 


8 


8 


56 

20 

36 

Ta  20 
16       I 

795  !;i 

774"  ! 

22i 
752         I 

lis  **1 

674  :* 

643  Li 
611  3*1 

544  ^*| 

-16: 

146939' 

42, 

;427  ^  ! 
3.34  1^ 

A  53 

6.3231 

6.317457 

6.3mI|!: 
6.3052  j^ 

6  2987  II 

6  29i9*'"| 

72 
6.2847 


284 
231 


if 


0.995 
0.995- 

0-995: 
0.995. 

0.995. 
0.994 

0.994! 

0.994. 
0.994 

0.993. 

0.993, 
0.993] 

0.993 

0.992. 

0.992 

0.992! 

0.991. 

0.991 

0.991 1 

0.990. 

0.990; 

0.989 

0.989, 

0.988, 

0.987 
0.986 
0.985 
0.984 
0.983 
0.982. 
I 

0.981' 

0.980 

0.979 

0.977 

0.976 

0.974 


0.973   I 


062 
064  i 
066  I 
067 
069 
071 

073 

075 
076 

078 

080 

082 

085 
<i87 
089 
091 
094 
096 

099 

C2 

05 
08 

12 
15 

19 

*3 
*7 
3* 
36 
41 

46 
51 

<;6 
61 

6t 

7» 

"f 

83 
88 

93 

99 
204 

200 
214 
219 
224 
228 
232 

*37 


678 


^           TABLE  H.    Bessers  tefraoVim^ST^^^^^ 

D.   Factor  ihprnt/i'm/  upon  the  Rnnimrtrr. 

l'™' 

UkB 

K..Kll>h 

w« 

Prrnch 

LrgB 

;:' 

ii«. 

I^B 

3IS 
310 

—  o.gi44? 

17.5 
2T.0 

—  D.OIIIJI 

0.725 
O.730 

—  0 

01560 

0 

0 

700 
701 

+  o.oo*n 
+  0  00545 

—  o 

01  jo; 

03031 

—  0 

01500 

3IT 

27.7 

Q1B76 

0.727 

01440 

0 

702 

+  0 

OC601 

318 

OIQJ] 

27.8 

01710 

0.7a8 

0.380 

0 

703 

+  0 

0065? 

31 0 

O.S97 

27.0 

01564 

0.739 

01311 

0 

764 

+  0 

00716 

3:20 

01761 

28.0 

01+09 

0.730 

01161 

0 

705 

+  0 

0O77J 

321 

0161; 

38.1 

011S4 

0.731 

0 

700 

+  0 

338 

01490 

28.3 

01091 

0.732 

707 

+  ° 

uS86 

o.,s* 

38.3 

01946 

0.733 

0,083 

708 

+  ° 

009*3 

324 

3A.4 

01793 

0.734 

01014 

0 

760 

+  0 

00999 

325 

oioig 

28.5 

0.640 

0,735 

00965 

770 

-V  0 

oioj6 

320 

00954 

38.6 

01488 

0.730 

00906 

0 

771 

+  ° 

3^7 

00811 

38.7 

OIJ36 

0.737 

00B47 

0 

772 

4-0 

01, 61 

328 
320 

-o 

n^!i 

28.8 
38.0 

01185 

0,738 
0.730 

—  t 

00788 
00719 

0 
0 

773 
774 

+  0 
+  0 

0111s 
out. 

—  0 

OlOJ; 

330 

00415 

29.0 

00885 

0.740 

CO  670 

0 

775 

+  ° 

°'iii 

331 

0019] 

30.1 

007  J. 

0.741 

006.1 

0 

770 

+  0 

01393 

332 

00161 

30.3 

00586 

0.742 

00553 

0 

777 

+  0 

01449 

333 

00031 

30.3 

00438 

0.743 

00494 

0 

778 

+  0 

01505 

334 

+  " 

00099 

39.4 

00190 

0.744 

00436 

0 

770 

+  0 

0.560 

335 

-fo 

00118 

30.5 

0.745 

OOJ78 

0 

780 

+  0 

01 61 6 

33a 

+  0 

-"35* 

30.0 

+   0 

0000 1 

0.7  40 

003,9 

0 

781 

01671 

3ST 

+  o 

00487 

39.7 

+  0 

OOIJI 

0.747 

0016. 

0 

782 

338 

+   0 

00616 

30.8 

-1-   0 

00197 

0.74B 

0 

783 

01783 

339 

+  0 

00744 

39.0 

+  0 

00443 

0.740 

—  0 

00145 

0 

784 

oiS}t 

340 

+  0 

00871 

30.0 

+  0 

00588 

0.760 

000B7 

0 

785 

4-  0 

01894 

341 

+  ° 

D0999 

30.1 

+   0 

00731 

0.751 

00019 

0 

786 

+  0 

«,949 

341 

+  o 

30.3 

+  0 

00876 

0.752 

OODZK 

0 

787 

+  0 

010C4I 

343 

v° 

01153 

30.3 

+  0 

0.753 

+   0 

0OOB6 

0 

788 

■f  0 

01059  ; 

341 

+  0 

o.,8o 

30.4 

+   0 

0,163 

0.754 

OQ144 

0 

789 

+  0 

345 

+  o 

30.5 

+   0 

01306 

0.755 

0 

700 

_(.  0 

OlltB  1 

340 

+  0 

30.0 

+  0 

01448 

0.7  5S 

+  0 

00159 

0 

701 

+  0,01114 1 

34T 

+  o 

01757 

30.7 

+  0 

0,589 

0.757 

oo,,6 

0 

702 

+  0  01179 

348 

+  D 

oi8gi 

30.8 

+  0 

OI73I 

0.7SR 

4-0 

0037* 

0 

703 

+  O.01J34 

340 

+  0 

30.9 

+  0 

0,87. 

0.759 

+   0 

0043. 

0 

704 

+  0.01389  ! 

30O 

+  "-"M' 

31.0 

0.70O 

+   0.00488 

0.705 

+  0.0144I  j 

^^H                             E.  Factor  liepi-.niUn'j  upon  the  Attaehetl  Thermometer. 

^^^m                                                     (F.)  FnhnnlKill.    (R.)  Itcnuniiir.    <C)  C>-nII|tnicf«. 

I 

». 

u-cr 

K. 

\*^T 

C. 

Lnsr 

-30" 

+  0.00141 

—  35° 

+  o,oojo8 

—  SO" 

+  6.00.46 

—  20 

H-  0 

-30 

.)   0.00164 

—  30 

^H 

—  10 

+  " 

00,64 

—  35 

+   D.OOllO 

—  35 

+  o.ooitS 

0 

+  0 

00115 

—  20 

+  0.00176 

—  20 

-+■ 

.00.40 

+  10 

+  0 

00086 

—  19 

+   0.001  Jl 

—  15 

+ 

20 

+  0 

—  10 

—  10 

+ 

^^70 

30 

+  0 

—     5 

+  o;ooo44 

—     5 

^ 

.00035 

40 

00031 

0 

+    n 

+     5 

.00035 

OO 

00109 

10 

—  00008S 

10 

70 

00.48 

IS 

15 

80 

00186 

30 

—  0.00,75 

ao 

00 

00215 

25 

—  0.00118 

25 

.00175 

■ 

100 

-  0,00164 

30 
35 

—  0.00161 

—  0.00305 

30 
35 

—  0.00144 

■ 

^^L      .                                                      Log  ^  ^  tag  S  +  log  T. 

■ 

k            J 

I 

m 

■ 

*^^ 

m 

^^B 

■ 

1          TABLE  n.    Bessel 
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[n*  TobFviic»4  are  ti 

ABCKRATian,  of  a  alar  in  Ihe  direetioo  of 
Ilia  obseTTer'B  motioD.  founil.  [.,  ii'li); 
aanu&l  aberration  of  a  Hlur  in  lungi- 
tudomad  Intilude.  found,  OiiU:  in  Hglil 
kBcension  and  dei^liniilion,  tiSS;  GAUea's 
lablra,  ft35;  of  ihe  sun,  G;i8;  diurnal 
•borratioD  la  riglit  asceaaion  and  dc- 
alinalian,  found.  Q3S;  Tslocitj  of  light. 
UO;  pUneUtrj,  641;  oouBtant  of,  C89; 
effoot  upon  tlia  angular  distanee  of  ttro 
■tars,  found.  II..  4tjtl;  effect  upon  the 
posilion  angle  of  tno  starB.  4GT.  Aber- 
ration of  lenaes.  Bplierioal  and  cbro- 
uatic,  IL,  18. 

Adams,  I.,  555,  534. 

AiBT,  I.,3J3;   IL,  802.  381. 

Alidade,  II.,  S2 ;  ellipllcit;  of  the  piTOt,  47. 

Almuaantara,  defined,  1.,  19, 

Altaiimulh,  II..  315. 

Altitude,  defined,!.,  20;  parallels  of,  I..  10. 

Altitude  and  atimutL  as  ea-ordinalea,  I,. 


Altitude  and  aiimuiU 

natrumenl,  II, 

si;^ 

aiinulhi   obserred 

with.   810:    I 

onilh 

Amioi.  11.,  41Q. 

Amplitude,  defined, 

!.,   20;    of   a 

star 

found  when  ibe  au 

r  is  in  the  ho  iion 

I..  88. 

Ambhsdbb,  I..  93, 

133,  141,   150. 

646 

705.  TOC;  11..  SBl. 

Aii»  of  tbe  heavens. 

deflnod.  I..  21. 

Aiimulh.  deflned,  1. 

20;    aumuth 

of  a 

BUr,  found   from 

and 

hour  angle,  and   tlie    Utitudo   of 

Obsemr,   31;    foun 

d  whan   the  star  ih 

an  the  six  hour  oircle.  SH.    >hea  the 

■tar  is  at  ita   grenieHl   elongwion 

from  its  lenith  dUUnee,  3U. 

B\6he,  I.,  3Z4,  342. 

BAUif,  I..  03,  050. 

Bechib,  II..  tl>4. 

BtBB,  L.  543. 

Bbbtbako.  11,.  469. 

Bbbsbl,  I.,8^5.87.  it2 

93.M.  97.  131 

132. 

134.  im.  145,  l.iS. 

150.  16(1,   161. 

IS-J, 

167,   108.   171.  ;j'>.-. 

I'iri,  tm.  448. 

4.''>C, 

401,  6U7.  r.lJ    ■,  .1, 

noii. 

611,  615,  >:\-      ; 

056,  882.  i;-.-.     .    ■ 

•:m. 

702;  11,.  3,-,,  ,„,    , 

171, 

17(1,  178,   mi.  Vj^ 

11^.  1,1.1,  J2y, 

231. 

2SS.  286.  2li8,  2U0 

271.  2a;i.  288, 

2S3, 

284.  205.  Wn,  301 

302.  8IW.  807. 

8flQ, 

S40.  87&,  388.  405 

406.  407.  414, 

432, 

449,  460.  463,  4e» 

499.  494. 

B(OT,  1.,  lf>Q;  IL,  9. 

B0I[NBNBEB0BB.   IL,   Q3,  400. 

UoKu,  I.,  324;  IL.  79,  87,  92,  809,  4fia 
BoRUA,  L.3Q8;  IL,  125. 
BoUGUiB,  L,  136,  138;  IL,  408. 
BowDiTCU,  I.,  153,  180, 269. 27a,  306, 807. 

308,  316;  II.,  125. 
Bbadlet,  L,  13<j,  138,  160,  161,  167,  605, 

692,  700,  702,  705,  700;  IL,  439. 
BRCiiNa.  L,  13U. 
BRiiNNow.  IL,  437,  440,445. 
BumcRHAKOT.  L,  448,  086. 
Buacu,  L,  692,  700,  701. 

Caonoli,  L.  280. 

Caillet,  L.  206.  2!I8. 

Celeeiial  laiituda  and  longitude  as  eo-ordl 

naies.  L.  24, 
Celestial  sphere,  L,  17. 
Cbronograph.  cleoiro,  1..  842  ct  aeq. ;  II. . 

80. 
Chronomelers,  winding,   II. ,  77;    Irans- 

porting,  78 ;  correollon  for  lemperulurc. 

70 ;   comparison  of,   TO,  b;  coincident 

heata,  80;  probable  error  of  an  iiiler> 

pointed  Talue  of  a  correction,  63. 
Chronometric  expeditious,  I.,  823. 
Circles.     Seo  graduaied  circlea,  metidiaB 

circles,  Ilc. 
Clrcummeridian   allitudes,   L,   235    (sea 

lime);  more  accurately  reduced.  :i^8 ; 

of  tbe  Sun,  Osusa's  method,  244 ;  limita 

of  the  methods,  251. 
Clark.  II.,  450. 
Clocka,  IL,  84;  clock  oorrecUoo,  I.,  19S. 

II..  174;  rate,  L.  193. 

ConDINOTON,  IL.  9. 

Corrm.  L.  628;  IL,  296,  297. 

Calurea,  definad,  I.,  28. 

Compass,  variation  of.  I.,  420. 

ConnaUsaoee  (La)  dea  Tempa.  L.  68. 

Constanls,  aslronomical,  determined  bj 
observalicin.  I.,  STI :  conatsnla  of  refrac- 
tion, 071;  of  solar  parallm.  673;  of 
tanar  parallax,  080;  ofabcrralJoa.OSe, 
689:ofautatian.  898;  of  precession.  701. 

Co-ordinates,   rectangular.  L.  43,  trans- 
formation of.  48;  apherical.  18.   Irans- 
formation  of,  27;  differential  TarialJona 
of,  50, 
laps  in  a  solar  eclipse,  IL,  432. 

DAHOiiBAr,  L,  674.  675.  686. 
DAua.T.  IL.  120.  127. 
Day,  sidereal,  L.  52,  solar,  53. 
Dean.  IL,  840,  359. 

Deulinalion.  ciroles  of,  parallels  of,  de- 
fined, L,  21;  of  a  Btar,  found  from  ils 
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kUiluds  tnd  kiinmlh,  itntl  Ihe  Uliludo 

bIbt'b  lalitu<J[>  and  loiigiluite,  kikI   llii 
obliquily  orilie  ecliplic.  i'2;  at  the  hui 


I  the  I 


xf  Ilia 
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meriJiiui,  71;  of  llic  lunoa  or  b  plsnel. 
»t  the  titiio  or  iritusit  uver  ■  given  toe' 
ridiiD,  73;  roducriun  uf.  115;  of  atars, 
routiil  by  transits  over  Ibe  prime  ver- 
ticnl,  II,,  271;  abwilula  dealinarioa  of 
the  fixed  ilnrp,  dclariniiied,  I.,  Ii'i5. 

DeoUnilion  anil  hour  angle  as  co-ordi- 
nAteB,  I.,  21. 

Declinatian  and  rigbl   asceosloD   u   ca- 


',  I., 


,  I..  177,  2B3,  680,1192. 
I)*  L.iMiE.  L,  301. 

DHnvaliTcn  of  n  labtiluted  funcliun,  I.,  S!). 
Dip,  of  iho  horiion,  I,,  172.   173;  of  llir 

tet,  Bl  a  given  distanee  train  llie  ob- 

Berver,  found.  179. 
DoLLo.vn,  II.,  40a. 
DosATi,  I.,  120. 
DouwK«,  I.,  316,  3ie. 

Earth,  figure  and  dimenBiauB  of,  I.,  tij : 
oomptcSBioQ  of,  DO;  eceenlricity  of  llic 
tneridinn.  90;  radius  found  for  k  given 
lalilude.  DU;  length  of  normnl  teruii- 
naLing  in  the  >iia,  found  for  k  giten 
lalituda — distance  froui  the  centre  1o 
the  inlsraection  of  the  normal  with  llic 
axil — radius  of  ourvniui'c  of  meridian, 
101;  reduction  of  observations  to  llic 
centre,  WS. 

Eolipsds  of  Jupiter's  aalellilas,  I.,  339. 

Eolipses,  lolar,  pr«diotion  for  the  earth 
genorall;,  1..48(i;  fundamental  equa- 
tions— iuvestigstion  of  the  eondition  of 
beginning  nr  ending  of  a  Bolar  eclipse 
at  a  given  place  an  the  earth's  surface. 
439;  position  of  the  axis  of  the  sbadoir, 
found  for  an;  given  time,  441 ;  dislanca 
of  a  given  ptiicc  of  observation  from  the 
axis  of  the  fhadow  at  a  given  tiuie, 
found,  444;  radiusof  the  shadow  found. 
448;  outline  of  moon's  siiadaw  upou 
tbe  earth  at  a  given  time,  found,  4.')fl: 
rising  and  setting  limiia,  4r>G:  curve  of 

and  southern  limiis,  48<):  curve  of 
oentral  eclipse,  491 :  duration  of  total 
or  annular  eel  ipse.  4113;  plxeo  where  Iho 
central  eclipse  occura  nt  noon,  found, 
404;  norlhern  and  saiilhern  limilg  of 
total  or  nnnulikr  eclipse.  49IS ;  prediction 
tor  a  given  place — time  of  n  given  phase 
COmpuled.  505;  iniilHnt  of  maiimnm 
sbscurnllon.  and  ds^roc  i<f  obiicuration, 
found,  SflB;  method  of  the  American 
EphemeriB,  512;  correction  for  refrac- 
tion. fi1&;  rt^duetion  lo  Ihe  sea  level, 
617;  longitude  of  a  place  found  n-om 


Iho  obBervation  of  aaolu  Mdipia,  618; 
longitude  corrected,  &21 ;  ahSEi-vattona 
upon  Ihe  sun's  cusps,  II.,  432;  lunar, 
I,.  &42.     See  UcGuliaiions. 

Ecliptic,  defliicd,  1.,  22;  obliquity  of, 
fined,  28,  fcui  d,  tiM. 

Ellis,  II.,  194,  Vjo 

Khdut,  I.,  33B. 

E.'fCKX,  I.,  Bl,  96,  100,  448,  fiSS,  B40;  IT. 
i&J,  475. 

Ephemcris,  Amrrican,  French,  German,  I., 
68;  PBiBCit'Hmethodofcorre«Iiug,868. 

Equation  of  lime.  I,,  64,  71 ;  of  equki  al- 
titudes, 200;  personal  equation,  II.,  18B. 

liqunlor,  colealiHl,  defined,  I.,  2). 

Gquaiorial  Ivlesoope.  II.,  867;  general 
theory  of,  370;  insirumental  dectiualinn 
and  hour  angle  of  an  observed  point, 
found,  371;  flexure.  3711;  iuilruniclilal 
dedination  and  hour  angle,  reduced  lo 
the  celestial  declination  and  hour  angle, 
370;  ai^uslment  of,  379. 

l:qulDoctinl.  defined,   I.,  21;    I>oint>,  .tt|H 
fined,  23;  determined.  IJGG.  ^H 

Cjuinoiee,  defined,  1„  23.  ^M 

EnTEL,  II.,  132,  31a,  316,  329.  ^M 

FanoiTSOM.  I..  120. 

Fixed  stars,  proper  motion  of,  1.,  620: 
heliocentric  or  annuni  parallax  of,  de- 
fined, 043,  found  in  longitude  and 
latitude.  041,  found  in  right  asceoiioa 
and  declination.  G45;  mean  and  appa- 
rent places  of.  045. 

Franklik.  Sir  John.  L.  683. 

FBAUMKoriiti,  H,,  387,  368. 

Oallowat,  L,  706. 

Oamdiv,  H..  125, 

Uauss.  1.,  31,  34,  IDl),  244,  246.  282,  Z 

SOU,  339,  027,  028,  035,  043,  674.  7' 

II.,  23.  60,  148,  469. 
Gat  Lubsac,  I.,  143. 
Geocenlrio  place,  I.,  103, 
QEBi-iirii.  I.,  679;  II.,  409, 
QiLtiss,  1.,  S62,  080. 

GOKTZE,   IL.   9. 

OnuLii,  I.,  842,  344,  346,  850,  < 

304. 
Graduated  circles,  II.,  29;  eocentriol^ i| 

37.  30:  periodic  functions,  42; 

of  graduation,  61. 

Hadlkv.  n.,  B2, 
Hallkv,  II,,  131. 
Haksek,  I..  85,  182,  430,  475.  686; 

II  .69. 144. 171. 174,  213,  216,  219,320. 

240.  2Sl.  257.  304.  407.  409. 
Ileliomeler.  II.,  403;  gener.il  theory  of, 

40T :  determination  of  oonsluils  of,  423, 
IlRNnsKsoN,  I..  080.  700, 
Hbbscbki,  I,,  698,  604,  708,  705;  IL.  9, 


1 


I,  I.,  ees. 

Horiioo.  deliDed.  I..  IS;  dip  of.  defined, 
172;  diproiiDil,  173;  distaoceof,  Bt  sea. 
fgund.  17S. 

Hour  nngle.  defincil,  I.,  21;  numerical 
Giprussloa  of,  27  i  of  n  aUr,  found  fraiD 
it«  Hltitude  aod  aiimutb.  and  ihe  Inli' 
lude  of  Ihe  observer,  27;  found  wLen 
tlieslnr  isat  iisj^renieHi  elongnlion.  37: 
wbcn  tbe  ttar  ii  on  ilie  prime  venleal 
of  «  giren  place.  ilT;  vben  the  star  ia 
Sd  tbe  horiiOD.  88;  froui  ilf  ipdUIi  dU- 
Uiip«,  39:  found  at  a  giTtn  lime,  64. 

Hour  circles,  dntined,  I.,  21. 

MUHBABD,  I.,  628,  651. 

HULSSI,  I.,  Ztl. 

laltrpolatian,  eimple,  1.,  69;  b?  second 
diOeranceii.  78;  b;  differences  of  onj* 
order,  79:  Bksskl'i  formula,  SO;  into 
Ibe  middle.  87:  formuU  arrauged  ac- 
cording to  the  powera  of  Ihe  fractional 
fui  of  Ibo  nigumenl.  80. 

Jtbrbucb,  Berliner AalrunomiBcbes,  I. ,68. 

JoilHBUN.  I.,  706. 

Jupiler'i  aatellitei,  Mlipaes  of,  I..  839. 

K<klBEB.  t..  801. 


KiFLik,  I.,  5Q2,  673. 
KtssKt,,  II.,  236,  268. 
Rnokse,  11..  102. 
Kbahf,  I.,  153,  168. 

L«oAiLLE,  1..  eee.  7oe. 

LAHKitNaK,  1.,  148.  603,  606. 

Lalande.  1.,  09.  428. 

La«bbkt.  I.,  M2. 

LAfLARll,  I.,  148.  168,  166.  IflO:  11.,  469. 

Latitude,  eeleslial — circles  of — parallcla 
of,  1..  24;  geograpbioal,  25;  of  a  star, 
found  from  ils  dealination  and  right 
MCenaiDD.  and  Ihe  obliquitj  of  tbe 
eolipi.ic,  33;  reduction  of.  for  tbe  com- 

Sresaion  nf  (he  earth,  07:  dislinclion 
etweeugeodetieand  aslronotnical,  103;  I 
•BtronomiaBllalilude  found  by  meridian  I 
Bltitud-a.  or  (cnitb  diBtauccH,  228;  by  ' 
•  single  altitude  at  a  giTcn  time.  220;  ' 
b?  reduction  to  Ihe  meri'lian  when  tbe 
lime  U  g)*en.  283;  bj  oiraummeridi.iii 
alliludes,  235;  b;  the  pole  alar,  2'>Si 
bj  two  altiludes  of  tbe  same  star,  or 
dilTerent  Btara.  and  tbe  elapsed  time 
between  llie  obierTBlions.  2.')T;  by  l<ra 
alijtudefl  of  the  win.  266;  by  Iwo  eniinl 
alliludes  of  the  same  etar,  or  of  the 
mn.  270:  by  two  Bltitudes  of  the  sump 
or  different  stars,  with  the  difference  of 
_  UmIt  atimulh^,  277:   hj  ivo  diflorent 
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■tan  ohaerred  at  the  same  altitude 
when  the  time  is  fiien,  277;  by  three 
or  more  differenl  stars  obserreil  at  ihe 
same  altitude  when  the  lime  is  not 
giien,  2BU:  bjCAUMOLi'sfoTmulB,  2SU; 
by  the  transits  of  stars  orer  Tcrtical 
circles,  298 ;  by  atiiludcs  near  Ihe  me- 
ridian when  tbe  time  is  not  known,  21a, 
by  the  rale  of  Ciiaiige  uf  altitudes  nrar 
the  prime  Tortloal,  SC3;  found  at  spa. 
by  meridian  altitudes,  804;  by  reduc- 
tion Id  the  meridiaa  when  the  time  it 
giren — by  two  attitudes  near  tbe  me- 
ridian when  the  time  ia  not  known,  S07 ; 
by  three  altitudes  near  the  meridian 
when  Ihe  lime  is  not  knowti,  809;  by  » 
single  allilude  at  a  gircn  lime,  310;  by 
tbe  change  of  altitude  near  the  prime 
vertical— by  tbe  pole  sUr.  311;  by  two 
attiiudea  with  Ibc  elapsed  lime.  313; 
DouwEs's  meihodof  "  double  aliitudca," 
315:  determined  by  n  trsasil  Inslru- 
racnl  in  the  prime  vertical.  II..  238, 242, 
2Q2,2&l,2(I0,26a;byTAi.ooTT'smethod, 
342. 

Least  squares,  method  of,  ArpiMuiT.  11., 
409. 

LiiaRiii'BB,  II.,  469. 

Level,  It.:  '^^l  value'of  aiditiiion  found — 
radfua  nf  curvature — effects  of  changes 
of  temperature,  75;  rudiuB  of  Curva- 
ture of  different  parts  of  the  tube,  76; 
level  consuni,  1,^3. 

It  Vbhbibr,  L.  578,  601. 

LlAOBE,  II..  460. 

LtkirssoN,  1.,  333;  11..  79. 

Light,  velocity  of,  I.,  U40. 

LiNDEnAtT.  1.,  602;  IL,  469. 

LiTTRow,  1.,  300,802;  II.,  » 

Lloid,  II.,  g. 

Longitude,  celestial,  defined,  L,  24;  or  a 
tar,  found  from  its  decUnntion  and 
right  ascension,  and  (be  obliquity  of 
the  ecliptic,  89;  terrestrial  longilude, 
found  by  aslronoqical  observalious — 
by  portable  eh rono meters,  317;  by  ter- 
restrinl  signals.  837:  by  celestial  sig- 
nals, 380 :  by  Ihe  electric  telegraph. 
341;  by  moon  culminations,  360;  by 
aiimuths  of  tl '"' 
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circle.  371 :  by  altitudes  of  llie  niooTi, 
8ft2:  by  lunar  dislanees.  809:  by  nt 
eclipse  of  the  Bun.  518:  by  ocpulUlinuB, 
550;  terrestrial  longitude  fnunilAv  nm. 
by  chronometers,  420;  by  lunar  clif- 
Iances.422:  by  the  eclipses  nf  Jupiter's 
salelllles— by  Ihe  moon's  iillitude.  423^ 
by  tbe  oceultslions  of  stnrs  by  ihe 
moon,  424;  by  the  obaerveil  conlacl  of 
the  mnnii'q  limb  with  the  limb  of  a 
planet.  578. 


Lunftr  dlituce,  fouDil  mt  ft  pyeu  lime,  I., 

T6;  loDgliude  fouad  by,  S93. 
LoNDAiik,  I.,  ess,  701,  TOO. 

LVMAH,  II.,  3UG. 

Madlke,  I..  370.  542,  648,  606,  703,  706. 

U.tULRK,  II.,  3G7. 

HaBtins,  a,  106.  119,  127,  130. 

MAtiB.  I..  S4S;  II..  145. 

Meuuremont  of  mnglel,  n.,  29. 

MbriiliuD,  celestiiLl,  deGned,  I.,  19. 

Mcrtdlnn  circle,  It..  '162;  reduolion  to 
tho  meridian.  289;  obser»«tion  by  re- 
fleotioD,  2Q»:  fleiure.  3U2;  obserrationB 
or  Ihe  declinalioa  of  tbe  moua,  304; 
dMliDalion  of  ■  planet,  or  the  kuo.  800 ; 
CDrrcclioD  of  llie  obs-erveit  declinMion 
of  a  planet's  or  ttie  moon's  limb  for 
aphernidal  figure  and  defective  iUumi- 
Dalion,  310. 

Meridian  line.  deGned.  I.,  19;  direclion 
found  b;  tlie  meridian  puKsoge  of  a  star. 
bj  afaaduws,  4:29;  h;  tingle  tiUiludee  of 
K  star,  431);  by  equal  alliludea  uf  a  alar. 
431;  b;  the  angular  dialniiae  ot  (be 
nun  from  aiij  lerruHtrinl  otiJe<.-l.  432  ;  by 
two  menaurea  of  Uie  dialaiicc  of  the  sun 
from  a  lerrealrial  objoul,  4li4;  by  the 
eiimiitli  of  a  alar  n1  a  ^iTen  time,  434; 
by  tbe  greatest  elungaiian  of  a  tuioum' 
polar  star,  431. 

Meridian  mark,  II..  187. 

MiBi,  II.,  307. 

MicromelGr,  filar,  II.,  S9,  391 ;  value  of  a 
reVolDlioD,  found.  60,  BHO;  cfTocI  of 
lemperalure  upon  Ibe  lalue  of  a  revnlu- 
tion.  08;  position  miorometer.  ()!);  ring 
micromelar,  436 ;  other  micrometarg,  449. 

Mlorometrio  obaerTntiona  —  filar  micToni- 
eter — diatance  and  position  angle  of 
two  alara,  found,  U.,  3!)1 ;  correction 
of  the  obaerrsd  posiiiiin  angle  for  errors 
of  (tie  equatorial  inatrunienl.  392;  ap- 
parent diffcrenee  of  right  ascension  and 
deelinntion  of  two  slars,  found,  SH7 ; 
oorrection  for  refrBOtion.  460:  oorreo- 
tlon  for  prooetsian.  nutalion.  and  aber- 
ration, 4r.i>. 

UicroMope,  Tuading,  II.,  33;  error  of 
runs,  3G. 

MiTcmt,  II..  B7. 

Moon  eulminaiinnf,  I,,  SGO. 

»oBs>,  II.,  SO.  67. 

Mural  circle.  11.,  282. 

Nadir,  deflned.  I.,  19;  point.  11..  285. 
Saulioal  Almanao.  Drilish,  I.,  tJS. 
Nkwton,  II..  02. 
UlcoLAl.  I.,  304,  627.  835. 
Nonngeaimal.  1.,  2S. 
Nonius,  II.,  SO. 
Noon,  apparent,  mean.  t..  Gil. 
SuCAtion,  I.,  324;  in  right  uaension  and 


declination  for  •  ^tm  tUr  k1  a  gtow 

time,  found.  625:  gvneral  lable*  tor, 
explained,  U20;  eotistant  of,  624,  098; 
efiect  upon  Ihe  posilioQ  angle  of  lira 
aura,  found.  II.,  467. 

Obliquity  of  tbe  ecliptic.  See  Mlipiio 
Occullaliona.  oi'fited  stars  by  the  moon,  I., 
649;  longitude  found  bj,  E50.  5TH;  prs- 
diotinn  for  a  given  place,  557;  limiliii| 
parallels  of  laliiude  found,  561;  of 
plnnel^  605;  farm  of  »  planet's  diu, 
666 ;  ourTe  of  illumination  of  a  planel't 
surface,  found,  569;  of  Jupiter,  575. 
Saturn,  Saturn's  Ring,  Mars,  Venua. 
and  Mercury,  57li,  Neptune.  Cranuh 
583;  of  fixed  siara  by  a  planet,  601; 

of  Jupiter's  satellites,  840.  

Olbebs,  I..  107;  II.,  16.  ^H 

IlLtrsEN,  I.,  080.  ^H 

OitCEMAHB,  I.,  391,  448,  651,666.     ^H 

l'«pi,  I..  601.  ^^ 

Parallac lie  angle,  defined,  I..  SO;  of  nslBr 
on  ihe  prime  vertical  of  a  given  place, 
found,  37;  found  from  a  sist'h  lenilfa 
distance,  39. 

rarallnx,  defined,  I.,  104;  found  in  alti- 
tude or  lenilh  dialance,  ibe  earth  re- 
garded as  a  sphere.  105;  of  a  star,  ii 
lenilh  dislnnee  and  aiimulh.  when  the 
grocrntric  tenilii  dislEnce  and  niiinulb 
are  giien  and  tbe  earth  is  regarded  ai 
asi'beroid.  lliT;  of  a  Htar  in  teniih  dis- 
tance and  aiimulh,  when  the  apparent 
lenilb  distance  and  aiimnth  are  given, 
the  eiirlh  TFgarded  af  a  sphcrnid.  1112; 
reduced,  reduction  of.  1)3;  of  ih« 
planets  nr  the  sun,  113;  in  lenilli  dia- 
lance, for  the  point  in  which  Ihe  normal 
mrets  the  earth's  axis,  116;  in  lenilh 
distance  for  the  same  point,  when  Ibe 
apparent  lenilh  distance  is  givrn.  118; 
of  a  star  in  right  ascension  aiid  declina- 
tion when  its  geocentric  right  ascension 
and  declination  are  given.  119;  of  a 
itar  in  right  ascension  and  dicIinaUoB, 
wlien  its  observed  right  ascension  uid 
declination  are  Riven.  123;  in  latitude 
and  longitude.  126;  solar,  conslanl  of. 
673;  of  a  planet,  or  the  sun,  found  bj 
meridinn  obaFrvaiions.  074;  uf  ibe  sun, 
found  by  extra  meridian  obaervBtiDM 
of  a  planet,  677;  lunar,  constant  of, 
681);  of  a  fixed  yiar,  found  by  misro- 
metrio  measures.  008. 

pRABsim.  II.,  9,  4.^>0. 

Peiroe,  I.,  14n,  347,  351,  STiA,  361,  363. 
H-10,  Sfi9.  578;  [I.,  HI3,  202.  207,  266, 
2fil.  357,  469,  490. 

Periodic  functions,  II.,  42. 

Personal  equation,  II.,  189:  penoiul 
icBle,  193.  


PcTxaa,  C.  A.  F.,  I.,  006.  S34.  625,  G26, 
027,  050,  il&l,  652,  662,  665,  iiitS,  QU8, 
a»0,  701;   IL.  66,  BIS,  SID,  497. 

PiTianitN,  I.,  2S6,  eai ;  11.,  440. 

Puwi,  I..  94,  702. 

PiNTOB,  11.,  lOG,  119,  127,  180. 

PlaneLi.  oocultitiona  of,  I.,  666. 

Piumb  liqe,  abDormBl  defiuioiia  of,  I., 
102. 

PoiBSflN,  11.,  469. 

PoUr  distanCB.  defined.  I..  22. 

Portable  transit  inslriiment  (see  [raneit 
inatrumeal)  as  a  lenilh  teleBoope.  II,, 
366. 

Porren,  11.,  9. 

PrMeaaian.  lani-solar,  planetar;,  1.,  604,- 
obaDgo  in  tlic  obliquilj  of  the  ecliptic. 
605;  general  precession  in  loogitude, 
and  Ihe  paiilion  of  the  mean  colipli«, 
found.  61)5;  in  Icmgitude  and  lalilude 
of  a  given  Biar.  from  (be  epoch  1800, 
found.  6i|^;  between  an/  two  given 
daJes,  610;  annual  preoeaeioa  <n  loogi- 
(ude  far  a  given  dale,  611;  in  riglit 
asoenaion  and  declination,  between  hoy 
(wo  given  dalea.  613;  annual  preceaiiion 
ill  right  ascension  and  declination,  616; 
position  of  ibo  pole  of  the  e<|Uator  at  a 
given  time,  fouatl.  618i  constant  of,  TOl ; 
eSoot  upon  the  poaitioa  angle  of  two 
■tan,  found,  II.,  467. 

Prbchtbi,,  II..  9. 

Prime  vertioal,  defiued.  T.,  19. 

Priemalic  circle.  11.,  127. 

Proper  motion  of  the  filed  stars,  I.,  620; 
redueed  from  one  epoch  lo  anollier, 
G~.!l ;  nn  a  great  circle,  623. 

Prapofiional  lotfarilhrna,  L,  75. 

VviBB\»T,  I.,  217.  250. 

R*xsnE!t,  II..  23,  449. 

Rapbb.  I..  422,  605;   II.,  104. 

Rwliialion  of  a  planet's  place.  I.,  657. 

Roducllon  to  the  meridian  far  circum- 
meridian  altitudes,  1.,  235.  238;  for 
meridian  circle  observatioas,  II.,  289. 

Eefraction,  general  laws  of,  I.,  127;  as- 
IronnmieaU  128;  tables  of.  explained. 
13),  169;  formuU  inresligated.  1.14; 
dilTerential  ■nuation  of,  136;  Si 
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188;  first  bypolhesis,  166;  lecond  hj- 
pothcsia,  143;  ofaNtarin  right  ascension 
and  deeiination,  found,  171;  constants 
of,  determined,  671;  eflect  ia  transit 
observiitiona,  II.,  186. 

REO!t*nLT.  t.  141.  143.  160,  161. 

Repeating  circle.  II..  119, 

Repbolii,  II.,  157.  272.  283.  303. 

Right  ascoxsion,  defined.  I..  23;  of  a  star, 
found  from  the  slar'e  hour  angle,  39, 
f^om  ilB  Intilnde  and  longitude,  nnd  the 
obliquiiy  of  the  ecliptic,  42;  of  the  sun 


t  the  I 


a  g.v<. 


apla, 


;  of  Ibe  fixed  atars.  deduced 
from  transitB.  IL.  175;  of  Ibe  moon, 
deduced  from  an  obierred  tron'il.  214, 
Determination  of  the  abaoluie  R.  A,  of 
Ai«d  etars.  I,.  666. 

Ring  micrometer,  II.,  486;  correction  for 
curvature,  438;  correction  for  I  lie  proper 
motion  of  one  of  tbe  objects,  44t ; 
radius  of  tbe  ring,  found,  445;  corroo- 
tion  for  refraction,  4U1. 

BirriNuouBB,  II.,  86,  187. 

RotiHoH.  II.,  449, 

RviiHRno,  I.,  148,  160. 

RijMKBii,  I.,  93. 
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5,  I,.  512. 


Sawitboh,  II.,  9.  212.  221.  264. 
Saxton,  II..  87,  91. 

SCHOTT,  I..  083. 

ScKiiiiADHcit,  I,,  34,  256,  627,  6S5;  11., 
130. 

Semidlameterx  of  celestial  bodies,  I.,  180; 
augmentation  of,  l»3;  contraction  of 
the  vertical  Bcmidiametcr  of  the  sun  or 
moon,  produced  h;  refraolion.  found, 
18t;  contraction  of  any  inclined  semi- 
diameter,  produced  hj  refraction,  186; 
contraction  of  borilontal.  187;  planets* 
mean,  687. 

Sextant,  II,  ^2;  adjuBlmonta,  9S,  06; 
index  correction,  by  a  star,  by  the  sun, 
08;  method  of  obaerTalion,  99;  altitude 
from  artificial  lioriion,  141,  from  the 
Beahorixon.  103;  ni|Ua]  allitudes,  104; 
how  to  examine  Ihe  colored  glaeaea, 
lOG;  parallax,  107;  errors  of  the  index 
glass.  tuS;  error  of  the  aight  line,  112; 

SlMfSOM,  I..  138. 

Six  hour  circle,  defined.  I..  26. 

RoUticei.  defined.  I,.  23. 

Spherical  aelronamy.  defined.  I.,  18. 

Star  calalogueB,  I..  Ql. 

Rtkinheil.  IL.  132,  284.  268. 

Sthtjvb.  L,  93,  324,  820,  828,  829,  881, 
332,  676.  578.  006,  632,  6 10,  092.  706, 
707;  11.,  84,  157,  192,  2!12,  272,  275, 
282.  283,  818,  8''.7.  S81,  386,  450. 

SuuMEn's  method  uf  finding  a  ship's  plaea 
at  sea,  L,  424. 

Sun,  rFgbt  naeension  of.  I.,  71;   meridian 

of.  6rj2;  epoch  of  mean  longitude  of, 
6S3;  morion  in  space,  703;  ubserralinnB 
upon  tbe  cusps  in  a  solar  ecUpse,  IL, 


K 


682  itii 

Telescope,  II.,  9;  magnif^ng  power,  12; 
Geld  of  Tie*,  14 ;  brigliLneax  i>f  im&goa, 
kud  ialeiii<iiy  or  thoir  light,  lu;  Hphi'r- 
ical  anJ  cliromatia  abtrratioD,  i»-. 
•ghrooiiklio  eye  pieces,  21);  diftgonal 
e;e  piecei,  '22;  mugiiif^ing  .  power 
tneftsuroij,  first  metkail,  2'i;  second 
■nethoil,  1^3:  lliird  metliad,  201  Tourlb 
lnetli{ktt'2():  reHecliDg,  27;  finding,  ^6; 
lenilJi,  11.,  34Q:  equalorial,  SG7. 

I  fine,  app&reDi,  mean.  Bidcrekl,  soW.  I., 
63;  aivil,  aslranouiioal,  Gl;  conTeraiona 
of,  &i,  RT,  59.  60.  G2,  GSHi  luoal  mean. 
FoUQil,  tin:  e<|UBtioa  or,  54.  71;  local. 
Greenwich,  dofloed,  55;  Greenwicli, 
correspoading  to  a  giren  right  aacon- 
sioa  of  the  moon  on  a  given  da;,  Tound, 
76;  oaireeponding  to  n  gtTen  lunnr 
distance  oa  a  glTen  day.  raund.  77 : 
found  by  astro  no  tnicat  obBerraliana. 
103;  bjlransUe,  1%;  b;  equal  aUitudes 
ornslar.  lOfi;  by  ec|u&l  siritudel  of  the 
enn  before  and  afler  noon,  198,  before 
atul  after  midnight,  2U1 ;  correutioti  for 
email  inequBlities  in  the  Blliludcs.  202: 
probable  error  of  Dbservatian  of  equal 
allUudes,  205;  found  by  a  single  alli- 
lude,  or  lenitb  dldance,  206;  mean  of 
limes  reduced  to  nieiin  of  leniih  dls- 
lances,  215;  found  by  tbe  disappear- 
ance of  a  star  behind  a  lorreatrial 
object,  217;  true  and  apparent  rising 
or  sotting  of  a  star — beginning  and 
ending  of  twilight,  21B;  found  at  ska, 
by  a  single  altlludo.  210;  bj  eiqiial 
altitude!.  2:20;  fouod  with  a  portable 
Iraodit  inxtrument  in  the  uiuridian,  II., 
200,  out  of  the  meridian,  21Ji. 

Transit,  I.,  62;  time  of  the  moon's  or  a 
planet's  transit  OTer  a  given  meridian. 
found,  72. 

TrnnsiL  circle,  II.,  2S2. 

Transit  instrument,  II.,  131;  method  of 
obeervBiion,  138;  general  formulic. 
139;  in  the  meridian,  110;  thread  in- 
lervals,  141;  reduction  to  tbe  middle 
thrond,  149;  roduotion  to  the  mean  of 
the  Ihrends,  161;  level  constnnt,  153; 
inequnlity  of  pivots.  165;  collimalton 
oonitunt,  ICO;  aiimutb  oonslsnt.  IBS; 
portable,  in  (he  miTidinn.  200;  in  any 
Tertienl  plane,  200,  adaptation  ns  a 
lenith  telescope,  II..  3Gl3, 

Transit  inelrument  in  tbe  prime  verlionl ; 
geographical  latitude  delernunfil,  II,, 
2S8,  242,  260,  252,  254.235;  otUuslment 
is  the  prime  vertioat,  230;  oorrcciion 
for  inolinslinn  of  the  axis,  241 ;  dcolinu- 
tions  deieruuned,  271. 


Transits,  of  the  moon,  It. ITS:  otthtr^^K^ 

or  a  planet,  182;  correction  of  Ih^  « 
Iranult  when  (bo  planet's  defectife  lioit^B' 
has  been  observed,  185;  effect  of  rn  ■  _ 
fraction,  186;  probable  error  of  observ«~_^ 
lioD.  194;  of  Jupiter's  nlelliles  oie^ET-. 
tbe  planet's  diso,  and  of  ahadnws  of  lh^» 

BHtellites,  I.,  340;  of  Venus  and  5Ier  

cury  oser  tbe  sun's  disc,  5'JI.' 

TRortsnTOK.  II.,  119.  127. 

Twilighl,  -time  of  beginning  and  ending — 
L,  218. 

TwjKiNO,  I.,  G02.  


Talr,  11,.  26.  ^M 

Veoa,  I.,  211.  ^M 

Vernier.  II..  80.  ■ 

VaamaB.  Pitib.  n„  80. 

Vertioal  circles,  lines,  and  pUnea,  defined. 


I.. 


t,  I..  802. 


1 


Zkoh,  I,,  9: 

Zenith,  defined.  I.,  19.  ^, 

Zenitb  distance,  deflned,  I.,  20;  of  a  star, 
found  from  its  declination  and  liaui 
angle,  and  the  Ulilude  of  tbe  obserrer, 
31;  found  when  the  star  i*  on  the  til 
hour  circle.  3G:  found  when  the  star  ti 
at  its  grealeil,  elongation,  37;  round 
when  the  star  is  on  the  prime  »e#ti<»l, 
07;  reduction  of  observed  lenith  dis- 
tances lo  the  centre  of  tlie  enrih.  18U; 
change  of,  in  a  given  interval  of  lime. 
213;  mean  of  (he  tenith  distances  re- 
duced to  the  mnan  of  the  times,  214; 
of  the  sun,  228  (aee  II.,  32fi), 

Zenith  telescope,  11.,  340;  corrcelioa  for 
refraetion.  844,  for  level,  for  micre- 
meter.  84Q;  reduction  (o  the  meridian, 
selection  of  stars,  347 ;  diseussion  of 
(he  re-'tultB,  350 ;  value  of  a  division  of 
tbe  level.  358 :  value  of  a  revolution  «f 
the  niicrometer.  3(50;  ettra-meriiUll' 
observations  for  latitude,  S61. 
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